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Abstract. In this paper, we consider a temporally high-order, decou-
pled, linear and fully discrete finite element method for the Biot model.
The generalized BDF method and the simplified auxiliary variable method
with correction are adopted to discretize the proposed Biot model in
time. Compared with the existing works for classical BDF for the Biot
model, which is addressed by several novel techniques. For an arbitrary
time step, we analytically prove the time-discretized energy stability.
Through a series numerical experiments, we verify the stability and ac-
curacy of the proposed scheme.
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1 Introduction

The following quasi-static Biots consolidation problem read: for a given 2 C
R?(d = 2, 3) with bounded, connected domain with Lipschitz continuous bound-
ary, find the displacement field u : [0,7] x 2 — R? and pressure field p :
[0,T] x £2 — R such that

—V.o(u)+aVp=§f in 2 x 0,71, (1)
%(Cop—I—aVnt)—V-(/in):g in 2 x (0,7, (2)
U(IE, 0) = U-pr(w, 0) = Do in Q,

u=0,p=0 on 912 x [0, 7],

where f : [0,T] x 2 — R? is the body force and g : [0,T] x £2 — R is the
volumetric source/sink term. The quantity o (u) = 2ue(u) + Atr(e(u))I in ()
is the elastic stress tensor and involves the displacement u, the linearized strain
tensor e(u) = $(Vu+ Vu'), the d x d identity matrix I, and the elastic moduli
p=FE/2(1+v))and A = Ev/((1 + v)(1 — 2v)) are the two Lamé coefficients,
defined in terms of Young’s modulus E and Poisson’s ratio v. Moreover, ¢y > 0
is the constrained specific storage coefficient, « is the permeability and « > 0
is the BiotWillis fluidsolid coupling coefficient, which is close to 1 and much
smaller than the typical Lamé constants.

This paper develops higher-order, fully decoupled, linear, and unconditionally
energy-stable schemes for Biots quasi-static poroelasticity model [I,2]. Existing

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI] 10.1007/978-3-032-29924-6_23 |



https://dx.doi.org/10.1007/978-3-032-29924-6_23
https://dx.doi.org/10.1007/978-3-032-29924-6_23

2 Q. Zhang and S. Sun

finite element and decoupling methods for the Biot system [8,d] are mainly first-
order accurate. To overcome the displacement—pressure coupling and parameter
sensitivity, we exploit the cancellation structure in the energy law and apply the
scalar auxiliary variable (SAV) approach [5]. For heterogeneous permeability,
we further introduce a the explicit decomposition auxiliary variable (EDAV)
strategy inspired by the corrected scalar auxiliary variable (CSAV) methods [6].
Combined with a generalized high-order backward difference formulae (BDF)
framework [7] and a stabilization term, the resulting schemes are efficient, robust,
and unconditionally energy stable.

The rest of the paper is organized as follows. Section 2 presents preliminary
inequalities and results. Section 3 develops the fully discrete schemes and proves
unconditional energy stability. Numerical experiments and conclusions are given
in Sections 4 and 5, respectively.

2 Preliminaries and model’s equivalent transformation

2.1 Preliminaries

Asin [R®], for s > 0, we denote || - ||s as the norms for the standard Sobolev spaces
H*(2)%. We also denote by H(£2)? the closure of C§°(£2)? with respect to the
norm || - ||s. In particular, (-,) := (-,+) and || - ||o denote the inner product and
norm in L? := L?(£2) or L%(£2)?, respectively.

As [9], we now derive the energy law at the PDE level for the Biot’s includes

()-(2).

Lemma 1. The Biot’s model (i.e., Eqs. ()-(2)) satisfies the following energy
law:

S B(a,p,§)+ 5IVPI = (9.0) ~ (O w), 3

where E(u,p, f) := 5 [2p]le(u)[|§ + M|V - ullf + collp(®)[IF] — (£, w).

To apply energy techniques in our stability analysis, we recall the following
lemma from Dahlquists G-stability theory [IT].

Lemma 2. Let a(¢) = apCF+- - +ag and p(¢) = pupCF+- -+ o be polynomials
of degree at most k, with at least one of degree k, and assume that they have no

common. diwisor. Let (-,-) be an inner product with associated norm |- |. If
a(¢)
Re —= >0 forl|(]>1, (3.3)
p(<)
then there exists a symmetric positive definite matriz G = (g;;) € R¥* and
real numbers g, . .., 0k such that, for any vectors v°, ... v* in the inner product
space,
k ok 2 k o k _ _ k 2
(Z ozivl,z,ujvJ) = Z gi (v, v7) — Z gij(vl_l,v]_l)—k‘z&vl . (34)
i=0 j=0 i,j=1 i,j=1 i=0
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2.2 Model’s equivalent transformation

Unlike the CSAV approach in [6], we account for heterogeneous permeability by
partitioning {2 = Ui\il (2; and introducing local auxiliary variables @;.

(@) =0, Qil=o = 1. (4)

Motivated by the fact that (d) admits the unique solution @; = 1, we define
the ODE system so that each @; remains close to 1. Consequently, V(Q;) = 1
on each 2; with V(Q;) =1 — (1 — Q;)*. Let Q = (Q1,...,Qnr) . We further
introduce a global quantity ‘7(@) with XN/(Q) = 1. Therefore, inserting ‘7(@) into
the linear coupling terms does not alter the original Biot system ()—(B), which
can thus be reformulated equivalently as follow

—V-o+aV(Q)Vp=f in 2x[0,7], (5)
(e +aV W)~V (6Vp) 5, VQ - =g m2xOT,  (©)
(Q?)t + 91 (Sp(pvp)Qi + Ck(p7 Y ut)Qi) V(Q’L)

=0i (sp(p, )2, + p, V- ar),) VI(Qi) in [0,7],  (7)

where 0; is small parameter and s, is a stabilization parameter to be determined
later. The initial conditions and the boundary conditions remain unchanged. We
now clarify the role of @; and the ODE system (@). Since the integral terms sum
to zero, Q;(t) = 1. To improve robustness and keep Q; close to 1, we add the
term s,V (Q;)(p — p,p)g,. The roles of V(Q) and V(Q;) will be discussed later.

3 Numerical scheme

This section presents temporal discretization methods for (H)—(@) based on gener-
alized backward differentiation formula (BDF) techniques. The resulting schemes
are flexible, efficient, linear, and unconditionally energy stable.

3.1 Scheme construction
Let 7T, be a shape-regular mesh of (2. The finite element spaces are
X, = {u e (Hy(2)" :ulx € Pe, (K)}, My ={p € Hy(82): pli € P, (K)}.

For the temporal discretization, we use the generalized BDF-k method (2 <
k < 3) together with a kth-order extrapolation. Let t" = nAt. Then

k
D g (B = 9,67 + O(AL) ®)
q=0
k—1
D b g (Bt 2R = (17 H) + O(At*), 9)
q=0
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k—1
> crg(B)p(E TR = g(t"HF) 4 O(AtF). (10)
q=0

Remark 1. For convenience, the coefficients in (B)—(I0) for k = 2,3 are listed
below; see [7] for details.

For convenience, we introduce

k—1

k
A" =3 ar g ()™ B (¢" ) = by g (B TR (1)
q=0 q=0
k—1
CHP™) =Y enqg(B)e™ 1M B (¢"Hh) =y (B)CP(¢"+Y) + Df (6™),
q=0

where UQ(B) = %a 773(5) = %7 ﬁ > ]-7 and

k—1
i g(B) = brg(B) = m(B)ckg(B),  DL(@™) = dig(B)e" . (12)
q=0

The numerical scheme of system (B)-() is formulated as follows:

Algorithm 3.1 EDAV-GBDF scheme

Step 1: Find u}'*" € X, such that for all v, € X,
2 <€(B£k+1(u’z+l))’ G(Vh)> Y (v . Blfk+1(uz+1)7 V. Vh)
_ (av(Qn)lekJrl(p;i); V- Vh) _ (fn+ﬂk+17Vh> , (13)

Step 2:Find pZJrl such that for all q;, € M),
All(jk (pz+1) T/ n Agk (u;LH_l) Br /. n+1
Co (At’% +a|V(Q")V- A ,qn | + (nVBk (p );V(Jh)
+5,V(Q") (BYWR™) — Ol i), ) = (o an) (14)
P k\Ph &k \Pn):dn g y4h) -

Step 3: Find @?H € R such that

QP2 _ (On)2 APk (1
+ 0,V (Q") (BLGR) = CLo). O ™) - (15)

Step 4: To improve consistency, we further implement the following correc-
~ 2
tion (Q?‘H)2 =¢ (Q;H'l) + (1 —¢), where ¢ € [0, 1] such that

- 2
(@) - (@) < orr 0<s <, (10
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with R = %&AtHVC’g( "+1)||0 0,5 k= 2,3 We choose an appropriate {
according to the following four cases:
—If Q?H =1, we set £ = 0;
— If Q?‘H > 1, we set £ = 0;
~ ~ 2
~ I QM <1 and (Q;*“) + IR > 1, we set € = 0;
~ ~ 2 n+1
- If Q" < 1 and (Q?H) + QORI <1, weset £ =1 — 17227n+1

So, Q" can be shown to be expressed as Q"' = Q7! in £2; and V(Qnt) =
V(Q:LJrl) in Qz

Theorem 1. By Lemma 0 and Theorem 1 in [i], in the absence of the external
force f, and with the first k — 1 steps generated by a coupling scheme. Let \j be
the smallest eigenvalue of the matriz G, the EDAV-GBDF scheme with k = 2,3
and B > 1 is unconditionally stable in the sense that

2 e(@™)I5 + ANV - aNTFE 4 oAl [[p" TG
3(1 =

— 3k n i
S0, A I9ei “>||o+mhAtHVpN||o+Z (@)°
k—1 1=1 Z

<C(2MZ WAV w4l S (R

=1 =1

+

1

k
+ nCAtZ |Vp'~ 1||0) + Z (17)

Proof. Taking vy, = Ag(uzﬂ) in (I3) and g, = At C’B( »1) in (@), and then
combining the resulting equations, we obtain, by Lemma 0, Theorem 1 in [i],
and (), that

k

2p Z Gij (e(un+1+i—k)7e(un+1+jfk)) — 2 Z 9ij (6(un+ifk),e(un+jfk))
hi=l ij=1

k k
+ A Z Gij (v . un+1+i—k’v . un+1+j—k) Y Z gij (V . un-&-i—k’v ) un.l,-j_k-)

4,5=1 4,j=1

n+l+i—k n+l+j5— k n+z k n+ | —k
+co E 9 (p D 77) —co E 9ij =8
1,j=1 7,7=1

k k
+RAE Y hig (Vp TR Ot EITE) - ALY by (VTR Vpr R
=1 i5=1
+ 04‘7(62") (V . Ag(uZJrl), C]f(pz+1)) _ a‘f}(Qn) (C;erl(PZ), V. A,ﬁ(uz+1)>

+ 5,V (@A (BLop ™) = CLoi), CL ) + mek ALV Y (0 ) 3
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C n Nk
< F:AtHg o + TAt”VC;f( P HIIG (18)

Then, using (IF), (@) and (I[X¥), and summing ([¥) form ¥k —1=1to N — 1, we
get

2u;, IIG(UN)H% + ANV - M TER 4 o] ||p”“+i"“||2

3 K n QN 2
"’“ Athvcﬁ nEL 2 A A VYo +Z )
— i=1

<2u Z gi; (e(u'™1),e(wi™h)) + A Z 9 (V-u =, v.ui™t) (19)

7,7=1 1,7=1
- o~ (@)
+ ¢o Z gzJ pit T 1) + kAt Z hi; Vpl Lvpi—t +Z o
1,j=1 i,5=1 i=1 v

Hence, using the above estimate, Holder and Youngs inequalities, we obtain (IC2).
The proof is completed.

4 Numerical experiments

Example 1. Convergence test. In this test, we take the computational domain
to be the unit square and choose the source term, boundary conditions, and
initial data so that the exact solution of (W)—(R) is

up(z,y,t) =e™* <sin(27ry)(—1 + cos(27z)) + . i 3 sin(mx) sin(wy)) ,

ug(x,y,t) = e * (Sil’l(Qﬂ‘.T)(l — cos(2my)) + m j_ 3 sin(mx) sin(wy)) ,
p(z,y,t) = e 'sin(mz) sin(7y).

We set {1 = 3, {5 = 2 and h = 1/150 so that the spatial error is negligible. In
this example, we choose § = 1074, ¢o = 1078 k=1, u=1, A =1, a = 1.
Tables M confirm the expected convergence orders for k = 3. Here At;n;, = 1078
is chosen so that the initialization error is negligible. The results confirm the
predicted spatial convergence rates.

Table 1: Errors and convergent rates of 2D with k = 3,3 = 6 and s, = 10.
llew]lo Rate [[Veullo Rate lleslo Rate IVepllo Rate
3.1173e-02 - 2.2078e-01 - 6.0911e-03 - 2.7855e-02 -
8.7438e-03 1.83 6.1900e-02 1.83 1.4996e-03 2.02 6.6766e-03 2.06
9.7624e-04  3.16 6.9100e-03 3.16 1.4921e-04 3.33 6.6472¢-04 3.33
1.0878e-04 3.16 7.6997e-04 3.16 1.7836e-05 3.06 8.6792e-05 2.94

R85 oo L>
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Fig. 1: Configurations of heterogeneous material properties. Panels (a)—(c) show
the pressure computed by the coupling algorithm, the monolithic method, and
the domain decomposition method, respectively. Panels (d)—(f) show the corre-
sponding displacement magnitude, |u.
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Example 2. Heterogeneous coefficients. Following [I1], we consider (O)-
(2) on 2 = (0,1)? with discontinuous, piecewise constant coefficients on a 4 x 4
partition; see Figure M. And the boundary segments are ordered as bottom, right,
top, and left. We take

f=Ga- COS(QWt))aO)T, g=0,u=0 ond2x(0,T].

with boundary conditions Vp-mn =0 on I3 x (0,7], p=1on I} x (0,T], j =
1,2,4. The parameters are set to cg = 1, u = 10, A = 103, a = 1, while the
permeability « is prescribed piecewise by

1072101 10~ 106
1073 10°°10~* 103
10~ 1072 10"°10~*
106102 10"! 1

For both the coupled and the EDAV-GBDF algorithms with k = 2, we set
h =1/40, At = 0.05, Atini; = 1078, and T = 0.5 + 1078, For the EDAV-GBDF
algorithm, we use 8 = 2, s, = 1079, and 6; = 0.5, and compare regional par-
titioning (M = 16) with holistic treatment (M = 1) of the auxiliary variables.
Figure M shows that regional partitioning gives more accurate results and per-
forms comparably to the coupled algorithm, whereas the holistic treatment is
less effective.
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5 Conclusion

In summary, we propose a high-order finite element time-stepping scheme for
the Biot model that is linear and fully decoupled. The scheme is unconditionally
energy stable, and numerical results confirm the expected accuracy and robust-
ness.
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