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Abstract. This work investigates how numerical interface thickness affects Di-
rect Numerical Simulations (DNS) of bubble hydrodynamics and interfacial mass
transfer within an Unstructured Conservative Level-Set (UCLS) framework. In
UCLS, fluid properties and surface-tension forces are regularized across a dif-
fuse interface of thickness controlled by ε = 0.5hα, where h is a local mesh-
length measure and α is a tunable exponent. A sensitivity analysis is performed
for a gravity-driven rising bubble to quantify the influence of α on the termi-
nal Reynolds number and Sherwood number. The results show that moderate
variations in interface thickness have a limited impact on these integral quanti-
ties, while excessively aggressive settings may reduce numerical robustness. The
study provides practical guidance for selecting α in UCLS simulations of coupled
hydrodynamics and transport processes in bubbles.
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rect Numerical Simulation · High-Performance Computing

1 Introduction

Bubbly flows and interfacial transport processes are ubiquitous in nature and indus-
try, governing the performance of a wide range of systems from thermal power-plant
equipment (e.g., steam generators and cooling towers) to chemical-engineering unit op-
erations and multiphase reactors.

Experimental research of bubbly flows is constrained by the optical access, while
analytical approaches rely on simplifying the physics. With the growth of high perfor-
mance computing, Direct Numerical Simulation (DNS) [7,9,8] of bubbly flows has been
empowered. However, DNS of two-phase flows remains challenging: it requires con-
trolling numerical diffusion and spurious oscillations near discontinuities, accurately
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evaluating surface-tension forces, and ensuring robustness under large density and vis-
cosity contrasts, all while maintaining feasible computational cost.

In the Unstructured Conservative Level-Set (UCLS) method [4,5,3,6,7,9,8], physi-
cal properties are regularized through smoothed Heaviside functions and surface-tension
forces are concentrated near the interface using a smoothed Dirac delta, both con-
structed from the marker function. This construction defines a numerical interface thick-
ness controlled by the parameter ε = 0.5hα, where h denotes a local mesh-length mea-
sure and α is a tunable exponent. While a sufficiently thick interface may improve ro-
bustness (e.g., curvature evaluation and stability), excessive regularization can smear in-
terfacial gradients and bias integral quantities such as drag-related measures and trans-
fer rates. Conversely, overly thin interfaces may increase sensitivity to mesh irregularity
and amplify numerical noise on unstructured grids. Despite the practical importance of
this accuracy-robustness trade-off, a systematic assessment of how ε impacts the bubble
hydrodynamics and interfacial mass transfer within UCLS is still limited.

The objective of this work is to quantify the sensitivity of the terminal Reynolds
number and the Sherwood number, to the numerical interface thickness in UCLS-based
DNS of hydrodynamics and mass transfer in rising bubbles.

2 Mathematical Formulation and Numerical Methods

2.1 Incompressible two-phase flow and UCLS method

The incompressible two-phase flow follows the one-fluid formulation

∂

∂t
(ρv)+∇·(ρvv) = −∇p+∇·

[
µ
(
∇v + (∇v)T

)]
+(ρ−ρ0)g+fσ, ∇·v = 0, (1)

where p is pressure, v velocity, ρ density, µ viscosity, g gravity, and fσ the surface-
tension force per unit volume, ρ and µ are constant for each phase. In Ω, ρ = ρcHc +
ρdHd, µ = µcHc + µdHd. Hc the Heaviside function equal to one in Ωc and zero
elsewhere, Hd = 1−Hc. If periodic boundary conditions are applied along the y-axis
(aligned with g), then ρ0 = 1

VΩ

∫
Ω
(ρcHc + ρdHd) dV [7,3,9]; otherwise ρ0 = 0.

Interface capturing is performed with the finite-volume UCLS method [7,4,5,9,8]
on 3D collocated unstructured meshes. The multi-marker UCLS formulation prevents
the numerical coalescence [7,3,9]. Each bubble is represented by the UCLS marker
ϕi =

1
2

(
tanh

(
dΓ,i

2ε

)
+ 1

)
, i = 1, 2, . . . , Nm, where dΓ,i is a signed distance function

and ε an interface thickness parameter. The advection and re-initialization equations
are:

∂ϕi

∂t
+∇ · (ϕiv) = 0,

∂ϕi

∂τ
+∇ · (ϕi(1− ϕi)n

∗
i ) = ∇ · (ε∇ϕi) , (2)

where the unstructured re-initialization equation [4,5,7,9,8] is solved in pseudo-time
τ until steady state, n∗

i denotes the interface normal at τ = 0. Inverting ϕi yields

dΓ,i(ϕi) = ε ln
(

ϕi

1−ϕi

)
, so that the distance between ϕi,1 and ϕi,2 is wΓ,i = dΓ,i(ϕi,2)−

dΓ,i(ϕi,1) = ε
[
ln
(

ϕi,2

1−ϕi,2

)
− ln

(
ϕi,1

1−ϕi,1

)]
. For ϕi,1 = 0.05 and ϕi,2 = 0.95, the

thickness gives wΓ,i = 2ε ln(19) ≈ 5.889 ε. At ΩP , εP = 0.5hα
P [4,5,7,9,8], where
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Fig. 1. Normalized numerical interface thickness wΓ,i/hP for εP = 0.5hα
P , for characteristic

grid-size hP (see legend). α = 1 yields a grid-independent thickness measured in number of cell
sizes, whereas α ̸= 1 introduces a mesh dependence.

hP is the local grid-size and α is a tunable parameter. The normalized interface thick-
ness is wΓ,i

hP
= ln(19)hα−1

P . Figure 1 depicts that α = 1 keeps wΓ,i/hP constant
under grid refinement, whereas α ̸= 1 introduces a mesh dependence wΓ,i/hP ∝ hα−1

P

(e.g., wΓ,i/hP ∝ h−0.1
P for α = 0.9). The re-initialization equation is advanced with

∆τ = Cτ minP

(
h2
P

εP

)
, with Cτ = 0.05 [4,5,7,9,8], and a single re-initialization step.

2.2 Surface-tension force and species transport

Interface normals and curvatures are calculated as ni = ∇ϕi

∥∇ϕi∥ , κi = −∇ · ni. The
Continuous Surface Force (CSF) approach [10] calculates the surface tension, in the
UCLS framework [3,6,7,9,8]: fσ =

∑Nm

i=1

(
f
(n)
σ,i + f

(t)
σ,i

)
, f

(t)
σ,i = δsΓ,i ∇Γi

σ is the
Marangoni stress, σ is the surface-tension coefficient, ∇Γi

(·) is the surface gradient,
and δsΓ,i = ||∇ϕi|| is a smoothed Dirac delta. Here, σ is constant; hence f

(t)
σ,i = 0. The

normal component is f (n)σ,i = σ κi ∇ϕi [4,5,6,7,9,8].
External mass transfer is modeled for the dissolved species concentration C in Ωc:

∂C

∂t
+∇ · (vC) = ∇ · (D∇C) , (3)

where D = Dc is the diffusivity. The concentration inside the bubbles is constant. In
cells intersected by the interface, C is interpolated as proposed in [7].

3 Numerical Experiments

Verifications, validations and extensions of the finite-volume UCLS method have been
reported in our previuos research, for instance: rising bubbles [4,5], bubble swarms
[3,7,9], droplet collision and droplet-interface interaction [3], droplet deformation [2,8],
mass transfer in bubbly flows [7,9], variable surface tension [6,8], and liquid-vapor
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Fig. 2. Effect of interface thickness parameter εP = 0.5 hP
α on gravity-driven rising bubble.

Eo = 3.5, Mo = 10−4, ηρ = ηµ = 100, Sc = 1. (a) Re(t∗)) and Sh(t∗). Terminal Re and
Sh in red line. (b) Re and Sh from UCLS and correlations from [11] and [14], versus α. The
Harmathy correction [13] is used for confinement effect on Re, using db/DΩ = 0.125.

phase change [1]. This work focuses on the role of the numerical interface thickness in
the hydrodynamics and mass transfer in bubbles.

Transport equations are discretized by the unstructured collocated finite-volume
method [7,9]. The unstructured TVD Superbee flux-limiter scheme solves the convec-
tive term as proposed in [7,9,4,8]. Central difference scheme for the diffusive term.
Fractional-step projection method for the pressure-velocity coupling. The reader is re-
ferred to our previous research [7,9,8] for further technical details.

3.1 Computational setup and dimensionless parameters

Ω is a cylinder of diameter D = 8db and axial length Ly = 8db. The mesh consists
of 1.5372 × 106 hexahedral control volumes, with simulations executed on 112 CPU-
cores. The mesh is refined around the cylinder axis (hmin ≈ db/35), consistently with
our previous grid-convergence studies [2,5,7,9,8]. At the wall, a no-slip boundary con-
dition is applied to v, Neumann boundary conditions for ϕi and C. Periodic boundary
conditions are enforced in the axial (y) direction. Initially, v = 0.

Gravity-driven bubbles are characterized by the Morton number Mo = gµ4
c(ρc −

ρd)ρ
−2
c σ−3, Eötvös number Eo = gd2b(ρc − ρd)σ

−1, density and viscosity ratios ηρ =
ρc/ρd and ηµ = µc/µd, and Reynolds number Rei(t∗) = ρcUr,idb/µc, where Ur,i is
the bubble velocity relative to the carrier flow. Furthermore, Re(t∗) = N−1

b

∑Nb

i=1 Rei(t
∗),

Rei = T−1
∫ t0+T

t0
Rei(t) dt and Re = N−1

b

∑Nb

i=1 Rei. In this research Nb = 1 and the

dimensionless time is t∗ = t g1/2 d
−1/2
b , where db is the spherical equivalent diameter.

Mass transfer is characterized by the Schmidt number Sc = µc/(ρcDc) and Sherwood
number Sh = kcdb/Dc, kc is the mass-transfer coefficient in Ωc [7,9].
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Fig. 3. Effect of interface thickness parameter εP = 0.5 hP
α on gravity-driven rising bubble.

Eo = 3.5, Mo = 10−4, ηρ = ηµ = 100, Sc = 1. (a) Vorticity (ωz = ez · (∇× v)
√

db/g)). (b)
Concentration at t∗ = 6.3.

Fig. 4. Effect of interface thickness parameter εP = 0.5 hP
α on gravity-driven rising bubble.

Eo = 3.5, Mo = 10−4, ηρ = ηµ = 100, Sc = 1. UCLS marker profiles on the plane x − y at
t∗ = 6.3, ϕ = 0.5 (red line) and ϕ = {0.05, 0.95} (discontinuous black line).

3.2 Interface-thickness sensitivity: single rising bubble

Figures 2–5 assess the sensitivity of UCLS-based DNS to εP = 0.5hα
P at Eo = 3.5,

Mo = 10−4, ηρ = ηµ = 100, and Sc = 1. Figure 2(a) reports Re(t∗) and Sh(t∗) for
0.875 ≤ α ≤ 1.025, with terminal values indicated by red lines. For all α, Re(t∗)
evolves from an initial acceleration stage to a well-defined terminal regime, while
Sh(t∗) exhibits an initial transient associated with the formation of the concentration
boundary layer and then relaxes to a steady value. For reference, Re is compared with
the correlation of [11] and the Harmathy correction [13].
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Fig. 5. Effect of interface thickness parameter (ε) on gravity-driven rising bubble. Re(t∗),
Sh(t∗), CD versus Re, Sh versus Re. Eo = 3.5, Mo = {10−1, 10−2, 10−3, 10−4}, ηρ =
ηµ = 100, Sc = 1. (a) ε = 0.5 hP

0.975. (b) ε = 0.5 hP
0.9.

Figure 2(b) summarizes the terminal Re and Sh as functions of α, comparing UCLS
predictions with the references [11] (hydrodynamics) and [14] (mass transfer). For hy-
drodynamics, confinement is accounted for through the Harmathy correction [13] using
db/DΩ = 0.125. Both Re and Sh exhibit a weak dependence on α. As α increases from
0.875 to 1, Re approaches the correlation of [11]; a similar trend is observed for Sh,
which approaches the correlation of [14]. Overall, these results indicate that the diffuse-
interface regularization primarily affects near-interface smoothing without introducing
a significant bias in integral drag- and transfer-related predictions.

Fig. 3 compares vorticity and concentration fields at t∗ = 6.3. The vorticity snap-
shots (Fig. 3(a)) show that the overall wake topology and shear-layer distribution are
preserved when varying α, while the concentration fields (Fig. 3(b)) indicate that near-
interface gradients and wake-mediated transport structures remain qualitatively consis-
tent. Differences across α are mainly localized in the vicinity of the interface, consistent
with the role of εP in regularizing material-property jumps and interfacial localization.
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Figure 4 provides a direct geometric measure of the numerical interface thickness
through marker profiles on the x-y plane at t∗ = 6.3. The interface is represented by
ϕ = 0.5 (red), whereas the iso-levels ϕ = {0.05, 0.95} (discontinuous black) provide
a measure of the diffuse-layer width. This thickness regularization affects curvature
evaluation, surface-tension forcing, and the smoothing of material properties across the
interface. If α = 1.025, small interfacial oscillations may be observed, indicating re-
duced numerical robustness in this configuration.

Figure 5 varies Mo = {10−1, 10−2, 10−3, 10−4}, and compares two regulariza-
tions: ε = 0.5h0.975

P (Fig. 5(a)) and ε = 0.5h0.9
P (Fig. 5(b)). Re(t∗) and Sh(t∗),

together with the parametric trends CD(Re) and Sh(Re), are consistent with the ref-
erence correlations [11,12,17,16,14,15]. Overall, these results support that moderate
variations in interface-thickness regularization preserve the integral hydrodynamic and
mass-transfer scaling, while providing a practical handle to balance numerical robust-
ness (curvature/capillary stability) and predictive accuracy.

4 Conclusions

This work assessed the sensitivity of UCLS-based DNS to the interface-thickness pa-
rameter εP = 0.5hα

P in rising-bubble simulations with mass transfer. For Eo = 3.5,
Mo = 10−4, ηρ = ηµ = 100, Sc = 1, Re(t∗) and Sh(t∗) reached well-defined ter-
minal regimes for all α. Terminal Re and Sh showed a weak dependence on α and
agreed with the correlations of [11,13] and [12,17,16,14,15], while wake topology and
scalar-transport patterns remained similar, with differences near the interface. A Mo
sweep confirmed that the expected trends in CD(Re) and Sh(Re) are preserved for
0.875 ≤ α ≤ 1, providing a balance between numerical robustness and predictive ac-
curacy for CD and Sh. The case with α = 1.025 exhibits interface oscillations. Future
work will extend this analysis to multiple bubbles, surfactants/Marangoni effects and
liquid-vapor phase change.
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