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Abstract. Biological function emerges from the organization of com-
plex interaction networks spanning multiple scales, from molecular reg-
ulation to large-scale brain connectivity. Traditional graph-theoretic de-
scriptors have been widely used to characterize such systems, yet they
predominantly encode topological features and often overlook the geo-
metric structure that governs network robustness, redundancy, and re-
silience to perturbations—properties that are critically altered in disease.
Motivated by the need for quantitative descriptors that capture these
latent organizational principles, we investigate network curvature as a
geometric biomarker for discriminating healthy and pathological biologi-
cal states. We consider two heterogeneous and conceptually distinct case
studies: gene co-expression networks derived from normal and cancer
tissues, and whole-brain connectome networks from healthy individu-
als and patients with major depressive disorder. By leveraging network
curvature, we quantify disease-associated alterations in both local cohe-
siveness and global network organization. Across molecular and neurobi-
ological domains, we observe consistent and systematic curvature shifts
distinguishing healthy from diseased networks. These findings support
network curvature as a general, domain-independent indicator of biologi-
cal network dysfunction, highlighting its potential to reveal fundamental
geometric signatures of disease that are not captured by conventional
connectivity measures.

Keywords: Network Curvature - Biological Network - Brain connec-
tome - Gene co-expression networks.

1 Introduction

Biological systems are intrinsically complex, with function emerging from dense
patterns of interactions among molecular and cellular components. These inter-
actions are naturally represented as networks, in which nodes denote biological
entities—such as genes, proteins, or brain regions—and edges encode functional
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or structural relationships. Network-based modeling [19,16] has therefore be-
come a foundational paradigm in computational biology and neuroscience, en-
abling the investigation of coordinated regulation, functional integration, and
disease-associated reorganization that are difficult to capture with reductionist
approaches [26, 11].

At the molecular level, gene co-expression networks [12, 18, 1] provide a pow-
erful framework for characterizing coordinated transcriptional activity across
tissues and pathological conditions, revealing disease-associated modules and al-
tered regulatory programs [13,21]. At the systems neuroscience level, brain con-
nectome networks offer a comprehensive description of large-scale neural organi-
zation, supporting the study of cognitive function and neuropsychiatric disorders
[3,22]. In both domains, mounting evidence suggests that disease phenotypes are
not driven solely by isolated local perturbations, but rather by widespread re-
configuration of network architecture.

Conventional network analysis [17] has largely relied on topological descrip-
tors such as degree distribution, clustering coefficient, characteristic path length,
and modularity. While these measures have proven effective in capturing con-
nectivity patterns and mesoscopic structure, they predominantly reflect local
or community-level organization and often fail to encode higher-order structural
principles related to robustness, redundancy, and the capacity of networks to sus-
tain function under perturbation [9, 5]. As a consequence, biologically meaningful
changes induced by disease—particularly those affecting global organization and
resilience—may remain undetected.

These limitations have motivated the introduction of geometric and topo-
logical perspectives on network analysis. Among these, discrete notions of Ricci
curvature have emerged as a principled approach to quantifying network struc-
ture beyond standard graph-theoretic metrics [20, 8]. Network curvature captures
how local neighborhoods around connected nodes compare in terms of transport
efficiency and cohesion, thereby providing insight into modular organization,
information flow, and structural robustness.

In biological contexts, curvature has been shown to correlate with entropy
and robustness, and to sensitively reflect disease-associated alterations in net-
work organization. Notably, Tannenbaum et al. [23] demonstrated that cancer-
related molecular networks exhibit characteristic curvature signatures linked to
increased robustness and functional reprogramming. Subsequent studies have
extended these observations to gene regulatory, metabolic, and brain networks,
highlighting the ability of curvature-based measures to identify fragile or highly
cohesive regions that are not apparent from classical descriptors [6, 7].

Despite these promising results, most existing studies remain confined to indi-
vidual biological domains or specific diseases, limiting the generality of curvature-
based insights. Whether network curvature can serve as a domain-independent
biomarker—capable of consistently discriminating healthy and pathological states
across heterogeneous biological systems—remains an open and largely unex-
plored question.
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Here, we address this gap by investigating network curvature as a unifying
geometric marker across two distinct biological scales. Specifically, we analyze (i)
gene co-expression networks derived from normal and cancer tissues, constructed
from GTEx and TCGA data via the iNetModels 2.0 resource [2, 10, 24], and (ii)
brain connectome networks comparing healthy individuals and patients affected
by major depressive disorder [14]. By adopting a common curvature-based an-
alytical framework across these molecular and neurobiological systems, we aim
to assess whether disease-related network reorganization manifests through con-
sistent geometric signatures, independent of biological scale or domain.

2 Related Work

2.1 Network curvature in complex and biological networks

Discrete curvature measures extend geometric notions of curvature to graphs
and metric-measure spaces. Ollivier—Ricci curvature defines curvature through
optimal transport between probability measures attached to graph nodes [20].
Forman introduced a combinatorial curvature for cell complexes, which yields an
efficient edge-based curvature notion often used as a discrete surrogate in large
networks [8]. Variants and graph-specific adaptations of Ricci curvature have
also been studied, including formulations tailored to graphs and their analytic
properties [15].

In biomedical applications, curvature has been linked to robustness, entropy,
and functional organization. Notably, curvature-based analyses have been pro-
posed to characterize alterations in cancer-related networks and to identify net-
work features associated with disease-related changes [23]. These studies suggest
that curvature can capture structural signatures not fully described by classical
graph descriptors, motivating its use as a discriminative measure.

2.2 Our contribution

Existing work often focuses on a single domain (e.g., cancer networks or a specific
brain disorder). In contrast, our paper frames curvature explicitly as a geometric
biomarker and validates its discriminative role across two heterogeneous biolog-
ical network types: gene co-expression networks (healthy vs. cancer) and brain
connectome networks (healthy vs. depression). This cross-domain validation is
intended to strengthen the claim that curvature captures general disease-related
geometric reorganization.
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3 Network Curvature Measures

3.1 Forman—Ricci curvature

For an edge e connecting vertices u and v with weights w(u), w(v), and w(e),
the Forman—Ricci curvature can be expressed as:

Y IS S S B o N O
Fle) = ()(w(u)+w(v)> XN: TOATTICaR (1)

e'#e

where e’ ~ e denotes edges adjacent to e and u/,v" are the endpoints of e’. This
measure is computationally efficient and highlights locally dense or fragile edge
neighborhoods [8§].

3.2 Ollivier—Ricci curvature

Ollivier—Ricci curvature defines curvature using optimal transport between local
probability measures on node neighborhoods [20]. For an edge e = (u,v), it can
be written as:

R(e) =1- Wl(,LLu,,LLU), (2)

where p,, and pu, are probability measures associated with nodes u and v, and
W1 is the 1-Wasserstein (Earth Mover’s) distance between these measures. Intu-
itively, positive curvature indicates that the neighborhoods around » and v are
similar (locally cohesive structure), while negative curvature often characterizes
bridge-like edges connecting distinct modules [20, 15].

4 Case Studies: Network Curvature Across Biological
Scales

To assess the ability of network curvature to capture disease-related structural
alterations in biological systems, we conducted two complementary case stud-
ies spanning distinct biological scales. The first case study focuses on gene co-
expression networks, comparing healthy and cancer conditions across multiple
human tissues. The second case study investigates brain functional connectiv-
ity networks derived from fMRI data, comparing never-depressed and depressed
subjects under different experimental conditions. Together, these analyses al-
low us to evaluate whether curvature consistently reflects pathological network
reorganization across molecular and systems-level biological networks. Figure 1
summarises the experimental approach.

4.1 Case Study I: Gene Co-expression Networks (Normal vs.
Cancer)

We evaluated curvature on real biological networks from the iNetModels 2.0
database [2], which provides a comprehensive collection of gene co-expression
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Assessing Network Curvature across Biological Scales: Capturing Disease-Related Structural Alterations
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CONCLUSION: Curvature consistently reflects pathological network reorganization across molecular and systems-level biological networks.

Fig. 1. Cross-Scale Evaluation of Network Curvature in Biological Systems.
The research workflow utilizes two distinct case studies to validate network curva-
ture as a biomarker for disease. Case Study 1 (Left) examines molecular-scale gene
co-expression networks, identifying topological warping between healthy and cancer-
ous tissues. Case Study 2 (Right) investigates systems-level functional connectivity via
fMRI, comparing neural signal organization in never-depressed versus depressed sub-
jects. The central mathematical framework of Network Curvature (k) serves as the
unifying metric to detect pathological reorganization and structural deviations across
these diverse biological scales.
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networks for both normal and cancer conditions. Normal tissue networks were
constructed using GTEx data [10], while cancer networks were based on TCGA
[4]. The iNetModels resource includes 108 curated, tissue-specific networks rep-
resenting a broad range of physiological and pathological states.

For this study, we selected 12 representative tissues—breast, skin, thyroid,
lung, pancreas, stomach, colon, prostate, testis, liver, bladder, and brain—spanning
both healthy and cancer-associated conditions. The primary structural proper-
ties of these networks, including the number of nodes and edges in each condition,
are reported in Table 1.

To incorporate geometric information, we computed the Ollivier—Ricci cur-
vature for each edge in the tissue-specific networks under normal and cancer
conditions. Ollivier—Ricci curvature quantifies how local network connectivity
deviates from an ideal geometric structure: edges with high positive curvature
typically correspond to tightly co-expressed gene clusters, while negative curva-
ture marks bridge-like edges connecting distant modules [20, 15]. For each tissue
network, we derived node- and network-level summaries, including mean edge
curvature and curvature variance, to support quantitative comparisons between
healthy and cancer states.

As summarized in Table 2, a consistent decrease in curvature was observed
in cancer networks for most tissues, indicating a loss of compactness and mod-
ular organization. The largest curvature reductions were found in breast, skin,
and pancreas networks, with highly significant differences (p < 107%), reflect-
ing marked topological reorganization. Other tissues, such as lung and bladder,
exhibited smaller but still significant changes, suggesting partial preservation of
modular structure. The overall distributional shift in curvature between normal
and cancer networks across tissues is further illustrated in Figure 2.

Figure 2 shows the distribution of Ollivier—Ricci curvature values in normal
and cancer gene co-expression networks across all analyzed tissues. In all cases,
cancer networks (red boxplots) exhibit a systematic shift toward lower curva-
ture values compared to their normal counterparts (green boxplots), indicating
a loss of local cohesion and modular compactness associated with the disease
state. The most pronounced curvature reductions are observed in breast, skin,
and pancreas tissues, where cancer networks show a dramatic decrease in both
median curvature and overall distribution, corresponding to the largest effect
sizes and suggesting extensive disruption of coordinated gene regulation.

4.2 Case Study II: Brain Functional Networks

The second case study investigates whether network curvature can discriminate
healthy and pathological brain states using functional connectivity networks
derived from fMRI data. We analyzed the publicly available dataset originally
published by Lepping et al. [14], which includes nineteen subjects diagnosed with
Major Depressive Disorder (MDD) and twenty never-depressed (ND) control
participants.

During fMRI acquisition, participants listened to standardized emotional au-
ditory stimuli consisting of both musical and nonmusical excerpts with positive
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Table 1. Structural characteristics of the gene co-expression networks across tissues
and conditions. Each network is defined by the number of nodes (genes) and edges
(co-expression relationships).

Tissue Condition Nodes Edges

Breast Normal Tissue 463 52,823
Cancer Tissue 10,750 61,511
Skin Normal Tissue 6,294 60,820
Cancer Tissue 243 17,120
Thyroid Normal Tissue 4,796 60,226
Cancer Tissue 5,031 60,140
Lung Normal Tissue 8,227 60,178
Cancer Tissue 5,569 60,214
Pancreas Normal Tissue 4,103 60,327
Cancer Tissue 710 60,518
Stomach Normal Tissue 7,372 60,243
Cancer Tissue 5,389 60,360
Colon  Normal Tissue 5,238 60,211
Cancer Tissue 60,135 7,733
Prostate Normal Tissue 8,186 60,394
Cancer Tissue 5,103 60,155
Testis Normal Tissue 8,900 60,185
Cancer Tissue 5,470 60,462
Liver Normal Tissue 7,798 60,388
Cancer Tissue 4,001 60,289
Bladder Normal Tissue 10,750 61,511
Cancer Tissue 5,292 60,364
Brain Normal Tissue 1,150 62,311
Cancer Tissue 4,782 66,164

Tissue Normal (mean + SD) Cancer (mean + SD) p-value

Breast 0.278 + 0.065 0.092 + 0.070 4.00x1074
Skin 0.842 + 0.080 0.116 4 0.085 <1.00x10™*
Thyroid 0.648 + 0.075 0.355 + 0.070 1.10x1073
Lung 0.748 + 0.070 0.678 4+ 0.075 1.50x1072
Pancreas 0.764 4 0.060 0.188 4 0.065 <1.00x10~*
Stomach 0.866 + 0.080 0.666 + 0.085 8.00x107*
Colon 0.900 =+ 0.070 0.651 4 0.075 6.00x10~*
Prostate 0.761 + 0.065 0.640 4+ 0.070 2.20x1073
Testis 0.902 + 0.055 0.667 4 0.060 3.00x107*
Liver 0.749 + 0.075 0.547 4 0.080 9.00x10~*
Bladder 0.772 £ 0.070 0.654 4+ 0.075 4.50%x1073
Brain 0.680 + 0.120 0.520 + 0.130 1.70x1073

Table 2. Comparison of curvature (mean £+ SD) between Normal and Cancer tissues.

Table 3. Comparison of Ollivier-Ricci curvature (mean + SD) between never-depressed
(ND) and depressed (MDD) subjects in brain functional networks, under music and
non-music experimental conditions.

Condition ND (mean + SD) MDD (mean + SD) p-value

Music 0.255 £ 0.019 0.260 £ 0.015 0.033
Non-Music 0.151 £ 0.033 0.144 £ 0.026 0.0430
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Fig. 2. Distribution of Olivier—Ricci curvature for normal and cancer
all tissues. In each box plot, red boxes are cancer tissues, while green refer to normal
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and negative valence. The musical condition was not intended as a therapeutic in-
tervention, but rather as an experimental stimulus known to engage distributed
brain networks involved in emotion processing and cognitive integration. Non
musical stimuli were included as a control condition to disentangle music-specific
effects from general auditory and emotional processing. Further details on the
experimental protocol are provided in the original study [14].

Functional connectivity networks were extracted using the CONN toolbox
[25], following the standard preprocessing and analysis pipeline recommended
by the authors. Brain parcellation was performed using 164 regions of inter-
est (ROIs), and functional connectivity was estimated using Fisher-transformed
Pearson correlation coefficients. For each subject, two functional brain net-
works were obtained, corresponding to the music and non-music experimental
conditions, yielding four categories of networks: ND—Music, MDD-Music, ND—
NonMusic, and MDD-NonMusic. All subject-specific brain networks exhibited a
highly consistent structure across individuals and conditions, with a fixed num-
ber of edges in the non-music condition and a comparable number of nodes
across all subjects. Detailed network statistics for each subject are reported in
Appendix.

To characterize the geometric organization of brain functional networks, we
computed the Ollivier—Ricci curvature on all edges of each subject-specific graph.
Curvature values were summarized at the network level by computing the mean
curvature per subject. As reported in Table 3, statistically significant differ-
ences in curvature were observed between ND and MDD subjects under both
experimental conditions. Specifically, curvature was significantly higher in MDD
subjects during the music condition (p = 0.033), while a significant reduction
was observed in the non-music condition (p = 0.043). Although effect sizes were
modest, the consistency of these differences across conditions suggests a disease-
related geometric reorganization of functional brain networks. The distribution
of curvature values across groups and conditions is visually summarized in Fig-
ure 3.

5 Discussion

In this work, we investigated network curvature as a geometric descriptor of
disease-related structural reorganization in biological networks, considering two
distinct case studies spanning different biological scales: gene co-expression net-
works and brain functional connectivity networks. Despite the profound differ-
ences in data modality, network size, and biological interpretation, both analyses
consistently indicate that curvature captures meaningful alterations in network
organization associated with pathological conditions.

In gene co-expression networks, curvature differences between normal and
cancer tissues were pronounced and statistically robust across most of the an-
alyzed tissues. Cancer networks systematically exhibited lower Ollivier—Ricci
curvature values, indicating a reduction in local cohesion and modular compact-
ness. This behavior is consistent with the widespread transcriptional deregula-
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Brain Functional Networks: Curvature Distribution
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Fig. 3. Distribution of mean Ollivier—Ricci curvature in subject-specific brain func-
tional networks. Boxplots compare never-depressed (ND) and depressed (MDD) sub-
jects under music and non-music experimental conditions.

tion observed in cancer, where normal regulatory modules become fragmented
and inter-module connectivity increases. The observed curvature reductions re-
flect a loss of geometric compactness in the network, suggesting that curvature
is sensitive to large-scale topological reorganization at the molecular level.

In contrast, curvature differences in brain functional networks were more
subtle but remained statistically significant between never-depressed (ND) and
Major Depressive Disorder (MDD) subjects under both music and non-music
experimental conditions. While effect sizes were modest, the consistency of cur-
vature differences across conditions indicates that the observed geometric alter-
ations are not stimulus-specific but instead reflect disease-related functional re-
organization. This result is in line with the known complexity of neuropsychiatric
disorders, where pathological effects often manifest as distributed and compen-
satory network changes rather than as large global disruptions. The ability of
curvature to capture these subtle geometric deviations highlights its suitability
for probing higher-order organization in brain functional networks.

Importantly, the two case studies reveal a scale-dependent yet conceptually
consistent behavior of curvature. In gene co-expression networks, disease effects
manifest as large shifts in average curvature, reflecting extensive transcriptional
reorganization. In brain networks, disease-related alterations emerge as smaller
but reproducible geometric deviations that remain detectable across experimen-
tal conditions. This observation suggests that curvature provides a common ge-
ometric perspective for characterizing network reorganization across biological
scales, while naturally adapting to domain-specific manifestations of pathology.

From a methodological standpoint, curvature captures structural information
that goes beyond purely topological descriptors commonly used to summarize
network connectivity. While classical measures such as edge density or average
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connectivity primarily reflect the quantity of connections in a network, curvature
has been shown to encode local geometric properties related to neighborhood co-
hesion, robustness, and information flow [20, 7]. In the present study, curvature
highlights disease-associated network reorganization that is not directly appar-
ent from node or edge counts alone, supporting its role as a complementary
descriptor of network structure.

Overall, the empirical evidence provided by the two case studies supports
the interpretation of network curvature as a candidate geometric biomarker of
disease-related network alterations. Rather than serving as a diagnostic or pre-
dictive clinical marker, curvature should be viewed as a structural signature that
reflects underlying changes in network organization. Its ability to detect large-
scale disruptions in cancer gene networks and subtler, yet statistically significant,
alterations in brain functional connectivity highlights its potential as a biolog-
ically interpretable descriptor of network reorganization in complex biological
systems.

Several limitations should be acknowledged. The present analyses are cross-
sectional and based on moderate sample sizes, particularly in the neuroimag-
ing case study. Future work should investigate curvature-based descriptors in
longitudinal settings, explore multivariate curvature representations, and assess
robustness across independent datasets and alternative network construction
strategies. Nonetheless, the consistency of curvature-related effects across molec-
ular and systems- level networks provides strong evidence for the relevance of
geometric network analysis in the study of disease-related biological reorganiza-
tion.

6 Conclusions

This study demonstrates that network curvature captures disease-related struc-
tural reorganization in biological networks across distinct domains and scales.
By analyzing gene co-expression networks and brain functional connectivity net-
works, we showed that curvature consistently reflects alterations in network ge-
ometry associated with pathological states. In gene networks, curvature robustly
discriminated healthy and cancer conditions, while in brain networks it revealed
statistically significant, yet subtler, differences between never-depressed and de-
pressed subjects.

Our findings indicate that curvature functions as a domain-agnostic geomet-
ric descriptor capable of identifying both large-scale and fine-grained network
alterations. Rather than serving as a standalone clinical biomarker, network cur-
vature should be considered a candidate network-based geometric biomarker that
provides mechanistic insight into how disease reshapes biological connectivity.
The cross-scale consistency observed in this work suggests that curvature-based
approaches may contribute to a unified framework for studying robustness, mod-
ularity, and functional reorganization in complex biological systems.

Future research should focus on integrating curvature with multivariate and
machine learning approaches, extending analyses to longitudinal data, and ex-

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI] 10.1007/978-3-032-29912-3_13 |



https://dx.doi.org/10.1007/978-3-032-29912-3_13
https://dx.doi.org/10.1007/978-3-032-29912-3_13

12 Milano et al.

ploring its complementarity with established network metrics. Overall, this work
highlights the value of geometric network analysis as a principled and inter-
pretable tool for advancing our understanding of disease-related network dy-
namics.
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Appendix.Supplementary Tables Table 4 reports the structural properties
of all subject-specific brain functional networks under music and non-music con-
ditions. These data are provided for completeness and confirm the consistency
of network construction across subjects and experimental conditions.
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Table 4. Structural characteristics of subject-specific brain functional networks. For
each subject, two networks were extracted corresponding to music and non-music ex-
perimental conditions.

Subject Clinical Condition Network Type Nodes Edges

sub-01  ND Non-Music 160 2005
sub-01 ND Music 164 4901
sub-02 ND Non-Music 154 2005
sub-02  ND Music 164 4866
sub-03  ND Non-Music 163 2005
sub-03 ND Music 164 4867
sub-04 ND Non-Music 158 2005
sub-04 ND Music 166 4926
sub-05 ND Non-Music 157 2005
sub-05 ND Music 164 4981
sub-06 ND Non-Music 156 2006
sub-06 ND Music 164 4701
sub-07  ND Non-Music 157 2005
sub-07  ND Music 164 4821
sub-08 ND Non-Music 134 2005
sub-08 ND Music 163 5120
sub-09 ND Non-Music 161 2005
sub-09 ND Music 164 4864
sub-10 ND Non-Music 161 2005
sub-10 ND Music 164 5122
sub-11  ND Non-Music 160 2005
sub-11  ND Music 164 4524
sub-12  ND Non-Music 158 2005
sub-12 ND Music 164 4839
sub-13  ND Non-Music 156 2005
sub-13  ND Music 164 4948
sub-14 ND Non-Music 157 2005
sub-14 ND Music 164 4900
sub-15  ND Non-Music 163 2005
sub-15 ND Music 164 4797
sub-16 ND Non-Music 148 2005
sub-16  ND Music 164 4926
sub-17  ND Non-Music 162 2005
sub-17  ND Music 164 4710
sub-18  ND Non-Music 160 2005
sub-18 ND Music 164 4999
sub-19 ND Non-Music 160 2005
sub-19  ND Music 164 4887
sub-20 ND Non-Music 165 2005
sub-20 ND Music 164 4717
sub-21 MDD Non-Music 159 2005
sub-21 MDD Music 164 4781
sub-22 MDD Non-Music 159 2005
sub-22 MDD Music 163 5066
sub-23 MDD Non-Music 164 2005
sub-23 MDD Music 163 5112
sub-24 MDD Non-Music 162 2005
sub-24 MDD Music 164 4917
sub-25 MDD Non-Music 163 2005
sub-25 MDD Music 164 4802
sub-26 MDD Non-Music 157 2005
sub-26 MDD Music 164 4906
sub-27 MDD Non-Music 153 2005
sub-27 MDD Music 164 4903
sub-28 MDD Non-Music 161 2005
sub-28 MDD Music 164 5000
sub-29 MDD Non-Music 161 2005
sub-29 MDD Music 163 5075
sub-30 MDD Non-Music 163 2005
sub-30 MDD Music 164 4672
sub-31 MDD Non-Music 163 2005
sub-31 MDD Music 164 5213
sub-32 MDD Non-Music 152 2005
sub-32 MDD Music 164 4901
sub-33 MDD Non-Music 162 2005
sub-33 MDD Music 164 4942
sub-3¢ MDD Non-Music 162 2005
sub-3¢ MDD Music 164 4933
sub-35 MDD Non-Music 150 2005
sub-35 MDD Music 164 5089
sub-36 MDD Non-Music 161 2005
sub-36 MDD Music 163 5002
sub-37 MDD Non-Music 147 2005
sub-37 MDD Music 161 5158
sub-38 MDD Non-Music 160 2005
sub-38 MDD Music 164 4847
sub-39 MDD Non-Music 160 2005
sub-39 MDD Music 164 5460
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