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Abstract. During the day, the temperature in urban areas rises with
height, leading to a negative vertical temperature gradient that causes
the warm air near the ground to rise. While daytime convection facili-
tates mixing, nocturnal radiative cooling creates thermal inversions that
trap emissions near the surface. This paper models this transition using
time-dependent, three-dimensional advection-diffusion equations solved
via Physics-Informed Neural Networks (PINNs). We propose a sequen-
tial training strategy over a four-dimensional space-time domain, parti-
tioning the temporal axis into discrete segments to ensure convergence.
In this framework, the terminal state of each segment provides the ini-
tial conditions for the subsequent slice, maintaining physical continuity.
Our findings demonstrate that this PINN-based approach effectively cap-
tures the accumulation of ground-level pollutants during inversion events,
achieving high numerical accuracy with significantly lower computational
overhead compared to traditional grid-based Eulerian solvers.

Keywords: - Physics-Informed Neural Networks - Non-stationary advection-
diffusion problem - Atmospheric simulations

1 Introduction

Air pollution in urban valleys, such as the Krakow area, is a significant health risk
factor [15]. Modeling the stagnation of these pollutants is essential to mitigate
negative effects on human health [7]. During the night, radiative cooling of the
ground alters the vertical temperature profile, resulting in a thermal inversion.
This meteorological phenomenon traps particulate-laden cloud vapor near the
surface, preventing advective dispersion and leading to hazardous accumulations
of pollution, as illustrated during a typical November night in Krakow (Figure
1). Accurately modeling this phenomenon requires capturing the underlying 3D
advection-diffusion dynamics over extended periods.

Simulating such non-stationary 3D thermal inversions is computationally de-
manding. While traditional numerical methods—such as the isogeometric finite
element method have been employed in two dimensions, their extension into

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI{ 10.1007/978-3-032-29912-3_5 |



https://dx.doi.org/10.1007/978-3-032-29912-3_5
https://dx.doi.org/10.1007/978-3-032-29912-3_5

2 Maciej Sikora et. al.

3D time-dependent spaces incurs substantial computational overhead. Physics-
Informed Neural Networks (PINNs) [13,4] offer a promising mesh-free alterna-
tive. However, standard PINNs trained continuously over long, four-dimensional
space-time domains frequently suffer from gradient pathologies and error prop-
agation, which impede the stable simulation of transient atmospheric behavior.
Although some time-decomposition algorithms exist, formulating a robust, ac-
cessible implementation that effectively segments 3D space-time while strictly
maintaining physical continuity remains a notable gap in contemporary litera-
ture.

To address this challenge, we introduce a novel open-source PINN frame-
work specifically designed for simulating time-dependent 3D thermal inversion
phenomena. Our contribution significantly advances standard monolithic PINN
capabilities by implementing a sequentially partitioned 4D space-time training
strategy. We train modular neural networks on discrete temporal slices, explic-
itly coupling adjacent segments to preserve continuity and rigidly enforcing local
initial conditions. A final neural network then projects these piecemeal solutions
into a unified global approximation. This method curtails optimization stiffness
over long time horizons, successfully extending earlier 2D thermal inversion mod-
els [9,14] into fully three-dimensional environments. We wrap this methodology
in a user-friendly, cloud-compatible Google Colab toolkit that simplifies resid-
ual and boundary-condition configurations, eschewing the verbose boilerplate of
traditional implementations.

The primary objective of this paper is to demonstrate the efficacy and robust-
ness of our time-sliced PINN architecture in capturing the complex dynamics of
3D nocturnal thermal inversions. By modeling the advection-diffusion of pollu-
tion particles driven by characteristic vertical temperature profiles, we validate
our proposed framework’s ability to accurately and efficiently reproduce ground-
level pollution stagnation.

2 Training algorithm for Three-dimensional time
dependent Physics-Informed Neural Networks

We divide the time interval [0,T] into Ny, time segments. We use the segment
index k € {1,..., Nyeq} for the time segments, where each represents the time
interval Aty = [tx_1,tx]. We create Ny, independent neural networks, where
@) denotes the neural network trained on the k-th slice. For each time slice,
we create a mesh of collocation points in the spatial domain (2 for the training
of the related neural network inside the slice. For the first segment (k = 1), we
include the given initial condition. Once the training is finished, we extract the
solution at the final time interval point, and we start the training for the next
segment using the continuity condition. Specifically, the initial condition for slice
k> 1is a®(x,tp_1) = 0¥~V (x,t),_). Having finished the training for all the
segments, we create the final neural network and smooth the family of time-slice
solutions by training a single final projection solution.
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Fig.1: The photo of the pollution near the ground in the Krakow valley in
November 2025 (photo by Maciej Paszyniski).

Fig. 2: Time segments for transient simulation.
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3 Physics Informed Neural Network for transient
problems on the example of three-dimensional heat
transfer problem

Let us consider a strong form of the exemplary transient PDE, the heat transfer
problem. Find 4 € C3(£2 x [0,T)) for x = (z,y,2)T € 2 =[0,1]3, t € [0,T] such
that

Orii(x,t;0) —eAi(x,t;0) = f(x,1), (x,t) € 2x[0,T],

time evolution diffusion term forcing

With the initial condition 4(x,0;60) = ug(x) and zero Dirichlet boundary con-
dition 4(x,t;0) = 0 for x € 902,¢ € (0,T). In the PINN approach, the neural
network 4(x,t; 0) represents the solution approximation, namely,

(x,t;0) = (ApocoAp_10---000Ay)(v), (2)

where v = [z, y, 2, t]T is the input vector, A;(z) = W,z +b; represents the affine
transformation of the i-th layer, and o is the activation function (sigmoid), which,
as we have shown in [8], is the best choice for PINN. We define the total loss
function to optimize the network weights and biases as Liotqi = WrLyes + wpLpe,

where w, and wy are the respective weights. The residual loss L, is evaluated

over N, collocation points {(xj,tj)}évé’lz

N,
1 .
Lres = ﬁ Z |]:(u(xjvtj; 9))|2 ) (3)
p j=1

where F is the PDE operator defined in the strong form, F(4) = 0,4 —eAt — f.
We also define the zero Dirichlet boundary condition loss, computed over Ny,

boundary points {(x;, tj)}j-vzbclz
Npe

J— 1 A~ . 2
L = i 2 i 0 @

The initial conditions are enforced strongly by modifying the output of the neural
network.

# Enforce strong initial condition
if self.previous_pinn is None:
# First segment
init_val = initial_condition_first_segment(x, y, z)
else:
# Subsequent segments: use previous PINN at self.t_start
t_init = torch.full_like(t, self.t_start)
init_val = f(self.previous_pinn, x, y, 2z, t_init).detach()
logits = logits * (t - self.t_start)**2 + torch.exp(-1000*(t-
self.t_start)**2) * init_val
return logits
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4 Physics Informed Neural Network for transient
atmospheric problems modeled with advection-diffusion
equations

Let us consider the strong form of the transient advection-diffusion problem.
Find @ € C3(§2 x [0,T]) for x € 2 =[0,1]3, ¢ € [0, T] such that

Opt(x,t;0) —eAu(x,t;0) +b(x,t) - Vi(x,t;0) = f(x,t), (x,t) € 2 x][0,T],
——

time evolution diffusion term advection term forcing

(5)
with the initial condition @(x,0;6) = wup(x) and the zero-Neumann boundary
condition W = 0for x € 0£2,t € [0,T]. As in the previous section, the
neural network @(x,t;0) approximates the solution and is structured with iden-
tical affine transformations and sigmoid activation functions. Optimization de-
termines the network’s weights and biases by minimizing the total loss function:

Etotal = Wrﬁres + wbﬁbc + Wi»cinit' (6)

The residual loss L, is evaluated over N, collocation points {(x;, tj)}j-V:pl:

N,
I o=
‘Cres = F Z |]:(u(xjatj; 9))|2 ) (7>
p j=1

where F is the PDE operator corresponding to the strong form, F (i) = 04 —
€At + b - Vi — f. We define the Neumann boundary condition loss over N,

boundary points {(x;, tj)};-vz”i:
Noc | o~ 2
1 0u(x4,t5;0)
Lye = — E L 8
be Npe =~ on ( )

Unlike the strong initial-condition enforcement employed in Section 3 via struc-
tural output modifications, here we formulate a separate initial-condition loss
term L;,;¢. This soft constraint approach affords the optimizer additional flex-
ibility to balance the complex interplay between advective transport, diffusion,
and the initial state. This flexibility is particularly beneficial for stabilizing train-
ing when dealing with sharp initial distribution gradients ubiquitous to pollu-
tion concentration fields. The initial condition loss is computed over N;j,;; initial
points {(x;,0)} i

i=1
1 Ninit
N 2
Linit = N > lax;,0:0) — uo(x;)|” (9)
m ]:1

5 Setting up the code

Our code is available at!
! https://colab.research.google.com/drive/1T _J7jYslg9LI0iCjh6ITuEVqOk2nz09SX
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The model parameters are fundamentally grouped by their distinct opera-
tional roles:

— Domain Parameters

e LENGTH: Defines the dimension L of the spatial domain uniformly across
all three space axes (z,v, 2), yielding 2 = [0, L]3.

e TOTAL_TIME: Defines the temporal dimension 7T, establishing the total
space-time domain 2 x [0,T]. Setting this explicitly disambiguates the
time parameter from spatial lengths.

— Sampling Parameters

e NUMBER_OF_SEGMENTS: Corresponds to N4, partitioning the temporal
axis into discrete sequential slices for consecutive model training.

e N_POINTS: Designates the number of points sampled per individual axis
per time slice. A strictly 3D spatial plus temporal sampling scheme sys-
tematically selects uniformly distributed collocation points equally along
the z, y, z, and t axes within each respective segment.

e N_POINTS_PLOT: Specifies the evaluation sampling resolution used specif-
ically for rendering the output diagnostics and 3D plots.

— Loss Weights

e WEIGHT_RESIDUAL, WEIGHT _INITIAL, WEIGHT_BOUNDARY: These constants
respectively map to w,., w;, and wp, dynamically scaling the relative im-
portance of the PDE residual, initial-condition coupling, and Neumann
boundary constraints.

— Architecture Parameters

e LAYERS, NEURONS_PER_LAYER: Define the depth and width topology of
the hidden layers. An identical neural architecture is initialized for each
temporal segment.

— Optimization Parameters

e EPQOCHS, LEARNING_RATE: Determine the training duration (evaluations
per segment) and the gradient descent step size governed by the opti-
mization algorithm.

The default setup of the parameters for our simulations is as follows:

LENGTH = 1. # Domain size across spatial axes (x, y, z).

TOTAL_TIME = 1. # Domain size along the temporal axis.

NUMBER_OF_SEGMENTS = 10 # Selected number of discrete time
slices.

N_POINTS = 10 # Number of collocation points per individual
axis within a segment.

# Number of probing points per axis for plotting the solution

N_POINTS_PLOT = N_POINTS * NUMBER_OF_SEGMENTS * 10

WEIGHT_RESIDUAL = 1.0 # Loss coefficient for the PDE
operator

WEIGHT_INITIAL = 10.0 # Loss coefficient establishing
sequential segment coupling

WEIGHT_BOUNDARY = 0.1 # Loss coefficient for boundary
conditions
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LAYERS = 2 # Neural network hidden depth

NEURONS_PER_LAYER = 50 # Hidden units per layer

EPOCHS = 5000 # Optimization iterations (multiplied by the
number of segments)

LEARNING_RATE = 0.002

These default values were chosen based on practical experiments:

— LENGTH and TOTAL_TIME are set to 1.0 to keep the domain normalized, which
simply makes the gradients easier to scale.

— NUMBER_OF_SEGMENTS is set to 10 so the neural network doesn’t have to learn
the entire long time-frame all at once, which usually causes training to fail.

— N_POINTS is 10 because a 10 x 10 x 10 x 10 grid (for z, y, z, and t) gives
10,000 points per slice. This provides enough data for the network to learn
without running out of memory.

— The loss weights are intentionally unbalanced. Setting WEIGHT_INITIAL to
10.0 forces each new time slice to strictly match the end of the previous one.
Setting WEIGHT_BOUNDARY to 0.1 keeps boundary constraints from interfering
too much with the main advection-diffusion physics.

— A small network (LAYERS=2, NEURONS_PER_LAYER=50) trained for 5000 EPOCHS
per slice is just expressive enough to capture the physics without overfitting
to the training points.

6 Implementation of the heat transfer simulation

In this example, we aim to model the heat transfer simulation over a three-
dimensional cube-shaped domain.

In the pure heat transfer equations in strong form, we look for the tempera-
ture scalar field 4(x,t;0) € R such that:

opti(x,t;0) — eAu(x,t;0) = f(x,t), (x,t) € 2 x (0,7, (10)

subject to zero Dirichlet boundary conditions and an initial state ug. The resid-
ual loss L., is symmetrically minimized dynamically across continuous domain
collocation points. This translates to a PyTorch representation (abstracting boil-
erplate data handlers):

def residual_loss(self, pinn: PINN):

X, ¥y, 2, t = get_interior_points(self.x_domain, self.
y_domain, self.z_domain, self.t_domain, self.n_points
)

loss = (dfdt(pinn, x, y, 2z, t)
- self.epsilon * (dfdx(pinn, x, y, z, t, order=2)
+ dfdy(pinn, x, y, z, t, order
=2)
+ dfdz(pinn, x, y, z, t, order
=2))
- self.source(x, y, z, t))
return loss.pow(2) .mean ()
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We add the definitions of the Kx, Ky, and bx, by variables into the Loss class.
The respective boundary constraints are constructed by mapping evaluation
targets linearly along the six faces of the 3D hypercube:

def boundary_loss(self, pinn: PINN):

faces = get_boundary_points(self.x_domain, self.y_domain,
self.z_domain, self.t_domain, self.n_points)
loss = sum(f(pinn, x, y, z, t).pow(2).mean() for x, y, 2z,

t in faces)
return loss

and the initial state

def initial_condition_first_segment(x: torch.Tensor, y: torch
.Tensor, z: torch.Tensor, t: torch.Tensor = None, pinn:
PINN = None) -> torch.Tensor:
r = torch.sqrt((x-0.5)**2 + (y-0.5)**2 + (z-0.5)*%2)
res = -100*x (r < 0.25)
return res

For the next segments, we will return the solution obtained from the previous
segment

def initial_condition_next_segment(x: torch.Tensor, y: torch.
Tensor, z: torch.Tensor, t: torch.Tensor = None, pinn:
PINN = None) -> torch.Tensor:
return f(pinn, x, y, z, t)

7 Implementation of the thermal inversion simulation

In this example, we aim to model the thermal inversion in a three dimensional
domain using the advection-diffusion equations. The field solution u represents
the cloud vapor mixed with pollution particles. The initial configuration is as-
sumed to be zero concentration field. The source represents the evaporation of
the fog particles from the ground, that mixed with the pollution particles. The
movement of the cloud particles is enforced by the vertical thermal gradient. Fol-
lowing [1], we define 4L = —2 close to the ground (2 < 0.5), and 4% = 2 for the
higher regions of the domain (z > 0.5). In the transient advection-diffusion prob-
lem governing thermal inversion, we evaluate the scalar field equivalent utilizing
spatial domains. Given 2 3 x — 4(x, t;0) € R, we have:

Opti(x,t;0) + b(x,t) - Vi(x, t;0) — eAd(x,t;0) = f(x,t), (x,t) € 2 x(0,7T],
(11)
subject to zero Neumann boundary conditions (V@ - n = 0) and a zero initial
state ug.

def residual_loss(self, pinn: PINN):

X, ¥y, 2, t = get_interior_points(self.x_domain, self.
y_domain, self.z_domain, self.t_domain, self.n_points
)
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loss = (dfdt(pinn, x, y, 2z, t)
+ self.dTz(z, t) * dfdz(pinn, x, y, 2z, t)
- self .Kx * dfdx(pinn, x, y, z, t, order=2)
- self.Ky * dfdy(pinn, x, y, z, t, order=2)
- self .Kz * dfdz(pinn, x, y, z, t, order=2)
- self.source(x, y, z, t))

return loss.pow(2) .mean ()

We add the definitions of the Kx, Ky, and bx, by variables to the Loss class.
In the thermal inversion simulations, the vertical diffusion is assumed to be one
hundred times stronger than the horizontal diffusion; namely, Kx=Ky=0.01, and
Kz=1.0.

We set up the zero Neumann boundary condition,

def boundary_loss(self, pinn: PINN):
faces = get_boundary_points(self.x_domain, self.y_domain,
self.z_domain, self.t_domain, self.n_points)
loss = (dfdy(pinn, *faces[0]).pow(2).mean() + dfdy(pinn,
xfaces[1]) .pow(2) .mean () +
dfdx (pinn, *faces[2]).pow(2).mean() + dfdx(pinn,
xfaces [3]) .pow(2) .mean() +
dfdz (pinn, *faces[4]).pow(2).mean() + dfdz(pinn,
xfaces [5]) .pow(2) .mean())
return loss

and zero initial state

def initial_condition_first_segment(x: torch.Tensor, y: torch
.Tensor, z: torch.Tensor, t: torch.Tensor = None, pinn:
PINN = None) -> torch.Tensor:
return x*0

8 Numerical results

At this stage of development, our framework serves primarily as a qualitative
proof of concept demonstrating the viability of time-sliced PINNs for track-
ing complex 3D atmospheric dynamics. While rigorous quantitative benchmark
comparisons, exhaustive convergence metrics, and formal sensitivity analyses are
slated for future studies, the current visual results successfully demonstrate the
foundational capacity of our sequentially integrated models to capture macro-
scopic physical behaviors without succumbing to the optimization pathologies
typical of monolithic PINN training over long time horizons.

The pure, isotropic heat transfer simulations model an initial localized high-
temperature sphere radiating into an otherwise cool surrounding medium. Rep-
resentative snapshots of the central cross-section are presented in Figure 3. As
expected physically, the heat propagates outward symmetrically and diminishes
in peak intensity smoothly as time progresses, validating the correct temporal
transfer mechanics of our methodology.
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Fig. 3: Heat transfer simulation. Snapshots from the cross-section of the domain
illustrating uniform outward diffusion over time.

Fig.4: Thermal inversion simulation. 3D view of the pollution concentration
field. The ground is on the back side of the box. View from the top.
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For the non-stationary thermal inversion scenarios, visual outputs are di-
vided into three-dimensional and cross-sectional representations. The full three-
dimensional volumetric snapshots of the concentration field are presented accu-
rately in Figure 4. This specific figure renders a top-down view of the domain,
where the localized ground level resides along the rear face of the bounding
box. To afford better visibility into the interior gradient behavior longitudinally,
Figure 5 explicitly isolates planar cross-sections of the domain.

In these thermal inversion simulations, the computational domain vividly
captures how cloud vapor evaporating from the ground accumulates and struc-
turally stagnates tightly at low altitudes. This macroscopic stagnation is strictly
forced by the prescribed bidirectional vertical temperature gradient directing
the governing advection limits. Ultimately, these qualitative results successfully
reproduce the macroscopic atmospheric stagnation phenomenon frequently ob-
served in topographical basins like the Krakow area (as shown empirically in
Figure 6). The simulated numerical advection correctly demonstrates that morn-
ing evaporation, carrying dense pollution particles, remains structurally trapped
near the ground surface due to nocturnal radiative temperature inversions.

Fig.5: Thermal inversion simulation. Snapshots from the cross-section of the
domain
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Fig.6: The photo of the pollution near the ground in the Krakow valley in
December 2025 (photo by Maciej Paszyriski).

9 Conclusions

This study presents a functional proof-of-concept for using Physics-Informed
Neural Networks (PINNSs) to solve 3D, time-dependent advection-diffusion prob-
lems. By using a time-slicing approach—which breaks the simulation into shorter,
connected time segments before smoothing the final results—we avoid many of
the training failures that usually occur when PINNs try to handle long spans of
time all at once.

Our initial simulations effectively illustrate how thermal inversions prevent
cloud vapor and trapped pollution particles from dispersing upwards. Although
the current model successfully captures this core stagnation behavior, it remains
a foundational step. Further physical validation, formal benchmarking, and rig-
orous sensitivity testing will be needed before it can be used as a fully reliable
predictive tool.

Looking ahead, we plan to expand this framework to simulate active methods
for clearing local smog. Specifically, we will model the generation and propaga-
tion of localized shock waves—similar to those produced by anti-hail cannons—to
test if they can theoretically break up these trapped pollution layers [10,17]. We
also plan to compare the Physics Informed Neural Network solvers to isogeo-
metric finite element method solvers [16] or hp-adaptive finite element method
[11,12,5]. We may also consider the application of inverse solvers [3,6,2] for a
better fit of the model parameters.
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