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Abstract. One of the commonly used methods for performing simula-
tions is the high-order polygonal discontinuous Petrov-Galerkin method.
In the paper, the graph grammar approach for modeling mesh refine-
ments for the polygonal discontinuous Petrov-Galerkin method is intro-
duced. The computational mesh is represented by hypergraphs, and mesh
adaptations are represented by graph grammar productions.

Keywords: high-order polygonal discontinuous Petrov-Galerkin method
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1 The high-order polygonal discontinuous
Petrov-Galerkin method

One of the commonly used finite element methods (FEM) [1], [2] is the high-
order polygonal discontinuous Petrov-Galerkin method (PolyDPG) [3], which
can solve a variety of linear problems. PolyDPG methods are supported by a
strong theoretical foundation that guarantees stability and high-order conver-
gence. They can also handle discontinuous material properties while still main-
taining stability. In FEM, in order to increase the accuracy of the obtained
solution, a refinement of the mesh may be needed. The high-order polygonal
discontinuous Petrov-Galerkin methods provide an arbitrary-order a posteriori
error estimator, making adaptive mesh refinement easy to implement. This ad-
vantage is especially valuable for polygonal elements, as it eliminates the need
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for special techniques to manage hanging nodes, making the method well suited
for applications such as topology optimization and dynamic fracture [3]. In this
paper, we will focus on the polygonal adaptive strategy used in PolyDPG.

The polygonal adaptive strategy can be described as follows:

— if a polygonal element fulfills the so-called refinement criterion and should
be refined, it is broken into quadrilaterals by using the centroid of polygonal
elements and polygon edge midpoints,

— if a "big" neighbor element needs to be refined, it is split into quadrilaterals
assuming that all adjacent collinear edges constitute a single "big" edge.

Figure 1 presents exemplary mesh refinements with a polygonal adaptive strat-
egy. The red dot indicates that the element needs to be refined. For compari-
son, Figure 2 presents an exemplary traditional quadtree mesh with constrained
nodes and quadrilateral mesh generated using the polygonal adaptive strategy,
respectively.

Fig. 1. Refinements with polygonal adaptive strategy

Fig. 2. Traditional quadtree mesh with constrained nodes and quadrilateral mesh gen-
erated using the polygonal adaptive strategy
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2 Graph grammars

Graphs are commonly used to represent complex structures, and graph grammars
can describe the changes in these structures. Graph grammar consists of an
initial graph and a set of so-called graph grammar productions, which allows to
"rewrite" the graph, together with embedding definition. The graph grammar
production consists of the left-hand-side graph and the right-hand-side graph
and should include a definition of embedding. The production can also have an
applicability predicate: additional conditions (related to attribute values, not
to the graph structure) specifying when production can be applied. In order
to rewrite a graph H, we have to select a production from the set of graph
grammar productions (o — ), where o and 8 are graphs, replace an occurrence
of o in H by f and then embed (3 into the rest of H, according to predefined
embedding, that is, according to the established edges between the nodes of
and the remaining nodes of H.

There are many types of graph grammars - the main difference between them lies
in the type of graph it operates and on the type of embedding transformation [9].
The easiest to implement with great power of generation are graph grammars
with invariant embedding, like for example hypergraph grammar [7], [8] and
composition graph grammar [5], [6].

In our approach, we will use hypergraph to represent computational mesh and
hypergraph grammar to represent mesh transformations.

2.1 Hypergraph grammars

Hypergraphs are defined as a set of nodes and a set of hyperedges. A hyper-
edge can connect an arbitrary number of nodes. Nodes and hyperedges can be
labeled and have attributes (variables connected with graph nodes and hyper-
edges). Figure 3 (left panel) presents an exemplary hypergraph with four nodes
labeled v with attributes z,y, z, one hyperedge labeled @) with attribute R, and
four hyperedges labeled E with attributes R and B.

The hypergraph grammar production consists of the left-hand-side hypergraph
and right-hand-side hypergraph. In order to define invariant embedding, some
of the left-hand-side graph nodes are distinguished by unique numbers (so called
external nodes). Each external node from the left-hand-side-graph should have
corresponding node (with the same number) in the right hand-side-graph. An
exemplary production is presented in figure 3. The application of a production
(e — B) to a hypergraph H consists of replacing a subhypergraph of H iso-
morphic with « by a hypergraph § and replacing external nodes of the removed
subhypergraph isomorphic with « by the corresponding external nodes of 5. Fig-
ure 4 shows an exemplary graph H and graph H after applying the production
of Figure 3.

2.2 Graph grammars and their application to mesh generation

The first attempt to model mesh refinements using graph grammar was made in
1997 in [4]. In the paper, quasi-sensitive graph grammars were used to model uni-
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Fig. 4. Initial graph and graph after applying production from fig. 3.

form refinement of triangular meshes. In [10] composition graph grammars were
used to model mesh generation using the h-adaptive finite element method with
rectangular meshes. In [11] composition graph grammars were used to model
mesh generation in the h-adaptive finite element method with mixed rectangu-
lar and triangular element meshes. In [12] the hypergraph grammar was used to
model mesh generation in hp-adaptive finite element method with rectangular
elements. Further works introduced graph grammars modelling mesh adapta-
tion for triangular meshes with the longest-edge refinement algorithm [13], as
well as meshes with polygonal elements [14]. All these models concern uniform
mesh adaptation for triangular meshes, traditional mesh adaptation (with hang-
ing nodes) with different types of polygonal elements, and mesh adaptation for
triangular meshes with the longest-edge refinement algorithm. In this paper,
we introduce the hypergraph grammar for modeling mesh adaptation using the
polygonal adaptive strategy. Using graph grammars is motivated by the need
to formally, modularly, and transparently model evolving mesh topologies. For
the mesh refinement, the graph grammar approach offers a natural abstraction
of local refinement operations, explicit and verifiable topology handling, sup-
port for adaptivity and hierarchy, as well as strong foundations for parallel and
multi-level methods.

3 Hypergraph grammar for polygonal adaptive strategy

In our approach, polygon elements will be represented by hypergraphs. Hyper-
graphs representing quadrilateral, pentagonal and hexagonal elements are pre-
sented in figures 3 and 6. The hyperedges with label Q, P and S represent
the interior nodes of quadrilateral, pentagonal, and hexagonal elements. The at-
tribute R of hyperedges with labels Q, P and S is a boolean value defining if
an element needs to be broken (R = 1 if an element is marked for refinement,
R = 0 in the other case). The hyperedges with label E represent the edges of the
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polygons. Its attribute B is a boolean value defining if the edge is a boundary
edge (B = 1 for a boundary edge, 0 for a shared one) and attribute R is a
boolean value defining if an edge needs to be broken (R = 1 if an edge is marked
for refinement, R = 0 in the other case).

\
x=x1 R=R1 x=x2 X=X\4 B-81 X=x2
y=y1 B=B1 y=y2 y=y1 . y=y2
z=21 z=22 z=z1 R=R1 z=22

x=x1 B=B1 x=x2
y=y1 R=R1 y=y2
z=z1 z=z2

Fig. 6. Hypergraph representing hexagonal element.

The process of refinement of polygonal mesh can be modeled as the four step
process:

— Mark an element for breaking

— for marked element mark its edges for breaking

— perform breaking of the marked edges

— break the element marked for refinement, with all edges broken

Production PO marks a quadrilateral element for refinement if it meets
the refinement criterion (RFC = 1) - it sets the value of the attribute R of the
hyperedge with the label Q to 1 (fig. 7).
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(R0=0) and (RFC)

x=x4 x=x3
y=y4 R_'R3 y=y3
z=z4 B=B3 z=z3
4% o3

1 2

x=x1 R=R1 X=X2 x=x1 R=R1 X=x2
y=y1 B=B1 y=y2 y=y1 B=B1 y=y2
z=z1 z=72 z=z1 z=72

Fig. 7. Production PO - marking quadrilateral element for breaking.

Production P1, presented in figure 8 marks the edges of the quadrilateral
element, which is marked for refinement (RO = 1), for breaking - it sets the
value of attribute R of each hyperedge with the label E to 1.

(RO=1)

x=x4 x=x3

x=x1 R=R1 X=x2 x=x1 R=1 X=x2
y=y1 B=B1 y=y2 y=y1 B=B1 y=y2
z=z1 z=22 z=z1 z=72

Fig. 8. Production P1 - marking edges of quadrilateral element for breaking.

Production P2, shown in fig 9 breaks the shared edge marked for refinement
if the edge was already broken by the neighboring element - there exists a "big"
edge between nodes 1 and 2 and two small edges. The nodes 1,2,3 can be
recognized by coordinates - the coordinates of node 3 are a mean value of the
coordinates of nodes 1 and 2. In this case, production removes the "big" edge
from the element - it removes the hyperedge labeled by E between nodes 1 and
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2. Production sets the value of the attribute R of each remaining hyperedge with
the label E to 0.

(R1=1) and (B1=0)

x=x1 x=x1
y=y1 y=y1
z=z1 z=z1
\ V
2 2
R=0
B=B1
R=R1 3 3 x=(x14x2)12
B=B1 \" —_— L
_ y=(y1+y2)/2
;;Eﬂ :;gg 2=(21+22)/2
2=(21+22)/2 R=0
B=B1
1 -
y  B=B3 1
x=x2 v
y=y2 -
X=X2
z=z2
y=y2
z=72

Fig. 9. Production P2 - breaking the shared edge marked for refinement, if the edge
was already broken by the neighboring element.

Production P3 breaks the shared edge marked for refinement, if the edge was
not broken by the neighboring element - there exists only a "big" edge between
nodes 1 and 2. In this case, production adds two new "small edges" - it adds a
new node (with coordinates calculated as mean value of coordinates of existing
nodes 1 and 2) and adds two hyperedges with label E - one hyperedge between
node 1 and the new node and the second hyperedge between node 2 and the
new node. Production sets the value of the attribute R of all hyperedges with
the label E to 0. Production P3 is presented in figure 10.

Production P4 breaks the boundary edge (B1 = 1) marked for refinement
(R1 = 1). In this case, production removes "big" edge between nodes 1 and 2 and
adds two new "small edges" - it adds a new node (with coordinates calculated as
the mean value of coordinates of existing nodes 1 and 2) and adds two hyperedges
with label E - one hyperedge between node 1 and the new node and the second
hyperedge between node 2 and the new node. Production sets the value of the
attribute R of all new hyperedges with label E to 0. Production P4 is presented
in figure 11.

Production P5 breaks the quadrilateral element marked for refinement if
all its edges are broken. Production removes the hyperedge Q representing the
"big" element, and creates a new node in the center of the quadrilateral element.
Production creates four new hyperedges with the label @), representing the in-
teriors of the newly created elements, and sets the values of the attribute R of
the newly created hyperedges with the label Q to 0. It also creates four new
hyperedges with label E with R = 0 and B = 0. Production P5 is presented in
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(R1=1) and (B1=0)

x=x1 x=x1
y=y1 y=y1
z=z1 z=z1
\ \
20 2

R=R1 0
E [BsB1 ——3» B=B1| E |B=B1 \Y
x=(x1+x2)/2

y=(y1+y2)/2
E z=(z1+22)/2

1e 1/R=°

v B=B1

X=x2
y=y2
z=22

Fig. 10. Production P3 - breaking the shared edge marked for refinement, if the edge
was not broken by the neighboring element.

(R1=1) and (B1=1)
x=x1

y=y1
z=z1

R=R1
EE:I B-B1 N (x1+x2)/2
(y1+y2)/2
(21+22)/2
1 @
Vv
X=x2
=y2
Z:Zz X=x2
y=y2
z=z2

Fig. 11. Production P4 - breaking the boundary edge marked for refinement.
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figure 12.
(R1=1)
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z=z1 2=(z1+22)/2 z=22 y=yt = y=(y1+y2y2 R0 z=22
=21 2=(z1+22)2

Fig. 12. Production P5 breaking the quadrilateral element marked for refinement

Production P6, presented in fig. 13, marks a pentagonal element for refine-
ment if it fulfills the refinement criterion - it sets the value of the attribute R of
the hyperedge with the label P to 1

(R0=_03 and (RFC)

R=RG x=x3 x=x4 x=x3
y=y4 - y=y3 y=y4 R=R6 y=y3
[ B=B4 b B=B4

y=y1 B=B1 y=y2
z=z1

Fig. 13. Production P6 - marking pentagon for breaking.

Production P7, shown in fig. 14, marks edges of pentagonal element,
marked for refinement, for breaking - it sets value of attribute R of each hyper-
edge with label E to 1

Production P8 breaks the pentagonal element marked for refinement if all its
edges are broken. Production removes the hyperedge P representing the "big"
element and creates a new node in the center of this element. Production creates
five new hyperedges with the label @, representing the interiors of the newly
created elements, and sets the values of the attribute R of the newly created
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(RO=1)
x=x4 R-R6 x=x3 x=x4 x=x3
y=y4 = y=y3 y=y4 R=1 y=y3
B=B4 §=24 B=B4 2=23
i

x=x1 \>{=x2
=y B=B1 y=y2
z=z1 R=R1 z=22 z=z1 R=1 z=22

Fig. 14. Production P7 - marking edges of pentagon for breaking.

hyperedges with the label Q to 0. It also creates five new hyperedges with label
E with R = 0 and B = 0. Production PS8 is presented in figure 15.

X=(x3+x4)12

_ xex =(x3+xa) xxa
(RO=1) yey4 R=R4 y=(y3ryay2  R=R4 y=y3
z= B: =(23+24)12 B=B4 z=23

=B4. 2=(

X XSV x=x3 4
y=y4 RER4 \o(ya0vay2 R=R4 y=y3
B4 =73

=R3 x=(x3+x5)/2
y=(y3+y5)2
2=(z3+25)/2

2724 B=B4 7o324)2

R=R5

B8=85
x=(x1+x4)12
y=ly1+y4)27
z=(1+z4)2"

R=R5 5
= 5
R=R2 x=(x1+x4)/2
X=(x2+X5)/2 y=(y1+y4)2
z=(z1+24)12

2=(z22+25)/2 R=RS
B=B5 I:E]

v 2

B=B1 BBl _
R=R1 Ry 2
ReR y=y2
z=22

P
y=(y1+y2)2
z=(z1+22):

x
o [Q] .
24425)
o] 0" 02
[e] Lol 2
=
[E] 2

v
- x=(x1+x2)2 x=x2
- B=B1 -
x=x1 R=R1 y=(y1+y2)2 :Agl y=y2
yy1 z=(z1+22)2 = 2222
z=z1

Fig. 15. Production P8 breaking the pentagonal element marked for refinement.

Production P9 marks an hexagonal element for refinement if it meets the
refinement criterion - it sets the value of the attribute R of the hyperedge with
the label S to 1. Production P9 is presented in fig. 16

Production P10, shown in fig. 17, marks edges of hexagonal element,
marked for refinement, for breaking - it sets value of attribute R of each hyper-
edge with label E to 1

Production P11 breaks the hexagonal element marked for refinement if all
its edges are broken. Production removes the hyperedge S representing the "big"
element and creates a new node in the center of this element. Production creates
six new hyperedges with the label (), representing the interiors of the newly
created elements, and sets the values of the attribute R of the newly created
hyperedges with the label Q to 0. It also creates six new hyperedges with label
E with R = 0 and B = 0. Production P11 is presented in figure 18.
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z=z1 z=72

Fig. 16. Production P9 - marking hexagon for breaking.

(RO=1)

B1 X=X2
y=y1 R=R1 y=y2
z=21 2=22

Fig. 17. Production P10 - marking edges of hexagon for breaking.
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x=xd X=(x3+xd)2 x=x3
4 R=R4 y=(yasyaye  ReRé yy3
X=(34xdy2 =24 B-B4 z=(z3+z4y2  B=B4 723

y=(y3+ya)2

xe(uaney2 R

Y=(ya+y6)2 R=R3 X=(3+x5)2

B=B3 Y=(3+5)2
ReRS QV 2=(z3+25)2
B=B5

x=xi B=B1 B=B1  x=x2 2=(22+25)12
y=y1 Re=R1 R=R1  y=y2
=1 X=(c14x2)12 =22

y=(y1+y2)2

z=(zt+22)2

Fig. 18. Production P11 - breaking the hexagonal element marked for refinement.

4 Exemplary derivation

The presented graph grammar was implemented in Python using NetworkX. The
implementation utilizes a bipartite graph model within the NetworkX library,
where nodes represent either vertices or hyperedges. The type of each graph
node is defined by its label: @), P, or S for nodes representing mesh elements
(quadrilaterals, pentagons, and hexagons, respectively), and F for nodes repre-
senting edges of elements. The adaptation process is driven by the values of node
attributes R (refinement flag) and B (boundary flag). Production Left-Hand
Sides are identified through localized structural traversal, where subgraphs are
matched by verifying node adjacency and the values of attributes. The matching
strategy is based on iterating only over hyperedges with the appropriate label
(pre-filtering) and local verification of the structure around each matching hy-
peredge. There is no need to analyze the entire graph — only elements directly
connected to a given hyperedge.

Visualization of exemplary graph grammar derivation, following the idea of mesh
refinements from figure 19, step by step, is presented in figures 20, 21. Visual-
ization encodes the semantic state of the graph using color, line width, and
symbolic labels. Hyperedges representing mesh elements are drawn as colored
circular nodes and labeled with a single letter indicating their type: ) denotes
a quadrilateral, P a pentagon, S a hexagon, and E an edge. For simplicity,
the hyperedges with labels @, P, and S, which conceptually connect all ver-
tices belonging to the interior of the corresponding polygonal element, are not
drawn with all nodes belonging to them. The color of an element reflects its
refinement state: red colors indicate elements that are marked for breaking (at-
tribute R = 1). Quadrilateral, pentagonal, and hexagonal hyperedges are shown
in shades of blue, whereas edges are shown in shades of green. Edges are drawn
as gray lines whose width encodes boundary information: thin lines represent
internal edges (attribute B = 0), and thicker lines represent boundary edges
(attribute B = 1).
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reaking to this point

Fig. 19. The idea of mesh refinement according to the polygonal adaptation strategy

of the mesh, step by step.

Initial graph

[P6] Marking pentagon for breaking

[PO] Marking top quadrilateral for breaking

Ny

[P7] Marking pentagon’s edges for breaking
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[P3] Breaking shared edges

A e A

[P2] Breaking a shared edge that was partially broken

Fig. 20. Part 1 of hypergraph grammar derivation for the mesh from the figure 19 of

the mesh, step by step.
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[P3] Breaking other shared edges [P4] Breaking boundary edges [P5] Breaking quadrilateral to smaller quadrilaterals
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[PO] Marking central quadrilateral for breaking [P1] Marking central quadrilateral's edges for breaking [P2] Breaking shared edges that were partially broken
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e

[P3] Breaking other shared edges [P5] Breaking central quadrilateral to smaller quadrilaterals [PO] Marking small quadrilateral for breaking

[P1] Marking small quadrilateral's edges for breaking {P3] Breaking small quadrilateral's shared edges {P5] Breaking small quadrilateral to smaller quadrilaterals

Fig. 21. Part 2 of hypergraph grammar derivation

5 Conclusion and future work

In the paper, the hypergraph grammar model for polygonal adaptive strategy,
used in high-order polygonal discontinuous Petrov-Galerkin method, was intro-
duced. The approach can be easily extended to other polygons, by adding pro-
ductions analogous to productions PO, P1 and P5 for the corresponding n-gon.
The hypergraph grammar presented was implemented in Python. The paper in-
cludes exemplary derivation performed on simple mesh using implemented code.
Future work will involve parallelization of the introduced graph grammar model
and using this mesh generator for performing numerical simulations.
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