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Introduction to the LAWRA Project

A good quality numerical software is very important in many industrial appli-
cations. Here ”quality” means:

e the practical problem is solved as fast as possible,

e with minimum memory requirement (the memory is still not large enough
for scientific and industrial applications), and

e with an acceptable error (as is well-known computers make roundoff errors
which can spoil the result significantly).

Therefore, some companies develop libraries of computer programs which are
ready to use, and where the ”best” present algorithms are implemented. One
such library is LAPACK (Linear Algebra PACKage) [3] which is the basis for
highly tuned libraries on different architectures, and BLAS (Basic Linear Alge-
bra Subroutines) [7, 4, 5, 16] in which some basic matrix and vector operations
are implemented, and which is heavily used in LAPACK.

*The LAWRA Website has not been updated for the last two years. The tutorial contains
much newer material than the Website.
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Modern computer architectures have a hierarchical memory (with 1 or more
levels of cache memory). This allows faster algorithms but only when the al-
gorithm is designed appropriately. There is some development in this field,
for example in LAPACK [3] and ATLAS (Automatically Tuned Linear Algebra
Software) [19], but it seems that the memory is not used to the full possible
extent, and there is a reason to do further research.

In the last 4 years a new idea emerged which leads to faster algorithms on
modern processors. This is the recursive formulation of all basic algorithms in
numerical software packages. It turns out that recursion leads automatically to
better utilization of the memory, and so faster algorithms result. Sometimes
better algorithms emerge. There is a number of algorithms where recursion
has successfully been applied, for example [9, 10, 11, 1, 14, 12, 13, 18, 2, 8, 6].
The recursion introduce a new data storage format by which the BLAS Level
3 can be applied. For example, the new recursive packed storage data format
causes that the fast Cholesky algorithm only requires n(n + 1)/2 memory but
not n? [1] (see Fig.1 and 2 in the Appendix), where n is an order of the matrix.
Figure 3 shows that the New Factorization Algorithm for symmetric indefinite
matrices with Bunch-Kaufman pivoting works not slower than the LAPACK
full storage algorithm, but using only n x (n + 1)/2 memory. The Figure 4
compares the recursive QR factorization (RGEQRF) with the LAPACK QR
factorization (DGEQRF). The recursive algorithms automatically benefit from
the parallelism while the traditional methods do not.

The second important issue is that recursive programs “capture” very con-
cisely the mathematical formulation, and are easy to read and understand (but
only if one knows the subject area).

New research on recursive algorithms started at the IBM Watson Research
Center, USA in 1997 [17, 15]. Then, in the beginning of 1998, two more cen-
ters joined the team working on these algorithms: UNIeC (Danish Computing
Center for Research and Education), and the University of Umea, Sweden. Uni-
versity of Rousse (Bulgaria) was also involved for some time in these algorithms.
The ATLAS [19] library is extended by the recursive algorithms. University of
Tennessee at Knoxville applied recursion to sparse matrix technique [8, 6].

We have improved significantly some of the existing algorithms in LAPACK
(see Figures in the Appendix). This happens because the recursive formulation
uses the cache memory more efficiently and sometimes also allows the use of
larger block operations (i. e. more efficient use of BLAS).

There are many widely used algorithms in practice for which the recursive
formulation has not been studied (e. g. algorithms for eigenvalues, singular
values, generalized eigenvalues, generalized singular values, etc.). Based on our
preliminary experience, we think that recursion will also benefit these algo-
rithms. predict that the of new numerical software

Another important consequence of this research is that as computer vendors
improve the hardware of parallel high performance computers, the memory hi-
erarchies are tending to become deeper. Thus recursive algorithms, since they
automatically block for them, will be able to take advantage of the new memo-
ries. In this way our research has impact on both software and hardware.



Outline of the Tutorial

We give a very brief overview of the Algorithms and Architecture Ap-
proach as a means to produce high performance Dense Linear Algebra
Algorithms. The key idea that we develop is blocking for today’s deep
memory hierarchies.

We develop how recursion relates to dense linear algebra. Specifically we
show how recursion leads to automatic variable blocking. Clearly, variable
blocking is more general than conventional fixed blocking.

We describe new data structures for full and packed storage of dense sym-
metric/triangular arrays that generalize both. Using the new data struc-
tures one is led to several new algorithms that save “half” the storage and
outperform the current blocked based level 3 algorithms in LAPACK.

We will describe a recursive formulation of Cholesky Factorization of a
matrix in packed storage. The key to this algorithm is a novel data struc-
ture that converts standard packed format into n—1 “square” full matrices
and n scalar diagonal elements. This formulation only use conventional
GEMM, a surprising result in itself.

Performance results for various dense linear algebra algorithms will be pre-
sented for several different computers. In particular, performance graphs
of the LAPACK Cholesky (full and packed storage) algorithms and our
new Cholesky algorithm using Recursive Packed Format will be presented.
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Appendix: Performance Graphs

Factorization performance on COMPAQ Alpha EV6 500 MHz
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Figure 1: Performance of the recursive Cholesky factorization and solution on
COMPAQ Alpha EV6, @ 500 MHz.



Factorization (complex) performance on Intel Pentium Il 500 MHz
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Figure 2: Performance of the recursive Complex Hermitian Cholesky factoriza-
tion and solution on INTEL Pentium III, @ 500 MHz. The recursive results
include the time consumed by converting from packed to recursive packed stor-
age and vice versa. All routines call the optimized ATLAS BLAS (ZGEMM).



Symmetric Indefinite, UPLO=L, SGI Orgin 2000, R12000, @ 300 MHz, Atlas
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Figure 3: Performance of the new factorization algorithm where the matrices
are symmetric indefinite with Bunch-Kaufman pivoting on an SGI Origin 2000,
R12000 @ 300 MHz, using the Atlas BLAS library.



Uniprocessor performance on a 200 MHz IBM POWERS3 node
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Figure 4: Recursive QR factorization. Uniprocessor performance on a 200 MHz
IBM POWERS3 node.
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