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Abstract. In this study, we investigated the computational performance of a mul-

tigrid (MG) solver for the Poisson equation in a bulk lightning model (BLM) that 

explicitly calculates lightning frequency and is coupled to a meteorological 

model. The meteorological model employs highly anisotropic grids due to the 

strong disparity between typical horizontal and vertical scales of atmospheric 

phenomena, and it also exhibits terrain-induced horizontal grid non-uniformity. 

To improve the performance of the MG solver on such anisotropic grids, we im-

plemented a vertical line Gauss-Seidel (z-line GS) smoother. Furthermore, we 

investigated the impact of terrain-induced grid non-uniformity on the conver-

gence rate of the MG solver at horizontal grid spacings of O(100 m) by compar-

ing it with the Bi-Conjugate Gradient Stabilized method preconditioned with 

symmetric Gauss-Seidel (SGS-BiCGSTAB) and incomplete lower-upper factor-

ization (ILU-BiCGSTAB), respectively. For the performance evaluations, we 

computed the electric potential using a snapshot of the charge distribution from 

a realistic simulation with problem sizes (nz, nx, ny) = (32, 128, 128), (32, 256, 

256), (32, 512, 512), and (32, 1024, 1024), corresponding to horizontal grid spac-

ings of 2000, 1000, 500, and 250 m, respectively, using 16, 64, and 256 proces-

sors. For the (nz, nx, ny) = (32, 1024, 1024) case with 256-processor, the MG 

solver with the z-line GS smoother reduced the elapsed time by 93% (94%) (no 

terrain) and 89% (89%) (with terrain) relative to SGS-BiCGSTAB (ILU-

BiCGSTAB). Without terrain, the iteration count for the MG solver was nearly 

independent of the problem size, whereas the iteration count for both precondi-

tioned BiCGSTAB increased with the problem size. With terrain, the conver-

gence rate of the MG solver deteriorated at high resolution due to terrain-induced 

grid non-uniformity. However, it remained superior to the preconditioned 

BiCGSTAB solvers, whose iteration count increased significantly with the prob-

lem size. These results suggest that the MG solver offers an advantage even for 
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simulations with the grid non-uniformity induced by small-scale topography on 

terrain-following coordinates at a high resolution of O(100 m). 

Keywords: Terrain-following coordinates, multigrid solver, Poisson equation, 

bulk lightning model 

1 Introduction 

 Meteorological models (e.g., the Consortium for Small-scale Modeling (COSMO) 

model [3], the Japan Meteorological Agency Nonhydrostatic Mesoscale (JMA-NHM) 

model [25], the Scalable Computing for Advanced Library and Environment (SCALE) 

model [21,27], and the Weather Research and Forecasting (WRF) model [31]) are com-

putational codes designed to predict the temporal evolution of meteorological fields 

such as wind speed, temperature, humidity, and precipitation. These models are widely 

used by research communities, operational numerical weather prediction (NWP) cen-

ters, and private companies. Their applications cover a wide range of needs in modern 

society, including operational weather forecasting, the study of meteorological phe-

nomena [13,26], the generation of landslide hazard warning maps [12,23], and demand 

forecasting for weather-sensitive products [2]. Consequently, meteorological models 

have become essential tools in modern society.  

Lightning is a critical meteorological hazard in today’s highly electrified society, 

and its accurate prediction is essential for mitigating lightning-related damage. In cur-

rent NWP models, lightning is not represented explicitly; instead, the lightning threat 

or lightning frequency is often diagnosed empirically from model output variables [17]. 

Bulk lightning models (BLMs) [10,28], which predict lightning frequency based on the 

predicted charge density of hydrometeors, are powerful tools for accurate lightning pre-

diction [32]. However, their computational costs are too high for operational NWP. 

Therefore, more computationally efficient BLMs are required for operational lightning 

prediction. 

The primary computational bottleneck in BLMs is solving the Poisson equation: 

∇2𝜙(𝑥, 𝑦, 𝑧) = −
𝜌e(𝑥,𝑦,𝑧)

𝜖
(1),

which calculates the electric potential (𝜙) from the charge density (𝜌e) and permittivity 

(𝜖).  Discretizing Eq. 1 using a grid-point method yields a sparse linear system: 

𝐴𝒖 = 𝒃 (2),
where the total number of unknowns equals the total number of grid points in meteor-

ological models. Solving Eq. 2 is computationally expensive; therefore, an efficient 

linear solver is essential for reducing the computational cost of BLMs. Furthermore, 

for future operational use, the following three characteristics of meteorological models 

must be taken into consideration. (i) Highly anisotropic grids are commonly used for 

real-case simulations due to the strong scale discrepancy between the horizontal and 

vertical directions. (ii) The problem size is expected to increase in the future. To im-

prove forecast accuracy, the horizontal grid spacing used in operational forecasting has 

been reduced to O(103 m). Further grid refinement is anticipated as computational 

power continues to increase [22]. (iii) Terrain-induced horizontal grid non-uniformity 
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becomes more important as grid spacing decreases because small-scale topographic 

structures can be resolved. Based on these characteristics, BLMs require linear solvers 

for Eq. 1 that remain efficient for large problem sizes with small-scale terrain on ani-

sotropic grids. For example, the Conjugate Residual method has been used in Meso-

NH [15-16], and a multigrid (MG) solver [9] has been implemented in WRF and has 

been shown to maintain high computational efficiency even for large problem sizes 

[10]. Our research group also applied both an MG solver [1], the Bi-Conjugate Gradient 

Stabilized method [35] preconditioned with symmetric Gauss-Seidel (SGS-

BiCGSTAB) and incomplete lower-upper factorization (ILU-BiCGSTAB) [24] to Eq. 

1 in our BLM [28] in SCALE. It is known that the Krylov subspace methods including 

Conjugate Residual method and BiCGSTAB with an appropriate preconditioner are 

effective on anisotropic grids [19]. Thus, such solvers are expected to be effective for 

meteorological models. However, in some cases, the iteration count of these Krylov 

solvers tends to increase with the problem size [6]. In contrast, MG solvers can offer 

computational advantages for large-scale problems. Moreover, MG solvers can main-

tain the computational efficiency even on anisotropic grids by adopting an appropriate 

smoother [8]. However, it is unclear to what extent terrain-induced grid non-uniformity 

deteriorates the convergence rates of both solvers in simulations with small-scale ter-

rain.  

Against this background, the aim of this study is to investigate how terrain-induced 

horizontal non-uniformity affects the convergence of the MG solver and SGS-

BiCGSTAB for the Poisson problem in high-resolution BLM experiments with small-

scale topography. We then evaluate which solver is more advantageous for BLM sim-

ulations at fine grid resolutions. The MG solver was implemented by Asai and Sato [1] 

and was shown to achieve fast performance for large problems. However, the original 

implementation has two limitations: the smoother cannot maintain high computational 

efficiency on anisotropic grids, and the interpolation method has low computational 

cost but insufficient accuracy. To achieve our purpose, we address these two issues and 

compare the performance of the improved MG solver with that of SGS-BiCGSTAB 

and ILU-BiCGSTAB, respectively. 

2 Method 

2.1 Discretization of the Poisson Equation in a BLM 

In this study, we focus on the Poisson equation in a BLM coupled to a meteorological 

model, i.e., SCALE. The Poisson equation must be solved at each time step to obtain 

the electric potential 𝜙 from the three-dimensional distribution of the predicted charge 

density 𝜌e. On the Arakawa-C grid adopted by SCALE, scalar quantities (e.g., temper-

ature, density) are defined at cell centers, whereas vector quantities (e.g., momentum) 

are defined at cell faces. By applying a second-order finite-difference method, the dis-

cretized form of Eq. 1 is derived as: 

1

∆𝑥𝑗
𝑓

(
𝜙𝑗+1,𝑘,𝑙 − 𝜙𝑗,𝑘,𝑙

∆𝑥𝑗
𝑐 −

𝜙𝑗,𝑘,𝑙 − 𝜙𝑗−1,𝑘,𝑙

∆𝑥𝑗−1
𝑐 ) 
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+
1

∆𝑦𝑘
𝑓

(
𝜙𝑗,𝑘+1,𝑙 − 𝜙𝑗,𝑘,𝑙

∆𝑦𝑘
𝑐 −

𝜙𝑗,𝑘,𝑙 − 𝜙𝑗,𝑘−1,𝑙

∆𝑦𝑘−1
𝑐 ) 

+
1

∆𝑧𝑙
𝑓

(
𝜙𝑗,𝑘,𝑙+1 − 𝜙𝑗,𝑘,𝑙

∆𝑧𝑙
𝑐 −

𝜙𝑗,𝑘,𝑙 − 𝜙𝑗,𝑘,𝑙−1

∆𝑧𝑙−1
𝑐 ) = −

(𝜌e)𝑗,𝑘,𝑙

𝜖
(3), 

where ∆𝑥, ∆𝑦, and ∆𝑧 are the grid spacings in the 𝑥, 𝑦, and 𝑧 directions, respectively; 

the superscript 𝑓 denotes face-to-face spacing, whereas those with the superscript 𝑐 de-

notes center-to-center spacing. Subscripts 𝑗, 𝑘, and 𝑙 denote the grid indices in the 𝑥, 𝑦, 

and 𝑧 directions, respectively. Rearranging and assembling Eq. 3 over all grid points 

yields the linear equation system:  

𝐴′𝒖′ = 𝒃 (4). 
Here, the coefficient matrix 𝐴′ is sparse, with only seven nonzero elements in each row, 

determined by the grid spacing. The solution vector 𝒖′ and the right-hand side vector 𝒃 

correspond to the electric potential 𝜙 and the charge density 𝜌e divided by the permit-

tivity 𝜖, respectively. 

For real-case simulations such as NWP, it is necessary to account for Earth’s curva-

ture and terrain. Cartesian coordinates (𝑥, 𝑦, 𝑧) are transformed into computational co-

ordinates (𝜉, 𝜂, 𝜁), which consist of locally orthogonal curvilinear coordinates in the 

horizontal directions and a terrain-following coordinate in the vertical direction. The 

coordinate transformation is defined by: 

𝜉 = 𝑥 (5𝑎), 
𝜂 = 𝑦 (5𝑏), 

𝜁 =
𝑧toa(𝑧 − 𝑧sfc)

𝑧toa − 𝑧sfc

(5c). 

Here, 𝑧toa is the altitude of the model top and 𝑧sfc is the terrain height. In (𝜉, 𝜂, 𝜁), ∇𝜙 

can be written as: 

∇𝜙 = 𝑚 (
𝜕𝜙

𝜕𝜉
+ 𝐽𝑥𝜁

𝜕𝜙

𝜕𝜁
) 𝒆𝒙 + 𝑛 (

𝜕𝜙

𝜕𝜂
+ 𝐽𝑦𝜁

𝜕𝜙

𝜕𝜁
) 𝒆𝒚 + 𝐽𝑧𝜁 (

𝜕𝜙

𝜕𝜁
) 𝒆𝒛 (6). 

Here, 𝒆𝒙, 𝒆𝒚, and 𝒆𝒛 are the unit vectors for the 𝑥, 𝑦, and 𝑧 directions, respectively. 𝐽𝑥𝜁 , 

𝐽𝑦𝜁 , and 𝐽𝑧𝜁  are the Jacobian elements representing terrain effects. 𝑚 and 𝑛 are the map 

factors arising from the coordinate transformation due to Earth’s curvature. Substituting 

Eq. 6 into Eq. 1, the left-hand side becomes: 

∇2𝜙 = 𝑚 (
𝜕(∇𝜙)𝑥

𝜕𝜉
+ 𝐽𝑥𝜁

𝜕(∇𝜙)𝑥

𝜕𝜁
) + 𝑛 (

𝜕(∇𝜙)𝑦

𝜕𝜂
+ 𝐽𝑦𝜁

𝜕(∇𝜙)𝑦

𝜕𝜁
) + 𝐽𝑧𝜁 (

𝜕(∇𝜙)𝑧

𝜕𝜁
) 

= 𝑚
𝜕

𝜕𝜉
(𝑚

𝜕𝜙

𝜕𝜉
) + 𝑚

𝜕

𝜕𝜉
(𝑚𝐽𝑥𝜁

𝜕𝜙

𝜕𝜁
) + 𝑚𝐽𝑥𝜁

𝜕

𝜕𝜁
(𝑚

𝜕𝜙

𝜕𝜉
) + 𝑚𝐽𝑥𝜁

𝜕

𝜕𝜁
(𝑚𝐽𝑥𝜁

𝜕𝜙

𝜕𝜁
) 

+𝑛
𝜕

𝜕𝜂
(𝑛

𝜕𝜙

𝜕𝜂
) + 𝑛

𝜕

𝜕𝜂
(𝑛𝐽𝑦𝜁

𝜕𝜙

𝜕𝜁
) + 𝑛𝐽𝑦𝜁

𝜕

𝜕𝜁
(𝑛

𝜕𝜙

𝜕𝜂
) + 𝑛𝐽𝑦𝜁

𝜕

𝜕𝜁
(𝑛𝐽𝑦𝜁

𝜕𝜙

𝜕𝜁
) 

+𝐽𝑧𝜁

𝜕

𝜕𝜁
(𝐽𝑧𝜁

𝜕𝜙

𝜕𝜁
) (7). 

Discretizing Eq. 7 in a manner similar to Eq. 3 yields Eq. 2. In this case, 𝐴 becomes a 

coefficient matrix with 15 nonzero elements per row, consisting of the nonzero compo-

nents from Eq. 3 and 𝜙𝑗±1,𝑘,𝑙−1, 𝜙𝑗,𝑘±1,𝑙−1, 𝜙𝑗±1,𝑘,𝑙+1, 𝜙𝑗,𝑘±1,𝑙+1. The solution vector 𝒖 

corresponds to the electric potential defined on terrain-following coordinates. 
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2.2 Multigrid Solver 

 A multigrid (MG) solver [34] is an iterative method that efficiently reduces errors at 

each wavenumber by solving the problem on grids with different resolutions (called 

grid levels). Due to this property, the number of iterations remains nearly constant re-

gardless of problem size, enabling high computational efficiency even for large-scale 

problems. We adopted an MG solver with a V-cycle in which an approximate solution 

is obtained by repeating restriction and interpolation. Algorithms 1 and 2 outline the 

MG solver and the V-cycle procedures, respectively.  

 

Algorithm 1 Multigrid solver 

function Multigrid(𝐴, 𝒃, 𝒘in): 

(1) Set an arbitrary vector as initial approximate solution vector: 𝒘(0) = 𝒘in 

for 𝑖𝑡 = 0,  1,  2, ⋯ until ‖𝒓(𝑖𝑡)‖
2 ≤ 𝜀‖𝒃‖2 do 

(2) Compute the approximate solution vector: 𝒘(𝑖𝑡+1) =V-cycle(0, 𝒘(𝑖𝑡)
) 

(3) Compute the residual vector: 𝒓(𝑖𝑡+1) = 𝒃 − 𝐴𝒘(𝑖𝑡+1) 
end for 

(4) Set 𝒘(𝑖𝑡+1) as approximate vector: 𝒘out = 𝒘(𝑖𝑡+1) 

return 𝒘out 

 

Algorithm 2 V-cycle 

function V-cycle(𝑙𝑣, 𝒘(𝑙𝑣)
): 

(1) Presmoothing: 𝒘̅(𝑙𝑣) =S1(𝐴(𝑙𝑣), 𝒘(𝑙𝑣), 𝒃(𝑙𝑣)) 

(2) Compute the residual vector: 𝒓(𝑙𝑣) = 𝒃(𝑙𝑣) − 𝐴(𝑙𝑣)𝒘̅(𝑙𝑣) 

(3) Restrict the residual vector: 𝒃(𝑙𝑣+1) = 𝑅(𝑙𝑣)𝒓(𝑙𝑣) 

(4) Compute an approximate vector: 𝒘̅(𝑙𝑣+1) by 

if (𝑙𝑣 + 1 = 𝑙𝑣max):  

fast solver: 𝒘̅(𝑙𝑣max) =S2(𝐴(𝑙𝑣max), 𝒘(𝑙𝑣max), 𝒃(𝑙𝑣max)) 
else:  

V-cycle algorithm: 𝒘̅(𝑙𝑣+1) =V-cycle(𝑙𝑣 + 1, 𝒘(𝑙𝑣+1)
) 

(5) Interpolate the correction: 𝑑𝒘(𝑙𝑣) = 𝑃(𝑙𝑣)𝒘̅(𝑙𝑣+1) 

(6) Compute the corrected approximate vector: 𝒘̂(𝑙𝑣) = 𝒘̅(𝑙𝑣) + 𝑑𝒘(𝑙𝑣) 

(7) Postsmoothing: 𝒘′(𝑙𝑣) =S3(𝐴(𝑙𝑣), 𝒘̂(𝑙𝑣), 𝒃(𝑙𝑣)) 

return 𝒘′(𝑙𝑣) 

Here, 𝑅(𝑙𝑣) and 𝑃(𝑙𝑣) are restriction and interpolation (prolongation) matrices, respec-

tively, while S1, S2, and S3 are the presmoother, coarsest-grid solver, and postsmoother 

functions. 

Due to the non-uniform vertical grids used in meteorological models, it is difficult 

to perform restriction in the vertical direction. Therefore, this study performs restriction 

only in the horizontal directions. The coefficient matrix 𝐴(𝑙𝑣) at each level must be pre-

computed before executing the MG algorithm. To account for Earth’s curvature and 

terrain, the coefficient matrix includes the map factors and the Jacobian elements. These 

factors must be calculated consistently with the grid system at each level. The former 
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can be determined based on the corresponding grid spacing. For the latter, terrain height 

𝑧sfc must be generated for each grid level. 

The convergence rate of the Gauss-Seidel smoother [24] applied in Asai and Sato 

[1] deteriorates on grids with vertically non-uniform spacing and large aspect ratios. 

Thus, we adopted a forward and backward z-line Gauss-Seidel (GS) smoother for S1 

and S3 because it maintains a high convergence rate even on such anisotropic grids [8]. 

For S2, we applied an unpreconditioned BiCGSTAB. Additionally, we employed bilin-

ear interpolation [34] to improve the accuracy of the correction. 

2.3 Parallelization Methods 

SCALE uses the Message Passing Interface (MPI) for process parallelism. To enable 

parallel execution of the MG solver, the restriction, interpolation, and smoothing oper-

ations need to be parallelized using MPI. 

Before describing the details of the parallel implementation, we outline the domain 

decomposition strategy at each level. The computational domains are constructed by 

reducing the number of grid points and MPI processes in two steps: (i) reducing the 

grid size on each process until the number of grid points in each horizontal direction 

equals twice the number of ghost cells (i.e., halo cells); and (ii) further reducing the 

grid size across the entire computational domain by decreasing the number of active 

processes until only a single processor remains. Since the number of active processes 

varies across levels, we create a distinct MPI communicator for each level. Fig. 1 illus-

trates the parallelization method for a case with (nx, ny) = (32, 32), 16 MPI processes, 

and a ghost-cell count of 2. In this instance, the minimum grid size per process is 4 × 4, 

and the maximum level is 3. 

First, we explain the halo-exchange procedure required for restriction, interpolation, 

and smoothing. In the case of Process 5 in Fig. 1b, for example, the components of the 

approximate solution in the halo regions across the X and Y boundaries (represented as 

𝑤𝑗=3:4(9:10),𝑘=5:8
(𝑙𝑣=1)

 and 𝑤𝑗=5:8,𝑘=3:4(9:10)
(𝑙𝑣=1)

) are updated via MPI communication with Pro-

cesses 4 (or 6) and 1 (or 9), respectively. Additionally, when performing bilinear inter-

polation, the corner halo values (represented as 𝑤𝑗=3:4,𝑘=3:4
(𝑙𝑣=1)

, 𝑤𝑗=3:4,𝑘=9:10
(𝑙𝑣=1)

, 𝑤𝑗=9:10,𝑘=3:4
(𝑙𝑣=1)

 

and 𝑤𝑗=9:10,𝑘=9:10
(𝑙𝑣=1)

) must also be updated via MPI communication with Processes 0, 8, 

2, and 10, respectively. 

Next, we describe how restriction and interpolation are implemented using MPI 

communication. For example, when performing the restriction from level 2 to level 3 

in Figs. 1c-d, we send the residual components 𝑟𝑗=5:8,𝑘=1:4
(𝑙𝑣=2)

, 𝑟𝑗=1:4,𝑘=5:8
(𝑙𝑣=2)

, and 𝑟𝑗=5:8,𝑘=5:8
(𝑙𝑣=2)

  

from Processes 1, 2, and 3 to Process 0. These components are then combined to form 

𝑟𝑗=1:8,𝑘=1:8
(𝑙𝑣=2)

 on Process 0. Then, Process 0 executes the restriction at level 3, correspond-

ing to Step 3 of Algorithm 2. Conversely, the interpolation is conducted in the reverse 

order of the restriction. When interpolating from level 3 to level 2 in Figs. 1c-d, we first 

perform the halo exchange, including corner values, and the bilinear interpolation at 

level 3 corresponding to Step 5 of Algorithm 2, thereby generating 𝑑𝑤𝑗=1:8,𝑘=1:8
(𝑙𝑣=2)

. Then, 
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we divide 𝑑𝑤𝑗=1:8,𝑘=1:8
(𝑙𝑣=2)

 into four segments. Process 0 distributes 𝑑𝑤𝑗=1:4,𝑘=5:8
(𝑙𝑣=2)

, 

𝑑𝑤𝑗=5:8,𝑘=1:4
(𝑙𝑣=2)

, and 𝑑𝑤𝑗=5:8,𝑘=5:8
(𝑙𝑣=2)

 to Processes 1, 2, and 3, respectively, while retaining 

𝑑𝑤𝑗=1:4,𝑘=1:4
(𝑙𝑣=2)

. 

Finally, we explain the smoothing implementation using MPI communication. The 

forward (backward) z-line GS method requires the components of the approximate so-

lution at indices (𝑥𝑗−1(𝑗+1), 𝑦𝑘 , 𝑧𝑙) and (𝑥𝑗 , 𝑦𝑘−1(𝑘+1), 𝑧𝑙) to update the component at in-

dex (𝑥𝑗 , 𝑦𝑘 , 𝑧𝑙). Thus, before smoothing, we update the halo cells excluding corner val-

ues, which are not required by the smoother. 

 

Fig. 1.  Process parallelization method at grid levels (a) 0, (b) 1, (c) 2, and (d) 3 for the case of 

(𝑛𝑥, 𝑛𝑦) = (32,32) and a ghost-cell count of 2. Black and gray lines show the boundaries of 

process subdomains model grids, respectively. Gray-shaded area indicates the halo area of Pro-

cess 0. The numbers at the center of black cells show the process ranks. 

2.4 Preparing the Charge Distribution for Performance Evaluation 

To evaluate the performance of each solver, we prepared a problem with a charge 

distribution corresponding to the right-hand side vector obtained from a long-run sim-

ulation. 

Model Configuration. The simulation was performed using SCALE version 5.5.4 

[21,27]. The temporal discretization in the dynamical core employed an explicit scheme 

in the horizontal directions and an implicit scheme in the vertical direction. Cloud mi-

crophysics was represented by the one-moment bulk microphysics scheme of Tomita 

[33]. Subgrid-scale turbulence was parameterized using the Smagorinsky–Lilly scheme 

[7,29] in the horizontal directions and the MYNN scheme [18,20] in the vertical direc-

tion. Radiative transfer was calculated using the MSTRN-X scheme [30]. For the light-

ning scheme, we incorporated the explicit BLM of Sato et al. [28]. The single-layer 

urban canopy model [14] was used as the urban scheme. Surface temperature was de-

termined by balancing the surface energy budget, and surface fluxes were computed 

using the Beljaars-type bulk scheme [4]. Sea surface temperature (SST) was held con-

stant at its initial value during the simulation. 

Experimental Setup. The model employed a horizontal grid size of 1024×1024 with 

a 250-m resolution, and 32 vertical layers from the surface to the model top at a height 

of 19,980 m. The vertical grid spacing was stretched from 81 m near the surface to 

1,594 m at the top. The computational domain is shown in Fig. 2. We carried out a 

simulation for a lightning event on July 5, 2017. This simulation was conducted from 

00:00 to 03:00 UTC without the lightning discharge process. Topography was included 
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in this run. Initial and boundary conditions for this simulation were derived from the 

JMA Mesoscale Analysis (MANL) [11], which provides a 5-km horizontal resolution, 

50 vertical layers, and a 3-h temporal resolution. To maintain physical consistency be-

tween the parent and child models, nudging was applied within 40 km of the lateral 

boundaries. The Neumann condition was imposed at the lateral boundaries and the Di-

richlet condition was applied to the upper and bottom boundaries.  

Fig. 2. Computational domain represented as the shaded area. 

2.5 Performance Evaluation Method 

To evaluate the performance of the MG solver, SGS-BiCGSTAB, and ILU-

BiCGSTAB, we performed experiments with and without terrain and measured the 

elapsed time and the number of iterations required for each solver to converge. The 

total number of grid points and the horizontal grid spacings are listed in Table 1. The 

performance evaluations were conducted using 16, 64, and 256 processors. The right-

hand side vectors for each problem size were created by restriction from a snapshot of 

the charge distribution obtained at 03:00 UTC on July 5, 2017, from the simulation 

described in Sect. 2.4. Convergence was judged using the criterion: 

‖𝒓(𝑚)‖
2

‖𝒃‖2⁄ ≤ 10−10 (8), 

where 𝒓(𝑚) = 𝒃 − 𝐴𝒘(𝑚) is the residual vector, and 𝒘(𝑚) is the approximate solution 

vector after 𝑚 iterations. The number of presmoothing and postsmoothing, as well as 

the number of iterations of the coarsest-grid solver, were all set to one, which yielded 

the shortest elapsed time based on preliminary tuning experiments. The iteration count 

for the MG solver corresponds to the number of V-cycle iterations required to satisfy 

the convergence criterion. The initial approximate solution vector for all solvers was 

the zero vector. Each experiment was repeated five times, and the elapsed time was 

defined as the average over the five runs. 

Table 1. Total number of grid points and horizontal grid spacing in the performance evalua-

tions 

(nz, nx, ny) (32, 128, 128) (32, 256, 256) (32, 512, 512) (32, 1024, 1024) 

Total number of grid points 524288 2097152 8388608 33554432 

Horizontal grid spacing (m) 2000 1000 500 250 
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2.6 Computational Environment 

The simulation to create the right-hand side vector was performed on the SQUID 

supercomputer operated by the D3 Center at The University of Osaka, and the perfor-

mance evaluations were conducted on the Miyabi-C supercomputer operated by the 

Information Technology Center at The University of Tokyo and the Center for Com-

putational Sciences at University of Tsukuba. The hardware specifications of Miyabi-

C are summarized in Table 2. 

Table 2. Configuration of Miyabi-C supercomputer (Retrieved from https://www.cc.u-to-

kyo.ac.jp/supercomputer/miyabi/system.php, accessed 10 December 2025 UTC) 

System 

Model name Fujitsu Server PRIMERGY CX2550 M7 

Number of nodes 190 

Theoretical performance  

(double precision) 
1.3 PFLOPS 

Total memory capacity 24.3 TiB 

Network topology InfiniBand NDR200 interconnect 

Node 

Processor count (cores) 2 (2×56=112) 

Theoretical performance  

(double precision) 
6.8096 TFLOPS 

(1.9 GHz×56 cores×32 instructions×2 CPUs) 

Memory capacity 128 GiB 

Theoretical memory bandwidth 3.2 TB/s 

Interconnect InfiniBand NDR×1 port 

(200 Gbps×1) 

OS Rocky Linux 9 

Processor 

Processor name Intel Xeon MAX 9480 

Architecture Sapphire Rapids HBM 

Clock speed 1.9 GHz 

Core count 56 

Theoretical performance 3.405 TFLOPS 

3 Results 

3.1 Number of Iterations 

We examined the dependence of the iteration count on the problem size, terrain, and 

the number of processors. Table 3 shows the dependence of the iteration count on the 

problem size for cases (a) without terrain and (b) with terrain.  

 We first describe the dependence of the iteration count on the problem size without 

terrain (Table 3a). For the MG solver, as expected, the iteration count remains nearly 

constant regardless of the problem size. However, a slight increase is observed as the 

problem size increases for the 64-processor case. This is because the aspect ratio—

defined as the vertical grid spacing divided by the horizontal grid spacing—increases 

with higher resolutions, leading to a decrease in the convergence rate of the z-line GS 

smoother at fine grid levels. However, at the coarser grid levels, the aspect ratio remains 

small, and the smoother maintains a high convergence rate. Thus, the impact of the 

increased aspect ratio on the MG solver is limited. In contrast, the number of iterations 

for SGS-BiCGSTAB and ILU-BiCGSTAB increased at an average rate of 1.539 (= 

(237/65)1/3) and 1.587 (= (292/73)1/3) using 256 processors, respectively. This is be-

cause the Krylov subspace method creates an approximate solution vector by expanding 
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the Krylov subspace, and the number of basis vectors required to approximate the so-

lution tends to increase with increasing the problem size when standard preconditioning 

methods are used. 

 Next, we focus on the effects of terrain (Table 3b). In the experiments with terrain, 

the number of iterations increased with resolution for the MG solver. In particular, we 

confirmed an 87% increase for the (32, 1024, 1024) case using 16 processors. This 

behavior can be attributed to terrain-induced degradation of the convergence rate of the 

smoother at each level. In other words, grid non-uniformity arising from resolved ter-

rain at the finest horizontal spacing (250 m) significantly affects the convergence rate 

of the smoother. For the horizontal resolutions coarser than 500 m, corresponding to 

the problem size (32, 512, 512), the effect of grid non-uniformity is minor. By contrast, 

similar degradation was negligible for both SGS-BiCGSTAB and ILU-BiCGSTAB. 

 We next discuss the dependence of the iteration count on the number of processors. 

Increasing the number of parallel processes led to a slight increase in the iteration count 

for the MG solver. This is likely because, at MPI process boundaries, the forward (back-

ward) z-line GS smoother cannot access the updated solution components defined at 

the preceding (following) indices, which reduces the convergence performance of the 

smoother. Such degradation was not confirmed for either SGS-BiCGSTAB or ILU-

BiCGSTAB. 

3.2 Elapsed Time 

Next, we focus on the elapsed time to investigate the practical computational effi-

ciency. Fig. 3 shows the dependence of the elapsed time on the problem size for cases 

(a-c) without terrain and (d-f) with terrain. In the experiments without terrain, the 

elapsed time of the MG solver increased almost proportionally to the problem size (Fig. 

3a). In contrast, in the experiments with terrain (Fig. 3d), the increase in the number of 

iterations caused a slight deviation from ideal linear scaling, especially for the (32, 

1024, 1024) case. However, significant departures from linear scaling were observed 

in both experiments for small problem sizes, particularly as the number of processors 

increased. This behavior was caused by the communication costs for the restriction and 

interpolation, which dominate the total elapsed time. For both SGS-BiCGSTAB (Figs. 

3b, c) and ILU-BiCGSTAB (Figs. 3e, f), the elapsed time deviated substantially from 

linear scaling for all problem sizes. The performance degradation became notable for 

large-scale problems because more iterations were required. As a result, the elapsed 

times of both preconditioned BiCGSTAB solvers were much longer than that of the 

MG solver. For instance, in the (32, 1024, 1024) case using 256 processors, the MG 

solver reduced the elapsed time by 93% (94%) without terrain and by 89% (89%) with 

terrain relative to SGS-BiCGSTAB (ILU-BiCGSTAB). Overall, these results indicate 

that terrain effects were secondary to the impact of problem size, and the MG solver 

was more efficient than the preconditioned BiCGSTAB solvers for the cases considered 

in this study. 

In addition, we conducted weak-scaling evaluation without terrain (Fig. 4a) and with 

terrain (Fig. 4b). In the evaluation, the total number of grid points per processor is 

131,072 (=32×64×64). Without terrain, the MG solver exhibited near-ideal weak 
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scaling, indicating high parallel efficiency. However, with terrain, the MG solver did 

not achieve weak scaling. In contrast, neither preconditioned BiCGSTAB solver exhib-

ited for weak scaling with or without terrain. 

3.3 Comparison of Solutions 

Finally, we confirmed whether the approximate solution calculated using the MG 

solver was equivalent to that using SGS-BiCGSTAB. The relative difference between 

these solutions is defined as: 

𝑅𝐸(𝑥, 𝑦, 𝑧) = |
𝜙MG(𝑥, 𝑦, 𝑧) − 𝜙SGS−BiCGSTAB(𝑥, 𝑦, 𝑧)

𝜙SGS−BiCGSTAB(𝑥, 𝑦, 𝑧)
| × 100 (%) (9). 

where 𝜙MG(𝑥, 𝑦, 𝑧) and 𝜙SGS−BiCGSTAB(𝑥, 𝑦, 𝑧) are the electric potentials calculated by 

the MG solver and SGS-BiCGSTAB, respectively, at position (𝑥, 𝑦, 𝑧). The maximum 

relative difference was max(𝑅𝐸) = 0.565%. Thus, we conclude that the MG solver 

achieves numerical accuracy comparable to that of SGS-BiCGSTAB. 

Table 3. Number of iterations to satisfy the convergence criterion (Eq. 8), computed using 16, 

64, and 256 processors with the MG solver, SGS-BiCGSTAB, and ILU-BiCGSTAB in the ex-

periments (a) without terrain and (b) with terrain 

(a) 
Solver name 

(number of processors) 
(32,128,128) (32,256,256) (32,512,512) (32,1024,1024) 

MG solver (16) 15 15 16 28 

MG solver (64) 15 16 16 28 
MG solver (256) 16 16 17 28 

SGS-BiCGSTAB (16) 66 87 145 228 

SGS-BiCGSTAB (64) 62 75 146 240 
SGS-BiCGSTAB (256) 72 88 144 255 

ILU-BiCGSTAB (16) 65 89 149 262 

ILU-BiCGSTAB (64) 69 89 155 283 
ILU-BiCGSTAB (256) 70 105 149 256 

(b) 
Solver name 

(number of processors) 
(32,128,128) (32,256,256) (32,512,512) (32,1024,1024) 

MG solver (16) 15 15 15 15 

MG solver (64) 15 16 16 16 
MG solver (256) 16 16 16 16 

SGS-BiCGSTAB (16) 62 78 132 223 

SGS-BiCGSTAB (64) 61 82 126 231 
SGS-BiCGSTAB (256) 65 82 123 237 

ILU-BiCGSTAB (16) 70 94 134 264 

ILU-BiCGSTAB (64) 74 87 147 247 

ILU-BiCGSTAB (256) 73 97 143 292 
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Fig. 3. Problem-size dependence of elapsed time for experiments (a-c) without terrain and (d-f) 

with terrain, using 16 (solid), 64 (dotted), and 256 (dashed) processors, for (a, d) the MG 

solver, (b, e) SGS-BiCGSTAB, and (c, f) ILU-BiCGSTAB. The gray solid line shows ideal lin-

ear scaling. Error bars show the range between the maximum and minimum elapsed times. 

 

Fig. 4. Weak scaling for experiments (a) without terrain and (b) with terrain, using the MG 

solver (solid), SGS-BiCGSTAB (dotted) and ILU-BiCGSTAB (dashed). The total number of 

grid points per processor is 131,072 (=32×64×64). 

4 Conclusion and Discussion 

 In this study, we applied an MG solver with a z-line GS smoother to the Poisson 

equation in a bulk lightning model (BLM) coupled with a meteorological model. The 

model typically uses terrain-following coordinates, causing terrain-induced horizontal 
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grid non-uniformity in the vertical grid spacing. We examined the computational per-

formance of the MG solver and the impact of terrain-induced horizontal grid non-uni-

formity on its performance. For the performance evaluation, we compared the conver-

gence rate of the MG solver with that of preconditioned Krylov subspace methods: 

SGS-BiCGSTAB and ILU-BiCGSTAB. The results showed that, at high resolutions, 

the horizontal non-uniformity caused a reduction of over 80% in the convergence rate 

of the MG solver, while the impact on that of SGS-BiCGSTAB and ILU-BiCGSTAB 

was small. As the problem size increased, the number of iterations for the MG solver 

remained almost unchanged, whereas that for both preconditioned BiCGSTAB solvers 

increased in both experiments regardless of terrain. Consequently, the MG solver lim-

ited the increase in iterations to an average rate of 1.231 (= (28/15)1/3, using 16 proces-

sors), which is smaller than that of both preconditioned BiCGSTAB solvers. Thus, for 

large-scale problems, the MG solver was more computationally efficient than both pre-

conditioned BiCGSTAB solvers. For example, the MG solver achieved reductions in 

elapsed time exceeding 85% for the largest test cases. Overall, our results suggest that, 

for horizontal resolutions on the order of 100 m in atmospheric models, the MG solver 

remains more computationally efficient than both preconditioned BiCGSTAB solvers 

even on horizontally non-uniform grids arising from terrain-following coordinates. 

 However, the reason for the sharp increase in the iteration count of the MG solver 

for the case (32, 1024, 1024) has not yet been clarified. We hypothesize that there is a 

terrain-related threshold that significantly reduces the convergence rate of the 

smoother. However, it is difficult to perform Local Fourier Analysis (LFA) [5] or ei-

genvalue analysis on coordinates with vertically non-uniform grid spacing and terrain-

induced horizontal non-uniformity. Thus, addressing this challenge is left for future 

work. In addition, developing MG solvers that maintain high computational efficiency 

under strong horizontal non-uniformity remains an important topic. 
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