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Abstract. In multi-objective optimization, the set of optimal trade-
offs—the Pareto front—often contains regions that are extremely steep or
flat. The Pareto optimal points in these regions are typically of limited
interest for decision-making, as the marginal rate of substitution is ex-
treme: a marginal improvement in one objective necessitates a significant
deterioration in at least one other objective. These unfavorable trade-offs
frequently occur near the individual minima, where single objectives
attain their minimum values without considering the remaining criteria.
To address this, we propose the concept of non-extreme individual minima
that relies on the notion of L-practical proper efficiency. These points can
serve as a less sensitive replacement for standard individual minima in
subsequent related methods. Specifically, they allow for a more practical
restriction of the Pareto front sampling within a refined utopia-nadir
hyperbox, provide a meaningful basis for image space normalization, and
can enhance decision-making techniques, such as knee-point methods, by
focusing on regions with acceptable trade-offs.

We provide a computationally efficient algorithm to determine these non-
extreme individual minima by solving at most 2n; standard weighted-sum
scalarizations, where n s is the number of objectives. To ensure robustness
across varying objective scales, the method incorporates an integrated
image space normalization strategy. Numerical examples, specifically a
convex academic case and a non-convex real-world application, demon-
strate that the method successfully excludes practically irrelevant regions
in the image space.

Keywords: Multi-objective optimization - Practical proper efficiency -
Individual minima

1 Introduction

In multi-objective optimization problems (MOOPs), a solution is typically selected
among all optimal trade-offs [13], i.e. the Pareto optimal points forming the
so-called Pareto front (PF). This task must be performed either by a human
decision-maker or by an automated decision-making scheme. In both cases, it is
reasonable to exclude parts of the PF that are extremely steep or flat, i.e. parts
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of the PF are avoided where a minor improvement in one objective yields a major
deterioration in at least one other component. We denote the regions of the PF
that are extremely steep or flat as practically irrelevant.

Conventionally, the identification of relevant solutions is performed a-posteriori:
a human decision-maker localizes preferred regions only after a fine and ideally
uniform sampling of the PF has been generated, which is a challenging task in
itself [6]. However, this manual procedure is severely limited by human perception;
once the number of objectives exceeds three, the resulting data points become
nearly impossible to visualize and interpret.

Furthermore, modern applications with real-time requirements often preclude
human intervention entirely, making this a-posteriori approach infeasible even
for low-dimensional problems. Such scenarios necessitate automated decision-
making methods. If these methods are guided by information about the individual
minima (IMs) [16,2,10], it becomes particularly reasonable to utilize more robust
reference points.

To address these challenges, we propose an a-priori strategy based on the
notion of L-practical proper efficiency. By utilizing what we denote as non-extreme
IMs, we can delimit the search space before the full sampling process begins.
The core idea is to specifically target and remove unpromising regions in the
proximity of the “standard” IMs where the marginal rate of substitution (MRS)
is excessively high. Since these non-extreme IMs can be determined efficiently by
solving at most 2n ; weighted-sum (WS) scalarizations, they enable a more focused
allocation of computational resources by avoiding practically irrelevant trade-
offs from the outset. Beyond computational efficiency, this approach provides
automated decision-making schemes (as e.g. [12,14]) with less sensitive and more
representative reference points, which ultimately increases the reliability of the
resulting selection.

The paper is organized as follows: In Section 2 we introduce the basic notation
and definitions of MOOPs. Furthermore, we define the term non-extreme IM. In
Section 3 we show an intuitive way to compute non-extreme IMs. The method
is then summarized in an algorithm. In Section 4 we apply the method to an
exemplary MOOP. Finally, the paper is concluded in Section 5.

Notation. We denote the standard basis of R by {ey,...,e,}. For a vector
v € R", the relations v = 0 and v > 0 are to be understood component-wise, i.e.,
v;=0and v; > 0foralli=1,...,n. We use the operator diag(v), which returns
a diagonal matrix with v on its diagonal and the sign function sign(x), defined as
sign(z) =1 if > 0 and sign(z) = —1 otherwise. Bold symbols 0 and 1 denote
vectors of zeros and ones, respectively, with context-dependent dimensions.

2 Preliminaries

We repeat the problem setting and the characterization of important quantities
in MOOPs from [10] in the next two subsections.
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2.1 Problem Statement
Consider the MOOP

min J(x) (P)

zeX

with the vector J(z) := [Jl(a:),...,JnJ(x)]T of ny objectives J; : X — R,
i =1,...,ny5. The set X C R" denotes the feasible set; a point x € R"= is
feasible if z € X. The vector-valued minimization in (P) is clarified by definitions
and conventions adopted from [15].

Definition 1 (Pareto optimality, nondominance). A point 2* € X is an
efficient or a Pareto optimal solution to the multi-objective optimization problem
(P) if there does not exist any feasible x € X such that

Ji(z) < Ji (2%) forallie{1,...,n;} and

Je(z) < Ji (z*) for at least one k € {1,...,n;}.
The respective image value J (x*) is called nondominated. The set of all nondom-
inated points is the nondominated set or Pareto front Jp := {J(z) | # € Xp},
with the Pareto set Xp given by

Xp :=argmin J(z) = { € X | & is a Pareto optimal solution to (P)}.
zeX

2.2 Characteristic Quantities

We derive characteristic quantities of an MOOP. We denote by z},i=1,...,n;
the individual minima (IMs), i.e. solutions to the single-objective optimization

problem min,ex J;(x), i = 1,...,n;. Evaluating the full objective vector J at
all IM defines the pay-off matrix (see, e.g. [5]) @ = [T (27),..., T (¥}, ,)]-

Definition 2 (Utopia & nadir point). We define the utopia point (UP) Jup
and the nadir point (NP) Jxp as the row-wise minimum and mazimum of ®*.

Definition 3 (Normalized image space). Let Cnxp,up denote the positive
definite, diagonal matric Cxp,up = diag(JInp — Jup)~"'. Then, the operation
J(z) = Cxpup(J — Jup) shifts and scales the image space such that the PF is
contained in the unit box (or hypercube) spanned by 0 and 1. We call this the
normalized image space. The bar accent indicates quantities in this normalized

image space, e.g. Jup = 0 and Jxp = 1 denote the UP and NP, respectively.

! Note that, in literature, it is sometimes further distinguished between pseudo and
real NPs [5, Chapter 2.2].
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2.3 Non-Extreme Individual Minima

In order to define what we mean by non-extreme IMs we first look at the definition
of proper efficiency:

Definition 4 (Proper efficiency (in the sense of Geoffrion [7])). A feasible
point ' € X is a properly efficient solution if it is efficient and if there exists
some real number M > 0 such that, for eachi € {1,...,n;} and x € X satisfying
Ji(x) < J; ('), there exists at least one j € {1,...,ny}\i such that J;(z") < J;(x)
and

Ji (I/) - Jz(J?)

7@ — Ty =M

We can illustrate Definition 4 with an exemplary bi-objective optimization
problem in Figure 1 where we investigate the proper efficiency of the solutions z’

Fig. 1: Objective value evaluated at 2’ marked with a cross, which was obtained
using the weight vector w = (wy,w2)", and at « marked with a circle.

marked with a cross. For this it is helpful to consider a comparative solution =,
marked with a circle. In the following we assume that w; > 0,7 € {1,...,ns}.
We first fix the case where ¢ = 2 (and subsequently j must be 1). For a convex
PF as in Figure 1 we know that at the solution J(z'), that was obtained by
solving the WS problem mingex w'J7, the PF has the slope m = —w; /wy. We
notice that with x — z’ the approximation

_ﬂ)l/U)Q =m ~ - (JQ(,I/) _ JQ(;E)) » _AJQ

Jl(l‘) —J1(.13/) ' AJl

becomes exact. We then obtain wi/we = lim,_,,» AJy/AJ;. In the same way,
for the case i =1 (and j = 2), we can derive wa /w1 = lim,_,,» AJ;/AJs. This
limit has a significant interpretation in multi-objective optimization: it represents
the marginal rate of substitution (MRS). The MRS quantifies the rate at which
a decision-maker is willing to sacrifice an amount of objective J; to obtain a
marginal improvement in objective J; while remaining on the PF. In this context,
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the constant M in Definition 4 acts as an upper bound on the MRS. This means
that for both cases the solutions 2’ are properly efficient with M = w; /ws and
M = ws/wy, respectively. For the general n j-dimensional case, it was proved in
[8,11] that
MSWZ’ i,je{la"-,nJ}vi#j-

Although Definition 4 requires M to be finite, the value for it can still be
arbitrarily high, implying an extreme trade-off where a negligible gain in one
objective requires a massive loss in another. From an engineering or economic
perspective, solutions with an excessively high MRS are not of practical relevance.
In order to upper bound the value of M and thus the allowable MRS, we introduce
the following definition:

Definition 5 (L-practical proper efficiency). A feasible point 2’ € X is a
L-practically properly efficient solution if it is properly efficient (as defined in
Definition 4) with M < L.

‘We can now define the term non-extreme IM:

Definition 6 (Non-extreme individual minimum). Let L > 0. We call a
L-practically properly efficient solution &} a non-extreme IM of the i-th objective
if there exists no L-practically properly efficient solution x € X \ & such that
Ji(z) < Ji(xF).

Note that we used a breve accent in order to differentiate between the standard
IM z} and the non-extreme IM 2. We apply this notation to those quantities
that exist in the standard and non-extreme case. An example of this notation is
the non-extreme pay-off matrix

&= [j #), ..., j(a%:uﬂ
which serves as the basis for deriving further quantities, such as the NP and UP.

2.4 Distance-Based Knee-Point

Based on the IM and the hyperplane spanned by their convex hull, [3] defines
the knee-point as the point in the feasible image set J(X) that maximizes the
distance to this plane. Furthermore, in [4,3] it was proved that the knee-point
can be determined using either the WS scalarization with suitable weights. Since
the knee-point is a point that is furthest to a hyperplane, this weight vector is
the normal vector n of the considered hyperplane. However, the normal vector
is only determined up to a non-zero constant. Since we want to avoid negative
components in the weight vector, we define the following scaling operator.

Definition 7 (Scaling vectors). Let the scaling operator scal : R™\ {0} — R
be defined such that for any v € R™\ {0}, the output v = scal(v) is the unique
vector 0 = cv with ¢ € R\{0} chosen to satisfy sum(|9]) = 1 and sign(v;,,,. ) = —1,
where imax = arg max; |v;|.
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Note that if the normal vector 1 has components with the same sign then the
weight vector wipee = scal(n) has only non-negative components. Similar to wynee

based on the standard IM, we can compute the wWy,e based on the non-extreme
IMs.

3 Computing Non-Extreme Individual Minima

3.1 General Idea
The development of the method starts with recapitulating one approach to obtain
a standard i-th IM. The approach uses the Pascoletti-Serafini scalarization [6,
Chapter 2.1]
min  —1
zeX, lER (1)

st. Jso +1ld—J(x) € K

that is parameterized in the shooting origin (SO) Jso and the shooting direction

)

and  J(z) =T (T (x) — Tenite)-

vector d and for which we choose

K= {VER”J71

The parameters Tj and jshift can be used to effectively transform and shift the
image space. By appropriately setting these parameters the image space can be
normalized.

In view of the different roles of the variables in this derivation, we adhere
to a strict notation convention. While the tilde (%) is used flexibly for general
modifications and transformations, the following three accents are reserved for
specific contexts: the hat (%) for parameter variables, the check (%) for their specific
realizations, and the breve (%) for quantities associated with the non-extreme case.
Table 1 provides a summary of these conventions.

Accent Example Reserved meaning / use case

hat D parameter of an optimization problem

check P numerical value of a parameter

breve & non-extreme case: quantities related to the non-extreme
individual minima

tilde J  general modifications of a specific quantity

Table 1: Summary of mathematical notation conventions and reserved accents.
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Fig.2: First individual minimum: standard approach (left) and non-extreme
approach (right). The arrows represent the (elongated) vector Sy (red) and Sa(«)
(black).

We solve (1) with the parameter realizations

Ty =Tn,, Jenite =0 (3a)
Jso ERY, d=—e;, V=25 := leklkeqr,..mo i (3b)
to obtain the (standard) i-th IM. Equivalently, we can use the formulation
min -1
z€X, lER, veER™I 7! (Pps(p))

s.t. j(m) = jso +1d+ V.

with p = {jso,cz, V,TJ, Tehits }. The optimization problem (Ppg(p)) with the
parameter realizations (3) can be understood and visualized as follows: A hy-
perplane, spanned by the column vectors of S; (which we refer to as spanning
vectors), is attached at the end of the shooting ray Jso — le;. A feasible objective
vector J () must then lie on that hyperplane.

We note that (Ppg(p)) with d = —e; and V = S; is formally equivalent to the
WS scalarization?

?gé W' T (x) (Pws(w))

with @ = e;. However, the application of the Pascoletti-Serafini scalarization
provides a more convenient framework for the following derivation.

Instead of using basis vectors to span the hyperplane, we rotate each basis
vector around a specific axis in a specific direction, see the exemplary rotation of
eo in Figure 2. The rotated spanning vectors read

v(i)(ak) =Rym (sign(k —1) ak) €k,
(4)
ie{l,...,ns}, ke{l,....ns}\4,

2 This formulation also covers the case of using j instead of J:
~ A ~ A T A~
T =" (T7(FT = Fae)) = (T50) T = " Towie
—— Y

= const.

@
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with n = min{k, i}, m = max{k,i}, o = [a1,...,ap,] and R, ,,(¢) is a Givens
rotation in the (n, m)-plane [9, chapter 5.1.8]. The Givens rotation R, ,,(¢) is
equal to the ny x n; identity matrix except that the entries (n,n), (n,m), (m,n)
and (m,m) are overwritten with

cos(@) — sin(¢)
sin(9) cos(d) |

The spanning vectors of our new hyperplane are concatenated horizontally to
form
S’i a) = [v(i) « } . 5
( ) ( k) ke{l,...ns}\i ( )
Note that S’i(a) = S; when « = 0. Furthermore, the hyperplane associated
with S;(a) has a normal vector w(®) which we can scale such that w(® > 0 and
2k wl(:) =1
Choosing a > 0, we can now obtain the i-th non-extreme IM with (Ppgs(p))
by setting

jSO € Rn", d = —e;, ‘7 = S’z(()é) (6)

and the remaining parameters as shown (3a) or with (Pys (1)) by setting w = w(®.
Choosing a > 0, which yields w(” > 0, guarantees a finite L and thus also a
non-extreme IM.

To see the general trend of increasing a components we exemplarily set a = @,
with @ € Ry and compute

L := a a (i) (Z) 7
iE{III’lm),(nJ} l,me{l,l‘r‘l.,f,},l;émwl /Wy (7)

As we can see in Figure 3, with an increasing @ the value of L is strictly decreasing.
Furthermore, numerical investigations show that L seems to be invariant w.r.t.
the number of objectives n .

3.2 Handling Different Objective Ranges

We apply the method to the exemplary three-objective optimization problem

zﬂel]eré J(x) = diag([l1, 12, 3])x  s.t. 22 + 23+ 22 <1, (8)
where the set of feasible objectives is a non-rotated ellipsoid with the semi-axis
lengths [l1,12,13]. For our investigations we choose a = 10°.

Our first numerical test uses the semi-axis lengths [I1, 12, l3] = [1,1, 1] (cf. Fig-
ure 4(a)) and we set the parameters as shown in (3a) and (6). Then, the method
performs “as expected” in the sense that the set

o= {7 €3p| T < v}
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Fig. 3: Finite values of L for non-negative a.

excludes regions of the PF that we regard as practically irrelevant. However,
in our second numerical test with [I1,12,13] = [1,3,9] (cf. Figure 4(b)) and the
parameter realizations as before the method fails to only exclude practically
irrelevant regions.

To counteract this effect we can incorporate information about the NP and
the UP which give us valuable insight over the ranges of the objectives. By
choosing the parameter realizations

Ty = Cxpup,  Jenite = Jup (9)

we normalize the image space. This idea of normalizing the image space also
transfers to (Pws(w)). Here, we can realize the image space normalization by
setting W = CIIIP,UPw(i) = COnpupw® instead of w = w(®.

The effect of the normalization approach is that (except for the shooting rays
and the attached spanning vectors) the numerical results would produce a figure
that looks like Figure 4(a) only that numbers on the J and J3 axis have changed
to +3 and +9. This means that Jp now contains the desired region of the PF.

3.3 Algorithm

We can combine the previous findings to construct Algorithm 1. Notably, step 0)
of this algorithm needs to be performed only once for a fixed a. Furthermore, if
the values of Jnp and Jyp are not available, which is generally the case, step 1)
and 2) have to be executed. Then, in total, 2n; optimization problems have to
be solved to determine the non-extreme IMs.

Applying Algorithm 1 to MOOP (8) with o = &, where & = 0°,1°,...,10°,
yields Figure 5. While NP values of non-extreme IMs drop significantly, the
associated UP values show only a slight increase. This effect yields hypercubes of
reduced size which allow for a denser sampling of the PF with a fixed number
of sampling points or, alternatively, fewer samples for a targeted approximate
point density. By omitting practically irrelevant regions, improved resolution or
efficiency gains are achieved.
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(a) The semi-axis lengths are [l1,l2,13] = [1,1,1] and no image space normalization is

used. Note that only the ray for the non-extreme case is displayed. For comparison, at
the end of the rays both sets of spanning vectors are “attached”. Due to the symmetry
the views in the other two planes look the same as the Ji-J3-plane on the right.

9
. 0
~

-9

3 0 L 1 0 1

-3 -1 0 Jl
Jo Ji
(b) The semi-axis lengths are [I1,l2,13] = [1,3,9] and no image space normalization

is used. For reasons of a cleaner visual presentation, we refrain from displaying the
spanning vectors and the shooting rays.

Fig. 4: Results for the multi-objective optimization problem (8).
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Algorithm 1 Non-Extreme Individual Minima

0) Use a to compute S’i(a), 1€ {1,...,ns}. Then, compute w® as the normal vector
of the hyperplane spanned by the column vectors of S;(«) as defined in (5) and (4)
(and scale it as described in Definition 7).

1) Solve (Pws(w)) with w =e; for all ¢ € {1,...,ns} and compute P.
2) Derive ij, jUP and CNP,UP from P.

3) Solve (Pws(w)) with @ = CNp,Upw(i) for all i € {1,...,n;} and compute &.

Remark 1 (Computational Costs). The assessment of the additional computa-
tional costs of Algorithm 1 depends on the scenario at hand. First, consider
using the IMs within a decision-making method based on these points, e.g., the
distance-based knee-point (cf. Subsection 2.4). In this case, the computational
cost doubles, as 2n; instead of n; WS problems have to be solved. However,
meaningful decision-making results may only be obtained when non-extreme IMs
are used, as illustrated, for instance, in Section 4. Second, consider aiming for
relatively fine sampling of the PF in practically relevant regions. In this case, the
additional n; optimizations are negligible compared to the significantly larger
number of PF samples computed. Furthermore, samples of no practical interest
are not generated to begin with.

4 Numerical Example

As our numerical example we consider the PF of “Figure 6.” from [10]. This
reference describes in detail how the MOOP, which implements a nonlinear
heating, ventilation and air conditioning control problem and yields the PF
depicted in Figure 6 (left), is constructed. We choose this specific PF because 1)
it constitutes a non-academic example and ii) it has a large region where it is
either extremely flat or steep.

We set @ = 3° which results in L = L < 20 (cf. (7)) for the non-extreme IMs
(cf. Figure 3). We then compute the standard IMs and the non-extreme IMs as
described in Algorithm 1. Both resulting sets of points can be seen in Figure 6.
As can be concluded from the closeness of jUp to Jup only extreme trade-off
solutions are excluded. This is supported by the fact that Figure 6 (right) has no
regions that are extremely flat or steep.

We note that from all 1520 PF samples shown in Figure 6 (left) only 186
are contained in the box spanned by ij and jUp This means that, since
sampling practically irrelevant points on the PF provides no added value to the
decision-maker, more than 87% of the optimizations represented a superfluous
expenditure of time and resources that our method successfully eliminates. Fur-
thermore, for Figure 6, the knee-points based on the standard and non-extreme
IMs were computed. This requires the normal vector of the convex hull of the
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Fig.5: The colored markers are related to the non-extreme IMs (with o = &):
dots represent the non-extreme IMs, while diamonds and squares represent the
corresponding NPs and UPs, respectively.

IMs and non-extreme IMs, which are wypee = [—0.0239,0.9673, —0.0088]" and
Winee = [0.0306,0.9527,0.0167]", respectively. Note that wgnee contains negative
components. This leads to two critical issues: first, the theoretical guarantee of
obtaining a Pareto optimal solution is lost; second, and more importantly, the
scalarization effectively rewards increases in cost for objectives associated with
negative weights, contradicting the fundamental goal of minimization. Conse-
quently, the resulting point Jinee = 103 - [2.9783,0.0036, 3.1886]" is a dominated
point located on the boundary of the feasible image set J(X) and is outside
the axis intervals of Figure 6. Enforcing a lower bound of zero on the weight
components as a “safety layer” would, in this example, lead to the recovery of
the second IM. However, such a solution contradicts the fundamental concept of
a knee point, which is intended to represent a balanced compromise rather than
an extreme boundary solution. In contrast, the solution Jinee Obtained by using
the weight Wypee (constructed from the non-extreme IMs) constitutes a balanced
trade-off.

5 Conclusion and Outlook

In this paper, we introduced the concept of non-extreme individual minima as a
means to exclude practically irrelevant regions of the Pareto front. By leveraging
the definition of L-practical proper efficiency, we derived a method to exclude
solution candidates that represent unreasonable trade-offs.
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Fig. 6: PF reconstruction using the PF samples and the ball-pivoting algorithm [1].
The right plot shows a segment of the PF that does not contain practically
irrelevant regions. Both figures use an equal plot box aspect ratio which has
a similar visual effect as normalizing the image space and allows for a fair
comparison of both PF regions.

The proposed algorithm is straightforward to implement, relying solely on
weighted-sum scalarizations with modified weight vectors obtained via geometric
rotations. We demonstrated that integrating information about the utopia point
and the nadir point to normalize the image space is crucial for the method’s
robustness against differing objective ranges. The numerical results confirm that
the computed non-extreme individual minimum effectively bound the area of
interest, excluding extremely steep or flat parts of the front. This bounding box
allows subsequent multi-objective optimization methods or automated decision-
making schemes to focus their computational effort on the most promising
trade-offs.

Future work could evaluate the influence of this approach on algorithms
that rely on automated decision-making. A prime example of this is the Pareto
front from [10] shown in Figure 6, which arises during the first iteration of an
multi-objective model predictive control scheme.
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