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Abstract. This paper presents a Petrov-Galerkin immersed finite ele-
ment method for coupled Darcy and Darcy-Forchheimer flows in frac-
tured porous media. The matrix follows Darcy’s law, while fractures are
governed by the nonlinear Darcy-Forchheimer law to capture inertial ef-
fects. Fractures are treated as lower-dimensional interfaces embedded in
the matrix, leading to an elliptic interface problem with multiple cou-
pling conditions. The discrete method does not require mesh matching
between the matrix and fracture. Instead, interface conditions are built
into local basis functions on elements cut by fractures. This allows the im-
mersed finite element space to capture both continuous and discontinuous
pressure across fractures, making it applicable to both conductive and
blocking fractures. Numerical examples and benchmarks demonstrate the
proposed method on nonconforming meshes.

Keywords: Darcy/Darcy-Forchheimer Flow · Fractured porous media ·
Nonconforming meshes · Petrov-Galerkin immersed finite element method.

1 Introduction

Fluid flow in fractured porous media is involved in many earth science applica-
tions, including oil reservoir simulation, groundwater management, and geologi-
cal disposal of nuclear waste. The presence of fractures introduces complexity to
flow behavior. The difference between matrix and fracture permeability leads to
different conductivity, which affects fluid flow in fractured porous media. When
fractures are more permeable than the surrounding matrix, they act as prefer-
ential flow paths. Conversely, fractures with lower permeability can impede flow
and cause pressure discontinuities across them. Accurate numerical simulation
must therefore account for these effects.

In many practical situations, flow velocities in fractures can become high that
inertial effects become non-negligible. While Darcy’s law is commonly used to de-
scribe slow viscous flow in porous matrix, fracture flow may exhibit non-Darcian
behavior due to inertial effects. In such cases, the nonlinear Darcy–Forchheimer
law is more appropriate, as it incorporates additional pressure losses induced
by inertial effects. The present work therefore considers a coupled system where
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matrix flow follows Darcy’s law while fracture flow is governed by the Darcy-
Forchheimer law.

The discrete fracture model (DFM), also referred to as the mixed-dimensional
fracture model, treats fractures as lower-dimensional interfaces embedded in the
matrix. This dimension reduction avoids refining the mesh around fractures and
improves computational efficiency while preserving accuracy. As a result, DFM
has been widely adopted [1–3, 9]. Conventional DFM requires the fracture mesh
to align with the matrix mesh. To overcome the conforming mesh constraint,
several methods have been developed that allow nonconforming (unfitted) grids.
The embedded discrete fracture model (EDFM) [4] is one such approach. It
retains explicit fracture representation while relaxing mesh alignment. Li and
Lee [4] introduced EDFM for black oil models, and subsequent work by Moin-
far et al. [5, 6] extended its application. The extended finite element method
(XFEM) offers another mesh-independent approach. Originally developed for el-
liptic interface problems [7], XFEM was later adapted for hybrid-dimensional
fracture models [8]. Additional degrees of freedom and enrichment functions are
introduced in elements around fractures to capture their geometric and physical
features [10–12]. This fully decouples fracture and matrix meshes.Yang et al.
[13] described fractured media using a mixed-dimensional model with a Dirac
delta function in the permeability tensor and applied the Galerkin method on
nonconforming grids. This approach reduces computation time while maintain-
ing accuracy, but it initially assumed continuous pressure across fractures and
could not handle blocking fractures effectively. Subsequent extensions [14, 15]
addressed this limitation. Other unfitted methods, such as the cut finite element
method [17] and Lagrange multiplier methods [16], have also been explored.

In this work, we develop a Petrov-Galerkin immersed interface finite ele-
ment method for the mixed-dimensional fracture model with coupled Darcy and
Darcy-Forchheimer flows. The key idea is to embed fracture interface conditions
into the local basis functions of elements intersected by fractures, allowing matrix
and fracture meshes to be nonconforming.

The immersed finite element method originated from Li et al. [18] for one-
dimensional interface problems and has since been extended to higher-order
approximations [19, 20], two-dimensional [21–23], and three-dimensional ellip-
tic interface problems [24–26]. Classical immersed finite element methods [21]
face consistency issues because the basis functions do not lie in H1, which can
affect convergence. Adding penalty terms at element boundaries [22] helps re-
store consistency. Alternatively, the Petrov-Galerkin formulation uses standard
finite element functions as test functions while keeping immersed basis func-
tions for the trial space, ensuring consistency without additional penalties. The
Petrov-Galerkin immersed finite element method has seen rapid development
for elliptic interface problems in two [27, 28, 31] and three dimensions [29, 30].
However, existing work typically assumes interface jumps that are either ho-
mogeneous or given as explicit functions. This differs from the fracture model
[9], where interface conditions arise from coupling unknowns in different sub-
domains. In our approach, the trial space uses immersed basis functions that

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:

DOI: 10.1007/978-3-032-29918-5_9

https://dx.doi.org/10.1007/978-3-032-29918-5_9
https://dx.doi.org/10.1007/978-3-032-29918-5_9


Petrov-Galerkin IFEM for Darcy/Darcy-Forchheimer Fracture Flow 3

incorporate fracture-matrix interactions, while the test space consists of stan-
dard conforming finite element functions. The fracture is treated as an interface
with Robin-type coupling conditions, which are built directly into the local ba-
sis functions on cut elements. Unlike traditional immersed interface finite ele-
ment method, our method introduces explicit degrees of freedom on fractures,
and the immersed basis functions are coupled with these fracture unknowns.
A preliminary of this work, focusing on the Darcy-Darcy coupled system, was
published in [35]. The present paper extends the formulation to incorporate
the nonlinear Darcy-Forchheimer flow in fractures. The proposed scheme offers
several features. First, it eliminates the need for conforming meshes. Second,
it captures both continuous and discontinuous pressure across fractures, mak-
ing it applicable to conductive and blocking fractures. Third, the formulation is
straightforward, requiring no penalty terms. Meanwhile, this method also has
some limitations. In particular, small-angle cuts or multiple fractures within a
single element may lead to ill-conditioned linear systems, and stabilization or
preconditioning techniques are often required to ensure numerical stability.

In Section 2, we present the mixed-dimensional Darcy and Darcy-Forchheimer
flows and their discretization on non-conforming meshes. In Section 3, we verify
the convergence order of the scheme on nonconforming meshes and validate it
with two benchmark tests.

2 The problem and discretization

2.1 Mixed-dimensional Darcy/Darcy-Forchheimer fracture model

fracture fracture

porous matrix porous matrix

Fig. 1. Left: equi-dimensional fracture; Right: mixed-dimensional fracture.

We suppose that Ω is a convex domain in R2, with its boundary ∂Ω =
∂DΩ ∪ ∂NΩ, ∂DΩ ∩ ∂NΩ = ∅. Let n̄ be the outward unit normal vector on ∂Ω.
For mixed-dimensional fracture, the hyperplane γ divides the porous matrix into
two part Ω+ and Ω−, see right of Fig. 1. We denote by Ωm = Ω+ ∪ Ω− the
porous matrix in fractured porous media, while the γ represents the fracture.
Obviously, Ω = Ωm ∪ γ. Let n be the unit normal vector on γ oriented from
Ω+ to Ω−. The outward unite normal to ∂Ω+ on γ is then n+ = n, and the
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outward unit normal to ∂Ω− is n− = −n. Let τ be a unit tangential vector
on γ so that (τ,n) is positively oriented. In the mixed-dimensional model, Γ =
(∂Ω+∩∂Ω)∪(∂Ω−∩∂Ω) is defined as the boundary of the porous matrix, while
∂γ is the boundary of fracture. We suppose K is the hydraulic conductivity (or
permeability tensor), Q a source term. We assume that there exists positive
constants Kmin and Kmax such that Kmin 6 K(x) 6 Kmax,∀x ∈ Ω.

Let us defineKγ as the diagonal permeability tensor restricted to the fracture.
Additionally, let Kτ

γ and Kn
γ represent the tangential and normal permeabilities,

respectively. ∇τ · and ∇τ are defined as tangential divergence and tangential
gradient along the fracture. The average and jump operators are denoted as

{q} :=
(
q+ + q−

2

)∣∣∣∣
γ

, [[q]] :=
(
q+ − q−

)
|γ .

We consider the following problem, which was derived in [34, 33]:

u +K∇p = 0, in Ωm,
div u = Q, in Ωm,

p = pd, on Γ.
(1)

Together with the Darcy-Forchheimer flow in fracture:

(1 +
β

d
|uγ |)uγ = −Kτ

γd∇τpγ , on γ,

divτuγ = Qγ + [[u · n]], on γ,
pγ = pd,γ , on ∂γ.

(2)

The interface condition that coupling Darcy and Darcy-Forchheimer flow on
fracture is

[[p]] = 2κ{−K∇p · n},

[[−K∇p · n]] = 2

2ξ − 1

1

κ
({p} − pγ),

(3)

where n is the unit normal vector on γ, directed outward from Ω+, d is fracture
width, κ = d(2Kn

γ )
−1 is a coefficient function on γ related directly to the fracture

width and inversely to the normal component of the permeability of the physical
fracture, the parameter ξ is a constant greater than 1/2. The coefficient β is the
Forchheimer coefficient on γ, assumed to be scalar.

Assuming that the Forchheimer coefficient is scale, we have

β

d
|uγ |2 + |uγ | − |Kτ

γd∇τpγ | = 0.

Dropping the negative term, we get |uγ |,

|uγ | =
−1 +

√
1 + 4βd |Kτ

γd∇τpγ |

2βd
.
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Then the flux uγ can then be written as follows

uγ = −
2Kτ

γd∇τpγ

1 +
√
1 + 4βd |Kτ

γd∇τpγ |
. (4)

2.2 Weak formulation of the model problem and discretization

We use the standard notations for the Sobolev spaces. Let

H1
0 (Ωm) = {p = (p+, p−) : p+ ∈ H1(Ω+), p− ∈ H1(Ω−), p|Γ = 0},

H1
0 (γ) = {pγ : pγ ∈ H1(γ), pγ |∂γ = 0}.

Transpose the velocity equation into the mass conservation equation, and
then multiply q ∈ H1

0 (Ωm) and qf ∈ H1
0 (γ) on both sides of pressure equation

in porous matrix and fracture respectively. And then integrating over the cor-
responding subdomains, we can deduce the following weak formulation by the
Green formulation and the interface conditions (3). Find (p, pγ) ∈ H1

0 (Ωm) ×
H1

0 (γ) such that for all (q, qγ) ∈ H1
0 (Ωm)×H1

0 (γ),

Am(p, q) +Aγ(pγ , qγ) + I((p, pγ), (q, qγ)) = L(q, qγ), (5)

where the multilinear forms are defined as

Am(p, q) =

∫
Ω+

K∇p+ · ∇q+ +

∫
Ω−

K∇p− · ∇q−,

Aγ(pγ , qγ) =
∫
γ

2Kτ
γd

1 +
√
1 + 4βd |Kτ

γd∇τpγ |
∇τpγ · ∇τqγ ,

I((p, pγ), (q, qγ)) =
∫
γ

1

2κ
[[p]] · [[q]] +

∫
γ

2

2ξ − 1

1

κ
({p} − pγ) ({q} − qγ) ,

L(q, qγ) =
∫
Ωm

Qq +

∫
γ

dQγqγ .

Now we turn to the finite dimensional discretization. Let Th be the finite
element partition of region Ωm consisting of triangular or rectangular elements
T . Denote by T γh the partition of (n − 1)-dimensional fracture and made up of
elements F . Elements in Th can be categorized into two classes: interface elements
whose interior is cut through by fracture γ and regular elements that either has
no intersection with fractures or γ ∩ T ⊂ ∂T . In order to define the interface
elements well, we also need to assume that interface end points are enforced to
be on the edges of its element. Denote the set of all interface elements by T ih ,
and the set of regular elements by T rh . And naturally Th = T ih ∪ T rh . We also
denote εbh as the sets of boundary edges in Γ .

For approximating pressure in fracture, we define

V γh = {qf ∈ H1(γ) : qf |F ∈ P1(F ), qf |∂γ∩F = 0,∀F ∈ T γh }.
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Meanwhile, the standard conforming bilinear (or linear) space for porous matrix
is defined as

V Lh = {q ∈ H1(Ωm) : q|T ∈ Q1(T )(or P1(T )), q|Γ∩T = 0,∀T ∈ Th}.

We then denote by V IFEh the IFE space, which includes all functions such that:

1 For T ∈ T ih , the local function ph|T need to be divided into piecewise poly-
nomials, which satisfy the interface conditions (3) and the continuity at each
element vertices.

2 For T ∈ T rh , the standard construction is adopted for basis functions.

After considering the boundary condition, the subspace of V IFEh space is

V IFEh,0 = {q : q ∈ V IFEh , q|e = 0,∀e ∈ εbh}.

We have elaborate on the construction of local functions in the interface element
of T ih in [35]. Then our scheme based on PG-IFE for hybrid-dimensional fracture
problem is to find (ph, pf,h) ∈ V IFEh × V γh such that∫

Ωm

K∇hph · ∇q +
∫
γ

αξγ ({ph} − pγ,h) ({q} − qγ) (6)

+

∫
γ

2Kτ
γd

1 +
√
1 + 4βd |Kτ

γd∇τpγ,h|
∇τpγ,h · ∇τqγ = L(q, qγ), (7)

for (q, qγ) ∈ V Lh × V
γ
h , where

L(q, qγ) =
∫
Ωm

Q(x)q +

∫
γ

dQγ(x)qγ .

And ∇h is the discrete gradient operator defined on each subregion in interface
element.

Our proposed scheme is simpler than the weak form (5), as it removes the
term

∫
γ
αγ [[ph]] · [[q]]. This is because our test function space uses the standard

basis function space, and its jump is 0 on the interface.
For the Darcy/Darcy–Forchheimer fracture model, the nonlinearity appears

in the fracture region, while the matrix domain is governed by the linear Darcy
equation. Therefore, in the iterative procedure, only the fracture region needs to
be updated, and the matrix part remains linear at each iteration. The iteration is
terminated when the difference between two successive fracture pressures satisfies
‖pγ,i − pγ,i−1‖ ≤ tol, where tol is a prescribed tolerance.

3 Numerical examples

In this section, we present numerical experiments to validate our proposed
method. These experiments include convergence tests and benchmarks that cover
two fractures distributions. This nonlinear problem is solved by an iterative
method, and the tolerance is uniformly set to 10−6.
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3.1 Convergence test

For the error between exact solution and numerical solution, in the later tables,
we set

‖e‖L∞(Ωm) = max
T∈Th

‖p− ph‖L2(T ), ‖e‖0,Ωm =

(∑
T∈Th

‖p− ph‖2L2(T )

)1/2

,

‖e‖1,Ωm =

(∑
T∈Th

‖∇(p− ph)‖2L2(T )

)1/2

, ‖ef‖L∞(γ) = max
F∈T γh

‖pf − phf‖L2(F ),

‖ef‖0,γ =

 ∑
F∈T γh

‖pf − phf‖2L2(F )

1/2

, ‖ef‖1,γ =

 ∑
F∈T γh

‖∇(pf − phf )‖2L2(F )

1/2

.

Fig. 2. The triangular nonconforming mesh.

Example 1. Consider the model in domains Ω+ = [0, 0.5) × [0, 1], Ω− =
(0.5, 1] × [0, 1] and γ = {x = 0.5} × [0, 1]. The right-hand side functions and
boundary condition are determined according to the following analytic solution

p+ = sin(2πx)sin(2πy), in Ω+,
p− = (x− 1)sin(2πy), in Ω−,

pf = −(1
4
+

2π + 1

16π − 8
)sin(2πy), in γ,

(8)

with permeability tensorK = I,Kγ =

(
10−2 × (2π − 1), 0

0, 100

)
, ξ =

3

4
, β = 0.01

and the fracture width d = 0.01, parameter κ =
1

2(2π − 1)
.

In this experiment, we can observe the discontinuity of the pressure field
at the interface x = 0.5. The computed errors and convergence rates for the
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Table 1. Results of Example 1 on triangular mesh.

N ‖e‖L∞(Ωm) rate ‖e‖0,Ωm rate ‖e‖1,Ωm rate ‖ef‖L∞(γ) rate ‖ef‖0,γ rate ‖ef‖1,γ rate

5× 5 1.60e-01 1.38e-01 1.87e+00 1.02e-01 4.97e-02 4.96e-01
11× 11 3.86e-02 1.80 3.61e-02 1.70 9.75e-01 0.82 3.11e-02 1.51 1.57e-02 1.46 1.89e-01 1.22
21× 21 1.89e-02 1.11 1.13e-02 1.80 5.50e-01 0.88 1.22e-02 1.44 6.30e-03 1.41 9.26e-02 1.11
41× 41 9.61e-03 1.01 3.61e-03 1.70 3.09e-01 0.86 5.09e-03 1.31 2.65e-03 1.29 4.59e-02 1.05
81× 81 4.83e-03 1.01 1.30e-03 1.50 1.79e-01 0.80 2.26e-03 1.19 1.18e-03 1.18 2.29e-02 1.02

161× 161 2.42e-03 1.01 5.40e-04 1.28 1.09e-01 0.72 1.06e-03 1.11 5.55e-04 1.10 1.14e-02 1.01
321× 321 1.21e-03 1.00 2.47e-04 1.13 7.02e-02 0.64 5.09e-04 1.06 2.68e-04 1.05 5.71e-03 1.01

L∞ norm, L2 norm, and H1 norm of the pressure in matrix and fracture are
presented in Table 1. linear polynomial approximation on the triangular grid,
as shown in Table 1, the convergence order is suboptimal, i.e., O(h) in L2 norm
and L∞ norm. However, this does not affect the convergence of the method.

3.2 Benchmarks

In this section, we consider two benchmark problems [9, 34] to validate the pro-
posed method. Examples 2 and 3 are designed to verify the ability of the dis-
crete formulation to handle immersed fractures. We assume that the mass trans-
fer across the immersed tip can be neglected [32], i.e., we apply the Neumann
boundary condition (−Kτ

γ∇τpf ) · τ = 0 on ∂γ. On the fracture boundary inter-
secting with the porous matrix boundary, we apply the same boundary condition
as that applied on Γ .

Example 2. We consider a test case with a single through-going fracture [9],
which intersects the top and bottom boundaries and divides the computational
domain into two subdomains. The results obtained by our numerical method are
compared with those produced by a locally refined method (see Fig. 4(a)).

In this example, the fracture permeability is assumed to be relatively large.
We set K = 10−9I for the matrix and Kγ = 10−6I for the fracture. To facilitate
comparison with the results reported in the literature, we take β = 0, which
reduces the model to a coupled Darcy/Darcy fracture system. Also we take
β = 0.1 for Darcy-Forchheimer test. The permeability configuration and the
boundary conditions are shown in Fig. 3.

The equi-dimensional fracture model is computed on a locally refined mesh
and used as the reference solution. Specifically, the fracture is treated as a two-
dimensional region with d = 0.01, and local mesh refinement is applied in the
fracture region, see Fig. 4(a). Figures 5–6 compare the reference solution with
the numerical solution obtained by the nonconforming grid (Fig. 4(b)). The
results indicate that the method is able to capture the conductive behavior of
high-permeability fractures.

Example 3. In this example, we consider a cross-shaped fracture configu-
ration formed by two intersecting fractures. Two different permeability regimes
are examined: a conducting fracture with permeability tensor 108 and a blocking
fracture with 10−8. The matrix permeability tensor is set toK = I. Homogeneous
Neumann boundary conditions are imposed on the top and bottom boundaries
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1

0

1

Fig. 3. Permeability and boundary conditions for Example 2.

1

10

(a) Locally refined mesh.
0 1

1

(b) Nonconforming mesh.

Fig. 4. Different meshes.

(a) The reference pressure solution on lo-
cal refine mesh.

(b) Numerical pressure solution on 21×
21 nonconforming mesh.

Fig. 5. Solution by different meshes.
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(a) The reference pressure solution on lo-
cal refine mesh.
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Reference solution for Darcy velocity

Darcy velocity on 21 nonconforming mesh

Darcy velocity on 41 nonconforming mesh

Reference solution for Forchheimer velocity

Forchheimer velocity on 21 nonconforming mesh

Forchheimer velocity on 41 nonconforming mesh

(b) Numerical pressure solution on 21×
21 nonconforming mesh for β = 0 and
0.1.

Fig. 6. Comparison of numerical solutions in the fracture region.

of the computational domain, while Dirichlet conditions with pressures 1 and 0
are prescribed on the left and right boundaries, respectively. The two fractures
are located at {x = 0.5, 0.25 6 y 6 0.75} and {0.25 6 x 6 0.75, y = 0.5},
respectively. The remaining model parameters are taken as β = 10, d = 0.01,
and ξ = 3/4.

(a) Locally refined mesh. (b) Nonconforming mesh.

Fig. 7. Meshes for Example 3.

In this example, we also compute the solution on a locally refined mesh as the
reference solution, as shown in Fig. 7(a). The numerical solution obtained on our
nonconforming mesh, shown in Fig. 7(b), is then compared with the reference
solution. The results are shown in Figs. 8–10. The corresponding velocity fields
are presented in Fig. 8(c) and 9(c). When the fracture permeability is high, the
flow concentrates along the fractures. In contrast, when the fracture permeability
is low, the fractures act as barriers, causing a pressure discontinuity, see Fig.
9(a)-(b). This behavior is also observed in Darcy/Darcy–Forchheimer fracture
flow, due to the interface conditions. We present the numerical solutions on
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(a) Reference solutions on refined
mesh.

(b) Numerical solutions on noncon-
forming mesh.

(c) Numerical velocity distribution.

Fig. 8. Pressure and velocity solutions for conductive fractures.

the fractures in Fig. 10. Here, fracture 1 denotes the fracture parallel to the
x-axis. It can be observed that, due to the low normal conductivity of fracture
2, the fluid flow is blocked, which leads to a discontinuity in the solution. Our
Petrov-Galerkin immersed method on nonconforming mesh is able to capture
this discontinuity.

Although the proposed method works well in most cases, it still has some
limitations. When multiple fractures(three or more fractures) intersect a single
element, the treatment becomes more complicated. If these fractures are conduc-
tive, they can be approximated by a single equivalent fracture to simplify the
implementation. In addition, if a fracture cuts through an element with a very
small angle, the resulting system may become ill-conditioned, and additional
preconditioning or stabilization techniques may be required.

4 Conclusions

This paper proposes a Petrov-Galerkin immersed finite element method for cou-
pled Darcy and Darcy-Forchheimer flows in fractured porous media. The ma-
trix obeys Darcy’s law, while fractures follow the nonlinear Darcy-Forchheimer
law to capture velocity inertial effects. Fractures are discretized on nonconform-
ing meshes by embedding interface conditions into local basis functions, allow-
ing independent mesh generation. The trial space uses immersed functions for
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(a) Reference solutions on refined
mesh.

(b) Numerical solutions on noncon-
forming mesh.

(c) Numerical velocity.

Fig. 9. Pressure and velocity solutions for blocking fractures.
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(b) Fracture 2.

Fig. 10. Compare pressure in different blocking fractures.
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fracture-matrix coupling, and the test space uses standard conforming functions.
The method requires no penalty terms and handles both conductive and blocking
fractures by enforcing pressure continuity or discontinuity. Numerical examples
confirm its accuracy on nonconforming meshes.
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