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Abstract. This paper presents the implementation and preliminary re-
sults of a two-phase COs sequestration simulator using the IGA-ADS
(IsoGeometric Analysis using Alternating Directions Solver) framework.
We formulate the problem based on Darcy’s Law for two-phase flow in
porous media, solving coupled equations for pressure and gas saturation.
The spatial discretization employs B-spline basis functions with explicit
time stepping for saturation and implicit solving for pressure using the
MUMPS direct solver. We demonstrate the solver’s capabilities on three
reservoir configurations with heterogeneous porosity and permeability
fields. Performance analysis on mesh sizes up to 256x256 points shows
that pressure computation dominates the computational cost. The solver
successfully handles physically realistic parameters and can efficiently

utilize HPC resources via parallelization supported by GALOIS library.

Keywords: Isogeometric finite element method - CO2 sequestration -

Alternating direction solver - L.2 projections - Non-stationary simulations

1 Introduction

Given the significant influence of carbon dioxide (CO3) on global warming, the
development of carbon capture strategies is of the highest importance. One of the
prevalent strategies is the process called C'Os sequestration. The main idea of this
process is to directly capture the CO5 from the emission sources, such as power
plants and factories, and store it in the underground porous structures of both
natural and human-made origin (abandoned oil wells, mines, aquifers) [11,9,16].

This strategy is more beneficial than others (ocean storage, mineralization, direct
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air capture) and it is expected to be used until more environmentally-friendly
alternatives for energy production will come to wide usage [12,5].

We present the implementation and preliminary testing of a simplified two-
phase flow COy sequestration model within the IGA-ADS (IsoGeometric Anal-
ysis using Alternating Directions Solver) framework [22]. This framework is a
Finite-Element Method (FEM) solver, which has been successfully applied to
problems like heat transfer [22], Maxwell’s equations solver [21], and tumor
growth simulations [18]. In the context of the COs sequestration problem, four
common situations are outlined: structural, dissolution, capillar, and mineral-
ization [12]. Our solver can be applied to the first two of them, as it does not
take into account the chemical reactions in the reservoir, but can effectively sim-
ulate the physical behavior of the pumped gas in the porous structure and in
the case of pumping into the liquid brine solution. We aim to provide a fast and
reliable solver for the simplified benchmark problem (similar to [7,17]) that can
be used as a building block for more complex models in the future. The main
contributions of this paper are: a) a clear formulation and implementation of the
coupled pressure—saturation system within the IGA-ADS C++ framework; b)
a performance analysis identifying the pressure solve as the dominant cost for
realistic mesh sizes; ¢) preliminary simulation results on heterogeneous porosity

and permeability fields confirming physically plausible behavior.

2 CO; sequestration problem formulation

Following the previous works [16,7,17], we use the analytical expression for the

COs sequestration problem (Darcy’s Law).

$0ySyw =V - <5wK (Vp— ng)> + qu, (1)
Sq

¢8tsg =V. (uK (Vp - ng)) + 4y, (2)
g

where S, and S, are the brine solution and gas saturations, respectively, fi,
and p, are the viscosities of the brine solution and gas, p is the pressure, p,,
and p, are the densities of the brine solution and gas, g is the gravitational
acceleration, and ¢, and g4 are the source terms, which represent the pumping
locations and intensities for the brine solution and gas, respectively. The porosity

¢ is the fraction of the total volume occupied by the pores in the reservoir, and
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the permeability K describes the ability of the porous medium to allow fluids
to flow through it [13]. Note: Our work uses the same set of assumptions as
the benchmark problem presented in [7], i.e. isothermal conditions, negligible
capillary pressure, constant fluid properties, and linear relative permeability. A
trivial constraint that S, + 54 = 1 is also applied. Taking this into account, we

can rewrite the equation (1) as follows:

1-5,

w

— $0 Sy =V - ( K (Vp - pr)) + qu- 3)

Hence, we have a system of two equations (3) and (2) with two unknowns S,

and p, and by summing up these equations we obtain an equation for pressure:

1-5, S 1-8 S
v- ((g +9> KVp) =V (9K< gpw+gpg)> —(quw+ay)- (4)
Hw Hg Fow Hg

We will then use this equation to compute pressure p after setting some initial
saturation 52. In each following time step, we compute pressure p™ based on the

saturation S;l as follows:

1S S 1-5 5
V.(( 9 4 9) KVp") -V (gK < S gpg)> —(qwtay) (5)
/Lw .ug ‘uw 'ug

After computing p" and S¢', we can compute S;”rl based on the pressure p™ as

follows (using the forward Euler method):

Sn—i—l _ STL Sn
gL "9 _y. <9K(Vp" - ng)) +4q, (6)
T Hg
which implies
S’n
Srtl =80+ ¢ 17V - (M"JK (Vp" — ng)> +o77qg. Q
g

3 Explicit dynamics with isogeometric alternating
direction solver
The equation (6) can be rewritten in the general form

S —L(S) =/, (8)

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI{ 10.1007/978-3-032-29912-3_7 |



https://dx.doi.org/10.1007/978-3-032-29912-3_7
https://dx.doi.org/10.1007/978-3-032-29912-3_7

4 Askold Vilkha et. al.

where

LS) =V (f K (Vp- pgg>) (©)
and
f = ¢_1Qg~ (10)

For a non-stationary problem of the form (8) with some initial state Sy
and boundary conditions, where L is well-posed partial differential operator,
we employ B-spline basis functions of order r and continuity C"~! for spatial

discretization

z,y) =) 8i;Bi,(@)B],(y). (11)
%,J
For the time discretization, we employ the explicit dynamics method

Spi1 = Sp 4 TLS, + T (12)

We derive a variational formulation for computing L? products with test

functions
(Sn+1,0)p2 = (Sp + TLSy + T fn,0) 12, Yo = Blfﬁr(x)Blym(y), (13)

Employing B-spline basis functions for testing implies a sequence of isogeometric

L? projections to be computed in every time step.

Sn NZS”BI () (14)

The system of linear equations to solve in every time step looks like

DS BB ), B () (1) =

- (15)
(Z Sy BY, () B, (y) + 7 Z Sy L(BY, (2) B .(y) + fu: By () B, ()

4,3
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For all k,l. Hence, we compute a sequence of isogeometric L? projections in

every time step. It implies the following system of linear equations

x Y x Y z y z Y 1,1 1,1
(Bl,rBl,w Bl,rBl,r) o (Bl,rBl,r’ BNm,rBNy;r) Sn+1 bn
x Yy @ Y x Y x Yy Nz, Ny Ny, Ny
(BNI,TBNy,N Bl,rBl,r) e (BN:L-,’I‘BNy,T’ BNm,TBNy,T) STL+1 bn
(16)

where bF:! corresponds to the right-hand side of the equation (15).
The Gram matrix build with B-splines over regular 2D domain 2 = (2, x {2,

has a Kronecker product structure

Mijii = (Bij,Bri) 2 = / B;jBi df2 = / By (z) B! (y) By, (v) B} (y) A2
o o

Bin dx) (/ BjBl dy) = Mfk/\/léjl
Qy
(17)

In other words M = M® ® MY and the inverse M~1 = (M*)~1 @ (M¥)~L.

In our case, M* and MY are pentadiagonal (two non-zero diagonals on each

N /!Z(Bin)(x) (BjBi)(y)d2 = (/Q

x

side of the main diagonal) due to local B-splines support with » = 2, so the
system can be solved using a banded LU-factorization (a logical extension of the
Thomas algorithm) in O(N) time, where N is the total number of elements in
the mesh.

4 Direct solver for pressure solution

To simplify notation, we introduce the total mobility A and the effective gravity

coefficient p*, both depending on the current saturation S

A(Sg) = b p*(Sy) = 5, ﬁpga (18)
Hw Hg How Hg

so that the pressure equation (5) takes the compact form
V- (A(Sy) K Vp") =V - (9K p*(Sy)) — (a1, + qf)- (19)
The weak formulation of (19) seeks p™ € V}, such that

a(p",v) =L"(v) Yv eV, (20)
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where (u,v);. = [,u(x,y)v(z,y)drdy and the bilinear and linear forms are
defined as

a™(u, v) = ()\(S;) K Vu, Vv) 129 (21)
"(v) = (g K p*(Sy), Vo) .+ (40 + a5, v) 2 (22)

The saturation and pressure fields are both approximated using B-spline basis

functions:
Z Sy’ BY,.(x) BY (), an” B, (z) BY .(y). (23)

The permeability map K(z,y) and porosity ¢(z,y) are read from the input
files (the same as configuration P10 from [17]) and interpolated linearly to the
quadrature points. The source functions gy and gy, represent pumping locations
and intensities for gas (¢) and brine (w), respectively.

Testing with v = B} () B;{T(y) yields the linear system SP = F, whose

entries are

Siikn = a" (BLBY,. BE,BY, )., (24)
Fun =" (BLBY,), (25)
and P = [ i, pﬁ,’”’Ny] T, Unlike the mass matrix in the saturation solver,

the stiffness matrix S does not have a Kronecker product structure due to the
spatially varying coefficients )\(S’;L) and K. Hence, we call the implicit solver
for pressure, after assembling S and F, at each time step for the current sat-
uration Sy (this step is called ”assemble problem”). Zero Dirichlet boundary
conditions are enforced by zeroing the corresponding rows, placing 1 on the di-
agonal, and setting the right-hand side entry to 0. The resulting system is solved
with MUMPS [1,2].

5 Results

5.1 Simulation Setup

We present results for three different test configurations (K1, K2, K3) with vary-
ing porosity and permeability maps. The porosity and permeability distributions

for each configuration are illustrated in Figures 1 and 2, respectively. For all our
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simulations, if we use a permeability map, we use the corresponding porosity
map. The computational domain is a 2D rectangular region of size 50m x 50m.
The physical parameters used in the simulations are summarized in Table 1. The
simulations are performed using a uniform mesh with appropriate boundary con-
ditions: no-flux conditions, and pressure boundary conditions on the left, right,
top, and bottom boundaries. The CO, injection is modeled through a source

term located at the center of the domain, representing an injection well.

(a) Configuration K1 (b) Configuration K2 (¢) Configuration K3

Fig. 1: Porosity distributions for three different reservoir configurations. The val-
ues range from 0 to 1.

a) Configuration K1 b) Configuration K2 ¢) Configuration K3

Fig. 2: Permeability distributions for three different reservoir configurations. The
units are in mDarcy, in simulation we use SI units (1 mDarcy ~ 1071° m?).

5.2 IGA-ADS Direct Solver

For this paper, we completed simulations for the configurations K1, K2, and K3

both for porosity-only and porosity-permeability cases. However, because of the

1

limited space and to avoid copyright issues', we only present the results for the

! Results for the porosity-permeability case will be shown at the conference presenta-
tion and in the paper that has been recently submitted to Computers & Mathematics
with Applications under the title: ”CO2 sequestration hybrid solver using isogeomet-
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SI

pg | 479 (kg/m?)

Pw 1045 (kg/m?)

g 9.81 (m/s?)

g | 3.95 x 107 (Pa - s)
i |25.35 x 1075 (Pa - s)
Ka 1x10°7 (m?)
Table 1: Simulation parameters in SI units

porosity-only case in this paper. Simulations with heterogeneous permeability
show similar gas flow structure but with a strong preference for high perme-
ability regions, which is consistent with physical expectations. The simulation
parameters are set as follows: time step size 7 = 5000 seconds, number of time
steps = 500, and source term defined as a circle of radius 3 m at the center of
the domain with a strength of g, = 1 x 107% (dimensionless units of S,) per
iteration. For this configuration, the estimated maximum time step size for sta-
bility is around 7500 seconds. Larger time steps are possible but will reduce the
accuracy. We have observed an inverse linear rule regarding the maximum time
step size for stability w. r. t. the grid size. We also advise using smaller time
step sizes for larger values of permeability as it increases the gas flow velocity.

The results of the simulations are presented in Figures 3, 4, 5.

5.3 Timing and Performance Analysis

We started with a cost decomposition test to identify the most computationally
expensive parts of the solver. The simulations were run for 1000 iterations each
with the same parameters as in the previous section, but with varying grid
sizes on a single node of the ARES supercomputer in CYFRONET (using 1
CPU core, CPU Model: Intel Xeon Platinum 8268 CPU @ 2.90 GHz). These
measurements are summarized in Figure 6. As expected, the cost is dominated
by the pressure part, which requires calling the MUMPS solver at every time
step of the simulation to solve the stationary pressure equation.

Secondly, we have conducted a strong scaling test to evaluate the parallel
performance of the solver (Fig. 7). The parallelization is done using the shared

memory approach from GALOIS library [10] and is applied to saturation and

ric alternating-directions and collocation-based robust variational physics informed
neural networks (IGA-ADS-CRVPINN)”
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Fig. 3: CO; saturation evolution for configuration K1 with uniform permeability
at different time steps.
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Fig. 4: CO5 saturation evolution for configuration K2 with uniform permeability
at different time steps.
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Fig. 5: CO; saturation evolution for configuration K3 with uniform permeability
at different time steps.
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pressure integration. The saturation solver, initialization, and output are single-
threaded since they are significantly cheaper than other parts of the solver.
MUMPS solver is also single-threaded since it uses a different parallelization
technique. The speedup for the saturation integration is almost ideal, while the
pressure integration shows much worse speedup (4-5 times smaller than the
saturation). The reason for this is the process called ”assemble problem”, which
builds the linear system for the MUMPS solver and is parallelized over boundary
degrees of freedom (400 for the grid size of 100 x 100).

Timing Analysis

B Initialization

W Saturation Integration
30000 ™M Pressure Integration
B Saturation Solver
s Pressure Solver

B Output

—e— Memory Usage

25000

20000

Time (s)
Memory (GB)

15000

10000

1922
Grid Size, points

Fig. 6: Timings of IGA-ADS solver for various mesh sizes (regular grids). (Note:
Initialization, Saturation solver, and Output are not visible due to their small
contributions.) As one can see, the most computationally expensive part are
pressure integration and solution, which contribute to about 80% of the total
time (for 128 x 128 grid: 4494/5809 = 77.4 %). The plot also shows the RAM
memory usage for each grid size (ranging from 0.16 GB to 6.93 GB).

6 Conclusions and Future Work

In this work, we have demonstrated some preliminary results of our CO5 seques-
tration problem solver within the IGA-ADS framework with the primary focus
on the computational methodology rather than the ideal geophysical model. It
has shown the capability to solve varying cases of the simpified direct problem
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Fig. 7: Strong scaling of the solver for a fixed grid size of 100 x 100 and 1000
iterations. The MUMPS solver was run only on 1 CPU core, while all the other
parts of the solver were parallelized with GALOIS using 1 to 16 CPU cores.

and provides a solid foundation for implementation of more complex features in
the future. The solver scales from very limited computational resources (AMD
Ryzen 5 5500 U CPU and 10 GB of RAM) to usage of a single node of the
ARES supercomputer. Parallelization of the CPU workload is supported by the
GALOIS library [10]. The sample results correspond to the expected behavior of
the system, and the solver works well with the parameter values provided in the
literature [7,17]. Saturation values remain within [0, 1] range, and both satura-
tion and pressure match the patterns from [17]. The presented simulations cover
2,5 x 105 seconds, (= 29 days). Additional runs with the same parameter set
were conducted for longer timescales (up to 5 x 10% seconds, ~ 58 days) without
divergence, producing plume patterns qualitatively similar to those reported in
[7] for comparable timescales. The gas saturation flow mirrors the porosity map,
which is expected since more porous regions should be able to accommodate

more gas and thus have higher saturation values.

The future work will involve solving the inverse problem—identifying the
optimal location for the COs injection well and the adjustable parameter values
for a given reservoir. We are now developing a hybrid solver based on Collocation-
based Robust Variational Physics Informed Neural Networks model from a recent
paper by M. Lo$ et. al. [20] to solve the pressure while still relying on the IGA-
ADS solver for saturation. We may also develop a parallel distributed memory
version of the solver with the library described in [19], consider including hp-
adaptive FEM solvers [14,15,6], or applying inverse solvers [4,8,3] for a better fit

of the model parameters.
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