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Abstract. The well known Quantum Approximate Optimization Algo-
rithm (QAOA) has been shown to be useful in finding solutions to the
MaxCut problem in graph theory. However, the results when using quan-
tum hardware are significantly affected by noise. In addition we have the
natural sampling errors, coming from using limited number of shots.
Substantial effort has been dedicated to development of error mitigation
techniques. In this work we concentrate on goal-oriented postprocessing
algorithms, that directly target improvement of the original combina-
torial objective. We compare a family of widely used classical postpro-
cessing algorithms, when applied to the QAOA measurement outcomes
for the MaxCut problem. Due to our limited access to quantum hard-
ware, we use statevector simulation in order to determine good values
of the parameters of the quantum circuit and submit only one circuit
for each problem instance on quantum hardware. Thus we are able to
compare the performance of the postprocessing optimisation algorithms
on results from both software simulation and hardware execution. For
some of the optimisation algorithms we introduce versions that utilize
low-discrepancy sequences with the goal to better explore the underlying
solution spaces. Our results demonstrate that objective-based postpro-
cessing can substantially improve solution quality even when the raw
QAOA output has far from optimal objective value.

Keywords: MaxCut problem- QAOA - low-discrepancy sequences

1 Introduction

The Quantum Approximate Optimization Algorithm (QAOA), introduced in
[11], is one of the most popular hybrid quantum-—classical frameworks for solving
combinatorial optimization problems on quantum hardware, with good perfor-
mance on the currently available Noisy Intermediate-Scale Quantum (NISQ)
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devices. QAOA combines multiple layers of problem-specific and mixing unitary
transformations, so that the measured bitstrings encode candidate solutions to
discrete optimization tasks. Among the widely studied benchmark problems,
MaxCut is relevant not only in pure graph theory, but also with applications in
statistical physics, VLSI circuit design, data clustering and community detec-
tion. In classical MaxCut formulation, one tries to partition graph vertices into
two subsets such that the number (or weight) of edges crossing the partition is
maximized. The problem admits a natural encoding into an Ising-type Hamil-
tonian, Ho. QAOA prepares a quantum state through an alternating sequence
of unitary operators parameterized by angles {vk, O },_;, where p denotes the
number of layers or depth of the circuit. These parameters can be physically
interpreted as evolution times; 7y, represents the duration the system evolves
under the cost Hamiltonian H¢, while S can be interpreted as the time spent
under the mixing Hamiltonian Hpg. The final quantum state depends nonlinearly
on these parameters and induces a probability distribution over bitstrings when
measurement is performed. The parameters {7, O; } are optimized classically in
order to maximize the expected value of the cost Hamiltonian.

This optimization is itself a nontrivial noisy optimisation problem, however
it is not the focus of this work. In fact, we performed this optimisation using
statevector simulation, so we assume that good parameters have been obtained,
and we instead concentrate on what can be achieved after measurement samples
are obtained, with these parameters fixed. The selection of the number of layers
p is also an open problem, as larger circuits may result in worse noise, but in
this work we simply tested different values of p.

Apart from the hardware noise, we have statistical noise due to the limited
number of shots. Thus we are not sure if we are able to detect the most probable
bitstring, even in absence of noise. Our main goal given the noisy distribution of
candidate bitstrings obtained from measurement, is to evaluate classical optimi-
sation algorithms that increase the probability of finding high-quality cuts. In the
next section we describe in more detail our methodology for producing the mea-
surement outputs, which in turn serve as inputs to our optimisation algorithms.
Then we describe the various optimisation algorithms and their quasi-Monte
Carlo variants [4I2]. Numerical results obtained by postprocessing results from
both statevector simulation and hardware execution are presented and discussed.

2 Methodology

2.1 QAOA for MaxCut

For a graph G = (V, E), the MaxCut problem [7JI4] can be encoded using
binary variables z; € {—1,1} representing the respective vertex assignments.
Consequently the objective function can be encoding in operator form as a diag-
onal Hamiltonian expressed in terms of Pauli-Z operators acting on the qubits
associated with the vertices:

1
He =5 Z (1-2;Z;),
(i,4)€EE
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where Z; are Pauli-Z operators acting on the qubit associated with vertex 3.
This Hamiltonian assigns lower energy to bitstrings that cut more edges. The
mixing Hamiltonian is usually chosen as a transverse-field operator,

Hy = ZXi,

eV

where X; is the Pauli-X operator acting on the respective qubit 7. This idea of
the mixing Hamiltonian is to ensure better exploration of the solution space.

The QAOA state of depth p is generated by alternating exponentials of the
cost Hamiltonian H¢e and a mixing Hamiltonian Hj;. The resulting state is then
measured in the computational basis to obtain bitstrings representing candidate
cuts. Thus the full QAOA state is given by

P
(47, 8)) = J] e7?Ptim el e,
k=1

where v = (y1,...,7%) and 8 = (f1,...,0p) are the variational parameters,
which can be considered as angles or also evolution times. The exact values
for the parameters {7, O;} are obtained by maximizing the expectation value
(He) with respect to the QAOA state. As we had limited access to quantum
hardware, in our workflow, we first performed statevector simulation in order to
find good values of these parameters. Once we fixed these parameters, for each
problem instance we have one correponding quantum circuit, that we proceeded
to use on actual quantum hardware as well as in statevector simulation. We
used two quantum devices, available on IBM Quantum platform [2I] - Fez and
Torino, which have 156 and 133 qubits respectively. Statevector simulation was
performed on the HEMUS [20]. Our statevector simulation was exact in the sense
that we can obtain the actual probabilities of the various bitstrings and detect
the bitstrings with highest probability without sampling error (disregarding the
rounding errors). As we will see in the next section, the candidate bitstrings
obtained in this way are much closer to solution of the original problem.

We also consider the candidate bitstrings obtained via sampling in the same
conditions. The natural candidates are in this case bitstrings that appear most
frequently. Obviously, the difference with the previous case will come from the
use of limited number of shots, so we can expect that the bitstring with highest
probability may not always appear with highest counts. Increasing the number
of qubits presents some other complications in selecting the candidates, as we
may face a situation where bitstrings rarely repeat. In such cases we would need
to implement a data-mining algorithm to select bitstrings based on counts of
appearances of substrings. Since our limitation in this work has been mostly
the number of qubits that we can simulate, we did not have to deal with this
problem and it will remain for future work.
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3 Postprocessing procedure

From statevector simulation we can obtain the probabilities of bitstrings directly
(disregarding numerical errors), while hardware execution or sampling from the
statevector simulation results in empirical distributions. The postprocessing step,
which is the focus of this work, applies optimisation algorithms to the top bit-
strings, obtained in these 3 ways. One logical approach is to only use the most
frequent bitstring (we call this topl). Another is to apply the same optimisa-
tion to multiple bitstrings with high probabilities or counts, e.g., using the top
10 bitstrings. All the computations required in this case are done on classical
hardware, the objective function being simply the number of cuts and the inputs
being the bitstrings. The algorithms tested were as follows:

— Simulated Annealing: The input bitstring is the initial state for simulated an-
nealing. The algorithm performs bit flips according to a temperature sched-
ule, accepting changes that do not improve the objective function with a
probability that decreases over time [9JIS].

— Greedy Improvement: Each measured bitstring is tested for possibility of
improvement via single-bit updates that strictly increase the objective value
until a local maximum is reached [I5I12].

— Binary Particle Swarm Optimisation A variant of particle swarm optimi-
sation, where the particle coordinates are binary. Typically in such cases
velocities are interpreted as probabilities [S/17].

— Genetic Algorithm: Since inputs are bitstrings, genetic algorithms present
a natural choice. All elements in the initial population are obtained with
random modification of the input bitstring [6/16].

— Hill Climbing: We attempt to improve the solution by flipping random bits
and accepting improving solutions [I3].

— Hill Climbing with restarting: Similar to the previous algorithm, but the
process is restarted multiple times with the hope to obtain better local max-
imum [10].

4 Use of Low-Discrepancy Sequences in the optimisation
algorithms

Most optimisation algorithms incorporate randomness in their steps. Low - dis-
crepancy sequences (LDS) are infinite sequences that have special construction
that guarantees that their discrepancy (a measure of uniformity of distribu-
tion) has order of (logN)* /N, where s is the dimension and N is the number of
points. Usually such sequences combine deterministic and stochastic elements, in
which case we speak of scrambled sequences. It has been shown that scrambling
provides theoretical and practical benefits. Scrambling achieves better error esti-
mates, and allows error estimates to be computed by repeating the computations
with different scramblings. It also removes certain undesirable artefacts and is
generally safe to use. Sobol sequences [19] are digital sequences in base 2 which
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are widely used in high-dimensional numerical integration, especially in financial
applications.

One theoretical justification for the use of low-discrepancy sequences is the
Koksma—Hlawka inequality [see, e.g., Niederreiter, 1992 [3]], which relates inte-
gration error to discrepancy of the sequence and variation of the integrand. It
should be noted that this inequality has mostly theoretical value, while in prac-
tice scrambled Sobol sequences have been shown to produce excellent results and
that is why we decided to test their use in the optimisation algorithms above,
the justification being the supposed better coverage of the underlying solution
spaces.

So far we implemented LDS-based variants of the algorithms that are popula-
tion - based (genetic, binary particle swarm optimisation) by using the sequences
in the creation of the initial random population. In the hill climbing algorithms
we integrated LDS-based sampling in the selection of the successive bits to flip.
In the next section we discuss numerical results obtained using the various al-
gorithms and their LDS versions where applicable.

5 Numerical Results and Discussion

In this section we discuss the results from applying the various optimisation al-
gorithms, in some cases including LDS-based modifications, on the results from 3
types of computations. To achieve fair comparison, we used approximately equal
number of evaluations of the objective function, which resulted in approximately
equal computational times.

The direct probability evaluation that is obtained from the statevector-based
simulation can be expected to yield bitstrings with almost perfect objective val-
ues. When we ignore the fact that we can access these probabilities directly but
instead perform shots-based simulation, we obtain simulation counts. Ranking
bitstrings based on these counts results in very similar solutions, with the prac-
tical limitation on number of shots leading to inability to detect the bitstring
with the highest probability. The nature of the error is statistical, but our ex-
perience is that the results between using probabilities or simulation counts are
very similar.

The more interesting situation is when the counts are obtained with hard-
ware execution and measurement, where we observe substantial differences due
to relatively large noise effects. In Table[I] we see comparison of the performance
of various optimisation methods when probabilities are used directly. We de-
note by A the improvement observed, i.e., the difference between initial value
of the objective function for the bitstring and the final value after local optimi-
sation/refinement. As inputs to the optimisation algorithms we used either the
top bitstring, i.e., the one with the highest probability, or the top 10 bitstrings,
consecutively.

We compute not only best but also average improvements for these topl0
bitstrings as performance metrics. In this table we observe that the Simulated
Annealing produces best average Top10 performance, while multiple algorithms
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are tied if only the best results are considered. In Table 2] we see similar compar-
ison, but using simulation counts in the same problems. There is slight difference
in the starting point, as apparently the bitstring with highest probability did not
get highest count, because of the limited number of shots, but was still within
the top10. Again the best performance is produced by the Simulated Annealing
algorithm for the average of topl0, while multiple algorithms are able to find
perfect solution, when starting from the topl bitstring. In Table [3] we see the
same comparison based on hardware counts as a selector for the bitstring candi-
dates. We immediately notice how the topl bitstring gives us a difficult starting
point, while the best of topl0 has significantly better objective function. Again
the average performance is best for the SA algorithm, while all algorithm were
able to reach a perfect solution when starting from top10.

Table 1. Comparison of optimisation methods when using statevector-simulation prob-

abilities.

Method

Topl (old — new)

Avg Topl0 (old — new)

Best Topl0 (old — new)

Random-Restart Hill Climbing
Hill Climbing

Greedy Algorithm

Simulated Annealing

Genetic Algorithm

Binary PSO

14 - 21 (A+7)
14 — 19 ( )
14 — 20 (A +6)
(A+7)
(A+5)
14 — 20 (A+6)

14.000 — 20.400 (A + 6.400)
14.000 — 19.800 (A + 5.800)
14.000 — 20.000 (A + 6.000)
14.000 — 20.900 (A + 6.900)
14.000 — 19.600 (A + 5.600)
14.000 — 20.800 (A + 6.800)

14— 21 (A+7)
14521 (A+7)
14 — 20 (A +6)
14— 21 (A+7)
14 = 20 (A +6)

14— 21 (A+47)

BEST METHOD (SVPROB): anneal | topl = 21, avg topl0 = 20.900, best topl0 = 21

Table 2. Comparison of optimisation methods when using statevector-simulation

counts.

Method

Topl (old — new)

Avg Top10 (old — new)

Best Topl0 (old — new)

Random-Restart Hill Climbing
Hill Climbing

Greedy Algorithm

Simulated Annealing

Genetic Algorithm

Binary PSO

(
( )
13 — 20 (A +7)
(A+38)
( )
)

13520 (A+7

13.500 — 20.800 (A + 7.300)
13.500 — 20.400 (A + 6.900)
13.500 — 20.100 (A + 6.600)
13.500 — 21.000 (A + 7.500)
13.500 — 20.400 (A + 6.900)
13.500 — 20.500 (A + 7.000)

421 (A+7)
1421 (A+7)
14 =21 (A+7)
1421 (A+7)
1421 (A+7)
14— 21 (A+7)

BEST METHOD (SIMCNT): anneal | topl = 21, avg topl0 = 21.000, best top10 = 21

Table 3. Comparison of optimisation methods when using quantum hardware mea-

surement counts.

Method

Topl (old — new)

Avg Top10 (old — new)

Best Topl0 (old — new)

Random-Restart Hill Climbing
Hill Climbing

Greedy Algorithm

Simulated Annealing

Genetic Algorithm

Binary PSO

10 — 21 (A +11)
10 — 21 (A+11)
10 — 21 (A +11)
10 — 21 (A +11)
10 — 20 (A + 10)
10 — 21 (A+11)

11.300 — 20.900 (A + 9.600)
11.300 — 20.000 (A + 8.700)
11.300 — 20.300 (A + 9.000)
11.300 — 21.000 (A + 9.700)
11.300 — 20.400 (A + 9.100)
11.300 — 20.600 (A + 9.300)

15 — 21 (A +6)
15 — 21 (A +6)
15 — 21 (A +6)
15 — 21 (A +6)
15 — 21 (A +6)
15 — 21 (A +6)

BEST METHOD (HWCNT): anneal | topl = 21, avg top10 = 21.000, best topl0 = 21
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Fig. 1. Performance comparision of various optimization methods at circuit depth 8.

Table 4. Performance comparison table of optimization algorithms for hardware
counts.

Hardware counts averaged over top-10 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 25.1 23 24.2 24.8 25.3 25.2
24 2 28.2 26.1 29 29.2 29.5 29.5
28 2 33.5 31 34.2 34.5 35.7 35.6
24 10 28.3 26.4 28.8 28.8 30.1 30.1
28 10 34 33.6 34.8 34.4 36.6 36.6
Hardware counts averaged over top-1 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 25 21 23 24 26 26
24 2 28 25 28 29 29 29
28 2 33 29 31 31 34 34
24 10 28 25 27 27 29 29
28 10 33 31 33 36 36 36

An exhaustive performance comparison between usual versions of the al-
gorithms and their QMC implementations with scrambled Sobol sequences is
shown in Table [@ Table [f] and Table [} We can see that in many instances the
best results (in boldface) are obtained from the QMC version of the methods.
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Table 5. Performance comparison table of optimization algorithms for simulation
counts.

Simulation counts averaged over top-10 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 25.4 22.5 24.6 24.5 25.7 25.6
24 2 29 26.3 28.4 28.2 30.4 30.2
28 2 33.3 29.9 34.4 34.8 35.6 35.5
24 10 29.2 26.6 28.8 29.1 30.2 29.9
28 10 34.5 31.2 30.2 34.1 36.5 36.6
Simulation counts averaged over top-1 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 25 23 24 23 25.7 26
24 2 30 25 27 28 30.4 30
28 2 33 30 34 34 35.6 35
24 10 28 25 28 28 30.2 30
28 10 33 31 34 32 36.5 36

Table 6. Performance comparison table of optimization algorithms for probability
counts.

Probability counts averaged over top-10 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 25.1 22.9 24.2 24.5 26 25.9
24 2 28.6 26.3 27 27.7 29.6 25
28 2 33.7 30.9 34 34.2 36 29.5
24 10 28.7 26.5 28 28.7 30.2 30.1
28 10 34 30.6 34.7 34.4 36.4 36.3
Probability counts averaged over top-1 results
Qubits depth binary PSO rand hillclimb restart hillclimb
random sobol random sobol random sobol
20 2 26 24 24 24 26 25
24 2 29 25 28 29 30 30
28 2 33 30 31 32 35 35
24 10 29 24 28 28 31 31
28 10 33 31 33 32 36 36
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Fig. 2. Performance comparison for hardware execution of circuits with depth 4 and
depth 8.
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Fig. 3. Performance comparison of various optimisation algorithms starting from the
top bitstrings obtained execution on quantum hardware and simulation, for 24 qubits.
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Fig. 4. Performance comparison of various optimisation algorithms starting from the
top bitstrings obtained execution on quantum hardware and simulation, for 28 qubits.

Visual comparison of the average performance on toplO of the various al-
gorithms can be seen in Fig [I] It can be seen that the average improvement
(A) under different number of qubits, with fixed circuit depth p = 8 is best for
Simulated Annealing and Random-restart Hill Climbing.

On Fig 2| we can see the difference in performance for the different methods
when depths 4 and 8 were, for hardware execution. Despite the inherent noise,
the larger circuits produced better results after optimisation, for all methods.

Fig 3] and Fig [] present additional data, comparing the performance of the
various optimisation algorithms (using both pseudo-random numbers and Sobol
low-discrepancy sequences), starting from the top bitstring coming from execu-
tion on quantum device (left) and from probabilities computing via the simu-
lation. Fig [3] uses 24 qubits, while Fig [] uses 28 qubits, with the number of
repetitions fixed at 10. One can see that the simulation gives better initial es-
timates, but the optimisation algorithms achieve very similar results, i.e., the
optimisation algorithms are efficient in dealing with the inherent noise.

6 Conclusions and Future Work

We investigated multiple goal-oriented classical postprocessing strategies, essen-
tially performing local optimisations on QAOA measurement outcomes for the
MaxCut problem in both simulation and hardware settings. We demonstrate
high-quality cuts can be obtained, with significant differences in performance
between the different algorithms. We observed that simulated annealing—based
refinement consistently demonstrated strong empirical performance. Close re-
sults are also obtained by the random hill climbing algorithm. Furthermore,
quasi-Monte Carlo (QMC)-enhanced variants of the stochastic algorithms with
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the scrambled Sobol’ sequences in many instances showed better performance,
demonstrating potential for further investigation. It is obvious that objective-
driven classical refinement postprocessing is a highly usable strategy for QAOA
under the limitations of the current quantum hardware. Low-discrepancy sam-
pling also offers a promising direction for improving the overall performance of
such refinement procedures. We intend to proceed to larger graph instances, once
we find a better way to fit the first QAOA parameter optimisation step entirely
on quantum hardware. We should also study the influence of graph structure
and sparsity on the performance of the optimisation strategies. Better use of the
specific qualities of low-discrepancy sequences will be also of high importance,
perhaps looking for a better-matching optimisation algorithm that can exploit
the uniformity of distribution of low-discrepancy sequences.
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