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Abstract. Quantum optimization has grown rapidly in the past decade,
supported by advances in both hardware and software frameworks such
as Quadratic Unconstrained Binary Optimization (QUBO). In contrast,
Constraint Programming (CP) provides a highly expressive declarative
approach for modeling combinatorial problems—an expressiveness that
QUBO lacks. Bridging these two worlds requires systematic methods to
translate CP models into quantum-compatible formulations. While some
automated conversions exist for linear arithmetic and certain global con-
straints, extensional constraints—capable of expressing any finite-domain
relation—have not yet been addressed. This paper introduces a method
for automatically translating table constraints, a widely used form of
extensional constraint, into QUBO. The conversion is efficient: binary
tables require no ancillary variables, and tables with [ n-ary tuples re-
quire only [ additional Boolean variables per element constraint.
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1 Introduction

The new domain of quantum optimization, that is, the use of quantum computing
for solving combinatorial optimization problems, has experienced a significant
growth in the last decade, thanks to the developments both in hardware systems,
such as the D-Wave quantum computers based on Quantum Annealing [19], and
in software frameworks for problem modeling, such as Quadratic Unconstrained
Binary Optimization (QUBO) [24]. Due to its equivalence with the Ising model
and the seminal work of Lucas [23] in modeling combinatorial problems in the
Ising model, QUBO has become a standard input language in the Quantum
Annealing paradigm but also for the Quantum Approximate Optimization Al-
gorithm (QAOA) in the gate-based paradigm [14]. However QUBO is a rela-
tively low-level framework and complex optimization problems are more easily
expressed in higher level approach such as Constraint Programming (CP) [28§],
which is a declarative approach for addressing combinatorial problems, relying on
methods from artificial intelligence, computer science, and operations research.
Instead of describing an explicit algorithm for computing the solution to a given
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problem, CP enables users to express a problem by using decision variables and
stating constraints that define the permissible relationships between them.

Reconciling the high-level modeling expressiveness of Constraint Program-
ming with the rapidly evolving capabilities of quantum computing calls for
systematic mechanisms to translate CP formulations into quantum-compatible
models. In particular, the availability of automatic transformations from Con-
straint Satisfaction or Constrained Optimization Problems (CSPs/COPs) into
Quadratic Unconstrained Binary Optimization (QUBO) models would greatly
facilitate the use of quantum and quantum-inspired solvers on problems modeled
in a constraint-based approach.

Extensional constraints, such as table constraints [28], are able to represent
any finite relation over a set of variables by explicitly enumerating the allowed (or
forbidden) tuples. Because the vast majority of Constraint Programming mod-
els rely on finite-domain integer variables, the ability to automatically translate
table constraints into QUBO formulations is therefore essential. Beyond expres-
siveness, table constraints also play a key role as a canonical intermediate rep-
resentation in many modeling and compilation frameworks, making their direct
conversion particularly valuable for automated CP-to-QUBO pipelines. A first
attempt at translating table constraints into a QUBO formulation was presented
n [12]. However, this translation was specifically tailored to a single case — the
cyclic bandwidth problem — and applied only to tables of pairs of labels. In
this paper we generalize, formalize, and extend the work of [12]. We propose, to
the best of our knowledge, the first systematic conversion procedure from table
constraints to QUBO. We describe in detail how both binary and general n-ary
table constraints can be translated into explicit QUBO penalty matrices. For
binary table constraints, the proposed encoding requires no auxiliary variables,
leading to compact formulations. For n-ary constraints, we introduce auxiliary
variables to preserve correctness and analyze their number, providing precise
bounds on the additional modeling overhead induced by the conversion.

This paper is organized as follows. Section 2 presents QUBO and Quan-
tum Annealing, while Section 3 introduces the notions of table constraints. The
transformation of table constraints in QUBO is detailed in Section 4, for both
binary and m-ary constraints. Several examples illustrating this approach are
then described: first, in Section 5, two simple examples, the classical N-queens
problem and the traffic lights problem and then a hard combinatorial problem
in Section 6, the Costas Array Problem.

2 QUBO and Quantum Annealing

The current development of QUBO is linked to its use as the standard for-
malism for the modeling of combinatorial problems in the Quantum Annealing
paradigm [30]. Although the foundations of the QUBO formalism lie in research
into pseudo-Boolean optimization which started in the late 1960’s [17,7], QUBO
became established as a general modeling language for combinatorial problems
about one decade ago [20], see [15] for a detailed tutorial presentation or [24]
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for a comprehensive treatment. Today, QUBO serves as the universal interface
for quantum and ”quantum-inspired” annealing hardware and is a cornerstone
in the application of quantum computing to combinatorial optimization.

Consider n Boolean variables z1, ..., z,, a Quadratic Unconstrained Binary
Optimization (QUBO) problem consists in minimizing an objective function de-
fined by a quadratic expression over Ty, ..., Ty:

E qijTiTj

1<

A QUBO problem can therefore be represented by a vector x of n Boolean
decision variables and a square m X n matrix @) with coeflicients ¢;;, and the
minimization problem can be written in a matrix format:

minimize y = xTQx, where z7 is the transpose of x.

When modeling a combinatorial problem in the QUBO paradigm, constraints
between problem variables (for instance x < y or  +y = 1) are transformed
into penalties that are added to the objective function. A penalty is a quadratic
expression whose value is minimal when the constraint is satisfied, for instance
a penalty can be a quadratic expression which has value zero if the constraint
is satisfied and a positive value otherwise. In such a case, the penalty intuitively
represents the degree of violation of the constraint, hence the name. However in
the general case, as QUBO accepts objective functions to minimize which are
not bounded by zero, penalties may have negative values as the minimal value.
The key point is that the minimum is achieved only when the original constraint
is satisfied.

Let us consider simple examples of a penalty corresponding to a constraint.
Consider again the two pseudo-Boolean constraints z < y and x+y = 1 between
two Boolean variables x and y. The penalty corresponding to the constraint
x < y can be defined as the quadratic expression x — xy, while the penalty corre-
sponding to the constraint z +y = 1 can be defined as the quadratic expression
1—x —y+ 2zxy, cf. [15]. These are simple examples of quadratic penalties corre-
sponding to constraints between Boolean variables, but the problem of defining
quadratic penalties becomes more complex when considering more complex con-
straints relating integer decision variables.

In general, when added to the objective function of the QUBO problem, the
penalties must be weighted with a penalty coefficient p large enough to make
this constraint ”hard” while the rest of the objective function will be ”soft”.
The problem of defining the correct penalty weights can however become quite
complicated [31], as for implementation reasouns it is better to have weights which
are not too large.

2.1 Encoding Integers into Booleans

There is another point to take care when modeling combinatorial problems in
QUBO. Most classical combinatorial problems such as constraint satisfaction
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or constrained optimization problems are modeled with integers (representing a
discrete, finite domain) rather than with Booleans.

Among the most prominent integer-to-Boolean encodings used in the QUBO
community are the widely used one-hot encoding [16] and the newer domain-
wall/unary representation [8,9]. For simplicity, we will adopt the one-hot en-
coding in this paper, but domain-wall/unary encoding could be used as well.
Under the one-hot scheme, an integer variable x with n distinct possible values
is mapped to n Boolean variables x;, i € {1,...,n} in such a way that exactly
one variable x; is set to 1, indicating the value assigned to z (i.e., z; = 1 iff x = 9),
and all other variables are set to 0. To guarantee that the variable is assigned
a single value, the one-hot representation thus requires to enforce the pseudo-
Boolean constraint Y . ; z; = 1. In the QUBO framework, this condition can be
imposed by adding a quadratic penalty term of the form — Y 7" | z;+ >, 2j Tilj
which is added to the original objective function. This penalty evaluates to zero
when exactly one variable x; equals 1 and is strictly positive otherwise, thereby
enforcing the one-hot condition through optimization.

In addition to the representation of variables, a number of studies have in-
vestigated how standard constraints can be translated into QUBO form, with
particular focus on linear constraints expressed as ZZ’;I a;x; = b (see, for exam-
ple, [15]). More recently, research efforts have begun to extend this approach to
global constraints, including constraints such as permutation, which have been
specifically addressed in [11], for both one-hot and unary/domain-wall schemes,
or a learning-based approach to derive the penalty matrix associated with certain
types of global constraints [25].

3 Constraint programming and Table constraints

Constraint Programming systems provide general-purpose solvers capable of
handling such models. These solvers typically combine exploration techniques
such as depth-first search with inference mechanisms, notably constraint prop-
agation, to reduce the search space [3,28]. Depending on the problem, solvers
may also integrate specialized components, including tailored branching strate-
gies and heuristics.

Constraints may involve different classes of variables, such as Boolean vari-
ables or bounded integers, and can take a wide variety of forms, ranging from
linear or nonlinear arithmetic constraints to symbolic relations. Moreover, con-
straints can be specified either extensionally, by explicitly enumerating all al-
lowed tuples (e.g., in the form of a truth table), or intensionally, by defining a
property or a function that characterizes the valid tuples. Problems are com-
monly formulated as Constraint Satisfaction Problems (CSPs) or Constrained
Optimization Problems (COPs). A CSP consists of a set of variables, their associ-
ated domains, and a collection of constraints that restrict allowable assignments.
A COP extends this framework by introducing an objective function whose value
is to be minimized or maximized. A solution to a CSP satisfies all constraints,
while a solution to a COP additionally optimizes the specified objective. Overall,
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CP offers a flexible and expressive framework that supports both the modeling
and the effective resolution of complex combinatorial problems.

3.1 Extensional Constraints

The use of extensional constraints (e.g., tables, decision diagrams, ...) in Con-
straint Programming dates back more than two decades. Early work already rec-
ognized the interest of describing constraints by explicitly listing their allowed
combinations of values, rather than relying solely on intensional or arithmetic
formulations [6]. In particular, the authors of [4] demonstrated that a n-ary
constraint defined by a truth table could be systematically and automatically
exploited to derive a constraint solver capable of enforcing generalized arc con-
sistency without losing the structure of the constraint, thereby showing that
extensional representations were not merely declarative but could also support
effective propagation mechanisms. Then, table constraints became a prominent
object of study within the CP community. Subsequent research focused on the
design of increasingly efficient propagation algorithms (together with enriched
tables to provide a more declarative specification by expressing structural rela-
tionships between columns, rather than just listing tuples), leading to a series
of advances in generalized arc consistency for table constraints. Among these
algorithms, let us cite [22] or STR3, the last variant of the STR algorithms [21].
In parallel, more theoretical investigations clarified the expressive power of
extensional constraints and formally established their respective abilities to rep-
resent arbitrary finite relations: which representation could be the best-fitted
one, and what operations/queries are tractable on these representations [33].
Some more encodings where also proposed (e.g., [32]). Over time, table con-
straints evolved from a convenient modeling device into a central abstraction in
both theory and practice. They are now widely used not only to capture com-
plex or data-driven relations, but also as a uniform representation. This dual
role—combining maximal expressiveness with strong algorithmic support—has
made extensional constraints a powerful aspect of Constraint Programming.

3.2 Table constraints

Consider I4,...,1I,, n finite sets of integers. A n-tuple over Iy,...,I, is an ele-
ment of I; X ... x I,. A table T C I; X ... x I, is a finite set of such tuples:

T = {(t1,17t1,27 ... 7t1,n)> ceey (tm,17tm,27 .o 7tm,n)}

with each ti,j S Ij.

Now consider a n-tuple of finite domain integer variables (i.e., decision vari-
ables having a finite number of candidate values) (x1,...,z,), each z; with a
domain I. Then, the table constraints we consider are the following:

(T1,..., ) €T
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meaning that the instantiation of the variables x;’s is a n-tuple of T. Conversely,
we also consider constraints of the form:

(‘131,...7]}”) €T
meaning that the instantiation of the z;’s is not a n-tuple of T' (or is a tuple
of T = I{ x ... x I'n\T). In the following, we consider the same domain

D,, X ...x D, for tuples of variables and I; x ... x I, for tuples of the table,
ie, Dy, x...x Dy =1y x...x I,. This largely simplifies the presentation and
does not restrict the scope. Indeed, in case they are different, we can consider
their intersection D, x ... x D, NI; x...x I, without changing the solutions.

4 Tables constraints in QUBO

4.1 Variable encoding

In the following, we use the one-hot encoding of integers into Booleans for clarity.
Each integer variable z in a finite domain D, = {v1,...,v,} is represented by
n Boolean variables x; with this meaning: z; = 1 < x = v;, otherwise z; = 0.

Since a variable x has one and only one value, we must also enforce that only
one x; is 1 and that the others are 0. This is achieved by the one-hot constraint
>, =1 which gives the penalty matrix:

X1 T 3 ... Tp
T /-1 1 ...... 1
| 1 -11 ... 1

xr __
oh — : . et e
Tpoa| 1 .01 =11
o\ 1 ... 1 -1

4.2 Tables for binary constraints

In this section, we fix n = 2, and thus, tables of couples. Consider a couple of
variables (x,y) such that the domain of x is D, = {v1,..., v} and the one of y
is Dy = {w1,...,w;}. Consider a table T' = {(v;,w;) | v; € Dy Aw; € Dy}.

Element of a table. Consider the CSP constraint (z,y) € T. Assume a one-hot
encoding of x by z1,...,z; and y by y1,...,y; as defined above. The pseudo-
Boolean constraint associated to the constraint (z,y) € T is thus:

Z ziy; =21
(vi,w;)eT
and the corresponding penalty function (to minimize) is thus:

Z —ZiY;

(vi,w;)ET
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Intuitively, we reward the couples of values that are in the table by a ”penalty”
of -1 (recall that we are in a minimization problem).
Then, the penalty sub-matrix for this table constraint is:

1 Y2 Y1
Qr= . ) ) . with q(i,j) = L if (U“u.)j) €T
: : : : 0 otherwise

i \a(k. 1) q(k,2) ... q(k,1)

Note that this matrix may not be square if the size of D, is not the same as
the size of D,. Finally, the penalty matrix, taking into account the one-hot
constraints for x and y, and the constraint (x,y) € T, is made of 4 sub-matrices
that are defined above (where Q77 denotes the transpose of Qr):

1. - T Yr---Yi

x1
Py, Qr

Tk

Y1
: QTT Pgh

Y

Not element of a table. Consider now the CSP constraint (z,y) ¢ 7. We
consider the equivalence (x,y) € T <= (z,y) € T, where T is the complement
of T. Then we apply the previous process.

4.3 Tables for n-ary constraints

Consider n > 2 finite integer domains D; = {d;1,---d;;,}. A table T is now a
subset of D1 x...x D,, and is thus a set of [ n-tuples of the form (d1 4, ,dn,i,)
with 4; € [1..[;] for all j.

Consider n finite domain variables x1,...,x, each x; associated to the do-
main D;. Assume now a constraint (x1,...,x,) € T, meaning that the instanti-
ation of the variables (x1,...,x,) must be a tuple of T

To convert this constraint into QUBO, first we represent each variable x; by
a set of Boolean variables x; ; with the same semantics as before: the Boolean
variable z; ; = 1 iff the finite domain variable z; = d; ;, and the z; ; are equipped
with a one-hot constraint Z?zl x;; =1 (i.e., z; has one and only one value).

Extending from the scheme defined for binary constraints, the intuitive con-

version of the table constraint (z1,...,2z,) € T is thus:
Z T4y Tnyi, =1
(ila“'ﬂ;n)eT
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However, we need now some extra-work to derive the QUBO penalty term,
as each monomial term is here of order n and not quadratic. Although it is
well-known that all polynomial expressions over Booleans can be reduced to
equivalent quadratic expressions, transforming a PUBO/HOBO model (Polyno-
mial Unconstrained Boolean Optimization / Higher Order Boolean Optimiza-
tion) into a QUBO model is not direct [2]. Whether applying specific techniques
to quadratize cubic [27], or quadratic [18] monomials or using the general scheme
developed in [26], this quadratization process always amounts to the introduc-
tion of ancillary variables, which is problematic in the quantum setting where
each QUBO variable will be represented by a (logical) qubits and qubits are
a rather scarce ressource. In the case of the conversion of a table constraint,
each monomial 1 ;,. - .2, ,, would need n — 1 extra variables e; such that:
€1 = T1,i,T2,i,, €2 = €1T3,4,, €tc. when using the simple Rosenberg method [27]
or at least [log(n)] — 1 extra variable when using the more complex method
proposed in [26]. Observe that one has to introduce such a number of ancillary
variables for each entry in the table.

Instead of complex transformations of higher-order monomials, we propose
a simple and direct method, inspired by the transformation of n-ary constraint
networks into binary constraint networks [29]. To this end, we consider an integer
variable ¢ with domain 1..l, with [ = |T|, and we associate a unique number in 1..]
to each tuple of T'. Thus, each tuple (d14,, - ,dn,) € T is extended into a tuple
(d1y, - ydni,,J), and T' is the set of such tuples built from T'. The variable
t can also be converted into k Boolean variables t; either by one-hot encoding
and therefore k£ = [, or by binary (log) encoding, using thus k = [log(l)].

We now consider n binary tables T; defined by:

(dla"' 7dn>j)€T/<:>(dlaj)€Tl ANRERIAN (dna])eTn

The penalty we consider for this conversion is as follows:

n
> D> kil

k=1 (dg,i,j)€Tx

Minimizing this penalty will ensure that the original table constraint is satisfied.

In case of a not element constraint, i.e., (z1,...,2,) € T, the technique
is exactly the same as what was done for the binary case. We consider the
equivalence (z1,...,7,) € T <= (v1,...,2,) € T, where T is the complement
of T. Then we apply the above process. Observe nevertheless that 7' and T
might not be of the same size, and thus the number of extra-variables may be
significantly different.
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5 Illustrative examples

5.1 N-Queens

The well-known n-queen problem (Problem 054 from the CSPlib [1]) consists in
placing n queens on a nxn chessboard such that no two queens attack each other.
This problem can be modeled directly in QUBO as an optimization problem with
Boolean decision variables and inequation constraints, but we will show here, as
an illustration of our method, how to derive a QUBO model from a constraint
satisfaction formulation. The classical formulation relies on a constraint-based
model with finite-domain variables which uses n variables ¢1, . .., g,, each taking
values from the domain {1,...,n}, where ¢; = j denotes that the queen placed
in column ¢ occupies row j.

The problem is then defined by a set of table constraints enforcing that no
two queens are on the same row, and that not 2 queens at distance d share the
same diagonals:

e VI<i<j<mn (¢:q)€To={(k1)|k#L1<kl<n}
e Vli<d<n-1, Vlgignfd,(qi,qi_s_d)ETd
with Ty = {(i,§) |[V1<i<n,j#i+tdAj#i—dAl<j<n)

Note also that Ty could be considered into the T, tables (just adding ¢ # j in
the definition of the set). However, separating the tables makes the ”semantics”
of each table clearer.

For the sake of simplicity and clarity, we now consider the 4-queens instance,
which allows us to present the complete penalty matrices. Each ¢; is represented
by 4 Boolean variables g; 1,. .., ¢; 4 such that ¢; ; = 1iff ¢; = j, ¢; ; = 0 otherwise.
A one-hot constraint, specifying that a variable has one and only one value is
added for each i: 2?21 ¢;,; = 1. This results in the following penalty submatrix:

qi,1 4i,2 49i,3 Gi4
qi,1 -1 1 1 1
g2l 1 -1 1 1
Moh=gal 11 -1 1
¢Ga\1 1 1 -1

The non-membership to Ty, 71,75, and T3 must be penalized. Following the
automated process described in Section 4.2, we obtain the penalty sub-matrices
showed in Figure 1. The global penalty matrix is thus composed of sums of these
sub-matrices:

q1 q2 q3 g4
a1 Moh my+mge M2+ mo M3+ Mo
g2 [ (m1+mg)T Mo, my +mg M2+ Mg
gz | (m2 +mo)T (m1 +mo)T Mo M1 +mg

qs \(m3 +mo)T (ma2 +mo)T (M1 +mo)T Mo

It is obvious that the previous penalty matrices for 4 variables can be ex-
tended by expanding the pattern to modelize any n-queen instance.
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Vi < 4, Vi<i<n-l,
qi,1 9i,2 4i,3 Gi,4 qi1 qi,2 9i,3 Gi,4
g0 —1-1-1 gi+11 (-1 0 -1 -1
qj,2 -1 0 -1 -1 qi+1,2 0 -1 0 -1
mo :q]"g -1 -1 0 -1 m :q,'+173 -1 0 -1 0
ga\—1—-1-10 Git14a\—1 -1 0 —1
Vi<i<n-—2, i=1,
qi,1 9i,2 4i,3 Gi,4 qi,1 Gi,2 4i,3 Gi,4
qi+2,1 -1 -1 0 -1 qi+3,1 -1 -1-10
m :(Ii+2,2 -1 -1-10 m :LIi+3,2 -1 -1-1-1
Givos| 0 —1 —1 —1 37 qiyss| -1 -1 -1 —1
qi+2,4 -1 0 -1 -1 qi+3,4 0 -1 -1 -1

Fig. 1. Penalty sub-matrices for the table constraints of the n-queen problem.

5.2 The Traffic Lights problem

Problem 16 from the CSPlib [1]: Consider a four way traffic junction with 8 traf-
fic lights. Four of the traffic lights are for the vehicles and can be represented by
the variables vy to vy with domains {r,ry,g,y} (for red, red-yellow, green and yel-
low). The other four traffic lights are for the pedestrians and can be represented by
the variables p1 to py with domains {r,g}. The constraints on these variables can
be modelled by quaternary constraints on (v;, p;,vj,p;) for 0 <i <3, j=(1+
i) mod 4 which allow just the tuples {(r,r, g, 9), (ry,r,y,7),(g,9,7,7), (y, 7,7y, 7) }.
We are interested in the set of all globally consistent 8-tuples (which reflects the
evolution of the traffic light sequence).

In CSP: 4 domain variables vg,v1,v2,v3 are required, each with a domain
{1,2,3,4} encoding respectively {r,ry,g,y}, and 4 variables pg, p1,p2, p3 with
a domain {1,2} encoding {r,g}. The allowed tuples are collected in a table:
T={(1,1,3,2),(2,1,4,1),(3,3,1,1), (4,1,2,1)}, and the constraints are:

(vi, pisvj,p;) €T for 0<i<3, j=(14+4¢) mod4 (1)

In QUBO:

— each v; is encoded by 4 Boolean variables v; ; such that v; = j iff v; ; =1
— each p; is encoded by 2 Boolean variables p; ; such that p; = j iff p; ; =1

. 4
— one one-hot constraint for each v;: 375_,

3 3 4

> D ity = )Y iy

=0 j£4' i=0 j=1
1<j,5'<4

v; ; = 1. The resulting penalty is:
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— one one-hot constraint for each p;: 23:1 p;; = 1 and the penalty:

3 3 2

§ E Di,jDi,j’ —E E Di,j

i=0  j£j’ i=0 j=1
1<5,5'<2

The tuples of T" are completed with a counter from 1 to 4. This builds the table
T’ which is then split into 4 tables T; of couples (1 element of the initial tuple,
and 1 number):

Ty ={(1,1),(2,2),(3,3), (4,4)} T ={(2,1),(1,2),(2,3),(1,4)}
T3 = {(37 1)7 (47 2)7 (17 3), (274)} Ty = {(27 1)7 (17 2)7 (17 3)7 (174)}

We need 4 ancillary variables ¢y, co, c3, ¢4 for each of the 4 table constraints ”7€”.
By splitting T" and the tuples, we obtain 16 ”€” constraints:

Vi € 0..3], (vi,cit1) € Thy, (P, ciy1) € To,
(V(i+1) mod 45 Ci+1) € T3, (P(i41) mod 4, Civ1) € Ty

Each ¢; is represented by 4 Boolean variables ¢; ; with the one-hot constraint for

cach i: 31

j=1¢i,j =1, and the corresponding penalty

4 4 4

> D Ciglig— YD iy

i=1 _7?5]/ i=1 j=1
1<4,5'<4

Finally, following the process of Section 4.3, each of the 8 constraints (v;, ¢;) €
Ty, and of the 8 constraints (p;,c;) € Ty is converted into its QUBO form:

Z Vi, 1Cj,m > 1 and Z DilCjm > 1 (2)

(l,m)ETk (l,m)ETk

And finally, the penalties for the 16 constraints (v;, ¢;) € Ty, or (p;,¢;) € T}, are:

> —viicim and D —piicim (3)

(I,m)€Ty (I,m)€Ty

6 The Costas Arrays Problem

With many applications for in remote sensing (e.g., RADAR and SONAR) and
telecommunications, the Costas Array Problem (CAP) is a hard combinatorial
problem that has been introduced in 1965 by John P. Costas [13]. A Costas
array of size n is an n x n grid containing n marks such that there is exactly
one mark per row and per column and the n(n — 1)/2 vectors joining the marks
are all different. More precisely, consider a first vector composed of two marks
(¢,7) and (k,1) and a second one composed of two marks (¢, j') and (k’,1’), then
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they should not have the same difference between horizontal and vertical indices
except if they are equal:

(h—i=k —i ANl—j=U—j) = (i=i A j=j Nk=k ANl=1)

Although several methods have been designed for constructing Costas Arrays,
e.g. Golomb or Welch methods, there is no general method to construct all
Costas Arrays for any given size n, which is an NP-complete problem [5]. Thus
one has to resort to exhaustive search for finding all Costas Arrays of size n. All
Costas Arrays up to size 29 have been discovered, some for size 30 and 31, but
the existence of a Costas Array of size 32 is still an open problem.

A direct modeling of the CAP with Boolean variables has been proposed in
[10], which consists in considering n? Boolean variables z;; equal to 1 if there
is a mark on the cell (i,7) and to 0 otherwise, for 1 < 4,j < n. The objective
function is composed of two parts, H = H, + H),, with:

H, = E Tij Titk,j+1 Ti'j! T4k, j/+1
1<i<i’ <n, jE{1,- n}, j'€{1,.n}
1<i+k<n—2, 1<j+I<n, 2<i'+k<n, 1<j' +1<n}

and
n n n
H,=— Z i + Z Zxkixkj + Z Z Tik T jk
i=1,j=1 k=11i<j k=11i<j

This PUBO/HOBO objective function has —n as lower bound and the Costas Ar-
ray property corresponds to the fact that this minimal value is actually achieved.
Indeed, H, is minimal when no two vectors (pair of 2 marks on the grid) are
equal, and H), is minimal there is a single mark on each line and each column,
letting therefore the n marks represent a permutation of {1,...,n} with an ade-
quate encoding. The quartic monomials in H,, can be quadratized one by one and
produce O(n%) additional Boolean variables (one for each monomial) or, more
compactly, by the pairwise method [2], which will produce O(n?*) additional
Boolean variables [10].

Let us now consider a CSP model with table constraints for the CAP. This
model consists in a set of integer variables z; and y;, ¢ € [1..n], each variable
ranging from 1 to n, and a table V representing all forbidden relative positions
of 4 marks (pairs of vectors) represented by (4,7, + k,j + 1,5 ,i + k,j' +1).
V is thus defined by:

V={(i,4,i+k i+, 5,7 +kji+D)|1<i<i<n A jj€{l, - n}
AN2<itk<n AN1<j+I<n A2<i+k<n A1l<j+1<n}

or equivalently and more explicitly:

V ={(i1, j1,%2, j2, i3, js, i3 + G2 — i1, j3 + j2 — j1)
|1§i1<i2§n A 1§11323§n A jl?j27j3€{13"'7n}}

The first formulation of V is more precise, while the second one is simpler.

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI: jLo. 1007/978—3—032—29918—5_]I



https://dx.doi.org/10.1007/978-3-032-29918-5_1
https://dx.doi.org/10.1007/978-3-032-29918-5_1

From Table Constraints to QUBO Models for Quantum Annealing 13

Since we do not want pairs of vectors to be elements of the table V', we con-
sider non-element constraints linking 2 vectors (x1,y1, x2,y2) and (3, ys, T4, y4)
as described in the last paragraph of Section 4.3:

(Ilay17I27y27x37y33I4ay4) ¢ V — (I1,y1,Iz,yz,ﬁg,y3,$4,y4) ev

We can then derive the QUBO penalty from the table constraint with the scheme
described in Section 4.3 for representing H,, with one extra Boolean variable for
each entry in the table. As there are O(n®) tuples in the table V, this will
introduce O(n®) extra Boolean variables in total.

Note that a direct representation of the table V (with a direct QUBO penalty
for elements of V) would create only O(n®) extra Boolean variables in total.
Furthermore, by introducing pairwise covers [2] as an intermediate step between
the original table and the derivation of the penalty, one could achieve a more
compact model with O(n*) extra Boolean variables [10].

We plan as future work to devise a general scheme for such optimizations in
the transformation from the model with table constraints to the QUBO model.

7 Conclusion

In this paper, we have introduced a scheme for deriving a QUBO formulation
for extensional constraints, specifically table constraints. This contribution fills a
missing step toward a fully automated conversion process from CSP to QUBO.
The resulting method is straightforward and computationally inexpensive. In
particular, no auxiliary variables are required when handling binary tables. For
n-ary table constraints, [ Boolean variables are needed for a table containing [
tuples, regardless of the arity n of the constraint. It is also worth noting that we
generalize, systemize and formalize the ad-hoc conversion described in [12] for
the special case of pairs of labels for the cyclic bandwidth problem. As future
work, we plan to refine this framework in order to be able to use the notion of
pairwise cover in a general manner for tables and thus automatically reduce the
number of ancillary variables.
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