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Abstract. Physics Informed Neural Networks (PINNs) are an increas-
ingly popular approach to utilizing tools and infrastructure developed for
neural network training to solve PDEs. While the mainstream approach
is based on strong formulations, Variational PINNs (VPINNs) have been
proposed to tackle problems with lower regularity. Their issues with ro-
bustness, which manifest as a disconnect between the value of the loss
function used for training and the error in the relevant Sobolev norm ,
can be alleviated by employing Robust Variational PINNs (RVPINNs)
at the expense of efficiency due to the cost of integrating terms involving
the neural network and factorizing the Gram matrix. Collocation-based
Robust Variational PINNs (CRVPINN) aim to regain the efficiency of
PINNs while retaining robustness by applying the RVPINN framework
to variational formulations based on discrete grids and finite difference
approximations. Here, we extend the CRVPINN method to 3D and val-
idate it on Poisson and advection-diffusion problems.

Keywords: Collocation method - Robust loss - Physics Informed Neural
Networks - Advection-diffusion problem

1 Introduction

The rapid development of deep learning has significantly influenced numeri-
cal methods for solving Partial Differential Equations (PDEs) (see, e.g., [3],
[5]). Physics-Informed Neural Networks (PINNs) [7] incorporate physical con-
straints into neural network training by minimizing strong-form residuals at
collocation points. While flexible and mesh-free, classical PINNs often suffer
from stability and convergence issues, which become more pronounced in three-
dimensional problems due to increased computational costs and ill-conditioning.
Variational Physics-Informed Neural Networks (VPINNs) [4] address some of
these limitations by constructing loss functions based on weak formulations.
However, the original VPINN framework lacks robustness at the discrete level.
Robust VPINNs (RVPINNS) [8] resolve this issue by introducing Gram-matrix-
weighted norms that ensure consistency between discrete and continuous formu-
lations. Despite their theoretical soundness, RVPINNs require costly numerical
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integration and dense matrix operations, limiting their scalability in higher di-
mensions. In [12], we introduced Collocation-Based Robust Variational PINNs
(CRVPINNS), combining point-collocation with a Gram-matrix-weighted loss
and LU-based solver strategy. The method was validated in two spatial dimen-
sions on Laplace, advection—diffusion, Stokes, Navier—Stokes, and linear elasticity
problems, demonstrating improved efficiency while preserving robustness.

We extend the CRVPINN framework to 3D PDEs. By discretizing the weak
formulation directly at collocation points, we obtain a sparse Gram matrix re-
sembling finite-difference operators [10]. Its one-time LU factorization enables
efficient evaluation of the robust loss via forward and backward substitutions,
yielding a scalable and stable formulation suitable for 3D problems.

2 Mathematical formulation of 3D CRVPINN
We extend the CRVPINN method [12] to 3D. Let us consider the unit cube 2 =
(0,1)3 and a set of uniformly distributed collocation points

Oy = {(Zha.]hvkh)0§za.]7k§N}7 (1)

where h = 1/N is the point spacing for some fixed grid size N. Our discrete
formulations will be built using subspaces of the space of real functions on 2,:

Dy = {u: 2, = R} 2 RIN+D?, (2)

Mimicking the continuous theory, we can endow it with a scalar product and its
induced norm:

2
(w,0), =0 Y u(@pole), Il = (u,u), - 3)
xEN)
These make Dy, a (N + 1)3-dimensional Hilbert space with a natural orthogonal
basis {(5”’“} given by
. 1 if & = (ih, jh, kh
6Z]k(w> _ T g”’ » JI ) (4)
0 otherwise.
To simplify notation, we shall write u;;; to denote u(ih, jh, kh). Derivatives are
replaced with finite difference approximations:
VT = (vz_uijkyvguijkyvjuijk) y VU = (vz_uijkavy_uijka V uijk)
Deugjr, = (Viuijn, Vtijh, Viuijr)

()

where
Uit1.i ke — Wij WUiik — WUi—1.4
+ _ Wi41,4,k ijk — _ Wik i—1,7,k
VI Uik = f’ V$ Uijk = Ta
Uj s — U5 Wiik — Ug 5—
+ _ Wii+1k ijk — _ Yijk i,j—1,k
Vo uijk = T — V, uijk = B —
(6)
Ui, g k+1 — Wijk _ Uik — Wi j5,k—1
+ _ %5,k + ) ] B
ViU = S — VUi = -

Viu = % (Viu+V, u)
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for these indices (i, 7, k) for which the right-hand side is defined, and zero other-
wise. We can define a degenerate scalar product and a corresponding seminorm,
mimicking the continuous Hg concepts:
(u, )y = (Vau, Viv), + (Viu, Viv), + (Viu, Viv),
2 —lo+a, 112 +..11? +.,|1?
lullS = (w g = [Vaullg, + [Vyule, +VEulg,-

(7)

When restricted to the subspace
Do = {u €Dyt ulyg, = O}, o8, =001 N (8)

of functions that vanish on the discrete boundary points, these two become a
scalar product and a norm, respectively.
Advection-diffusion formulation. In our numerical examples, we solve the
advection-diffusion equations of the form

—eAu+p-Vu=f 9)

with Dirichlet boundary conditions. The corresponding discrete problem posed
in Dy, spaces can be formulated as: find v € Dy p, such that

—eApu+p-Vou=f (10)

where V¢ = 1 (V* + V7) is the central difference operator. By forming (-,-),-
product with testing functions v € Dy 5, we obtain a discrete variational formu-
lation: find w € Dy, such that

€ (V+U7 V+v)h + (8- Vu,v), = (f,v), (11)
b(u,v) U(v)

holds for all v € Dy j. We can prove that the above problem is well-posed by
showing that b is bounded and coercive with respect to the |-[|g ; norm and
invoking the Lax-Milgram theorem [1].

Collocation Variational Physics Informed Neural Networks. In the PINN
approach, the neural network is used as the direct representation of the solu-
tion of a PDE. We seek to solve scalar problems posed on a three-dimensional
domain, so our neural network accepts a vector (z,y, z) as input and outputs a
single value:

T

ug(z,y,2) = NN(x,y,2) = on(Anon_1(---01(A1 |y| +51) )+ Bn) (12)

where A are layer weights, o are nonlinear activation functions, and 3 are bi-
ases. Following the CRVPINN approach introduced in [12], we train the neural
network by minimizing a loss function constructed as the norm of the Riesz
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representative of the residual of the variational formulation from eq. (11). More
precisely, the loss function is defined as

L) = Ir®)l5 (13)

where r(6) € Dy, is the unique element such that (r(0),v)y ;, = b(ug,v)—I(v) for
all v € Dy j,. Applying the theory from [9] to the variational formulation eq. (11),
we obtain the following bounds on the true error in terms of value of the
loss function. A practical way of evaluating the robust loss is by computing
L£(9) = r(0)TGr(9) = RES(0)TG I RES(f). The following theorem highlights
what robustness means here.

Theorem 1 (Robustness). Let the loss function L be given by eq. (13). Then

1 1
p L(0) < [lug —upxacr|lv.n < > L(0), (14)

where ugxact denotes the exact solution of the variational formulation eq. (11),
and p, o are the boundedness and coercivity constants of b.

Let r(6) denote the vector of coefficients of r(#), and RES(#) denote the
vector of values of b(ug, v) —I(v), where v ranges over the basis functions of Dg .
We can compute r(0) by solving

Gr(0) = RES(9) (15)

where G is the Gram matrix of the scalar product that makes b bounded and
coercive. In the case of advection-diffusion equations, (-, ~)V’h satisfies that con-
dition, so we employ the Gram matrix of this scalar product in our numerical
tests. Since

(u,69%) ¢, = (Vau, VEG) = — (V5 (Viu),67%),
= = (8n, 89%),, = —h* (Apu)y (16)
= h[6uijr — (Wi1,5k + Wie1,j,k + Wi j41k
+ Ui -1,k + Ui k+1 T uz‘,j,kq)]

the entries of the Gram matrix can be computed as

6 if (i,5,k) = (p,q,7)
-1 ifp=i+1, (¢7)=(, k)

G =hS -1 ifg=j+1, (p,r)=(i,k) (17)
-1 ifr=k+1, (p,q) = (i,5)

0 otherwise

Then, the loss function can be computed as

L£(0) =r(0)TGr(0) = RES(A)TG L RES(6) (18)
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To achieve efficient evaluation, we assemble the Gram matrix and compute its
Cholesky factorization before the training process. Since the matrix does not
change during training, this is a one-time upfront cost. Furthermore, since G
is symmetric and positive definite, factorizing it is easier than factorizing the
matrix of the bilinear form b.

Three-dimensional Laplace problem with sine functions as the right
hand side.

In the strong formulation, we seek a solution u on 2 C (0,1)? such that

—Au=f (19)
In our examples, we will calculate the manufactured solution with Dirichlet
boundary conditions. For a given u(z,y, z) = sin(27z) sin(27y) sin(27z), we ob-
tain the right hand side
f(z,y,2) = —Au(z,y, 2) = —1272 sin(27x) sin(27y) sin(272) (20)
Then our residual in the CRVPINN is a vector defined as follows:
RES(0)ijk = Au(®iji) + f(®ije), 0<i,j,k<N. (21)

The last layer of the neural net is the calculation presented in [11], which enforces
Dirichlet boundary conditions. The loss in the CRVPINN is calculated as (18).
Three-dimensional Laplace problem with exp-sin-sin as the right-hand
side. The second model problem taken into account is related to the Laplace
problem eq. (19). We construct the manufactured solution that includes the sine
and exponential functions u(z,y,z) = —e™®2¥) sin(2nz)sin(ry)sin(rt). The
interpretation is that we have a peak spot with high values in one corner of the
cube. Then we can calculate the right hand side of the problem, f = Au, namely

f =@ 2 (4 cos(my) sin(2nx) 4+ (—4 cos(2mx) + sin(27x)) sin(7y)) sin(72)
(22)
Then, the residual is defined this way
RES(0)ijr = Au(wijr) + f(sjk), 0 <i,j,k <N. (23)

The computation of the CRVPINN loss is as follows (18).

Eriksson-Johnson model problem [2]. We consider the advection vector in

the y direction; then = [0,1,0], € = 0.1, and our formula in 3D is as follows:
ou 0%u 0%u 0%u
—te—+e—+e—=0 24
8y+68x2+€8y2+68y2 (24)

We also define the specific boundary conditions. There are zero Dirichlet bound-

ary conditions on 5 planes, and there is a source of pollution on one plane.

sin(mz) sin(ry), on (z,y,0) =z € (0,1),y € (0,1)

f3 — 0, on (%072’)7(0,%2) T,Y,2 € (071) (25)

07 on (17y72)7(1',1,2),($,y,1) T,Y,2 € (071)
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We introduce the shift for the boundary conditions.

Ushite (7, Y, 2) = sin(mz)(1 — y) sin(7z) (26)

We can clearly see that u(z,y, 2) — ushite(2,9,2) = 0 on 9£2. We will find

a solution for the shifted u, namely NN(z,t,2) = u(z,y, 2) — Ushite (2, Y, 2), SO

our neural net approximating the solution can be enforced to have zero Dirichlet
boundary conditions [11]. Now we can define the residual for 0 < ¢,j,k < N,

ou OUghif
yy(fﬂijk) — eAu(ziji) + By -

RES(@)”]C = (wijk) — eAushift(wijk). (27)

Our loss for this problem also comes in the form of (18).The exact solution
to this problem is as follows.

eal(lfy)fe‘”(l‘y)

Uexact (l’, Y, Z) = Sin(ﬂ—x) Sin(ﬂ—y) (28)

e~ — e 2

1—+/1+4(4me)? 14++4/1+(4me)?
where oy = ——F——, @y = ——F—-.

3 Numerical results

The solution was obtained by our CRVPINN code written in python and pytorch.
We employ a fully connected neural network with 2 layers and 100 neurons
per layer. The input to the neural network is (x,y, z); the output is u(z,y, 2).
We selected the activation function according to [6]. The last layer applied the
pinning technique to obtain specific boundary conditions [11]. We use the Adam
optimizer and a different number of epochs in our numerical experiments. Our
code can be run on Google Colab Pro with an A100 graphics card to perform
fast GPU computations. For the first problem, we used 20 x 20 x 20 mesh; for the
second and third problems, we used 40 x 40 x 40 mesh. To obtain higher accuracy,
we need to either increase the number of collocation points or consider non-
uniform adaptive distributions, particularly for the Eriksson-Johnson problem.

4 Conclusions

We extended the Collocation Robust Variational Physics-Informed Neural Net-
work framework to 3D problems. The proposed approach preserves the compu-
tational efficiency of standard PINNs while significantly improving robustness
through a carefully designed loss function. Numerical experiments confirm that
the resulting loss provides a reliable indicator of the true discretization error. The
proposed methodology is general and can be applied to a wide range of three-
dimensional PDEs. For each new problem, the key step is the design of a suitable
inner product that reflects the structure of the weak formulation. This positions
CRVPINNSs as a robust and flexible alternative to standard PINNs, closely re-
lated in spirit to residual minimization and Petrov—Galerkin techniques, while
remaining well suited for high-dimensional problems.
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Fig. 1. First row: Laplace problem with sin-sin-sin. Second row: Laplace problem with
sin-exp-sin. Third row: Eriksson-Johnson problem. First solumn: CRVPINN solution.
Second column: Exact solution. Third column: point-wise error.
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Fig. 2. Convergence of training for the Laplace problem with sin-sin-sin, the Laplace
problem with sin-exp-sin, and the Eriksson-Johnson problem. Comparison of the square
root of the robust loss and the H' norm of the solution (see Theorem 1).
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