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Abstract. Simulations to predict two-phase flows in porous media re-
quire the solution of large systems of nonlinear equations, typically ad-
dressed using a Newton-type method. A major computational cost in this
process is often the assembly, storage, and evaluation of the underlying
sparse Jacobian matrices. It is well-known that automatic differentiation
is capable of exploiting this sparsity structure by first representing the
Jacobian by a matrix compression from which the Jacobian is then re-
constructed. This work introduces a novel matrix compression strategy
that enables the efficient construction of a sequence of Jacobian matrices
with varying sparsity patterns. In contrast to a standard approach which,
in a static fashion, computes a matrix compression from scratch at every
Newton iteration, the new dynamic strategy reduces the computational
effort by updating all sparsity-exploiting data structures incrementally.
For an immiscible flow of two fluids moving through the pore space with-
out mass exchange, the resulting dynamic approach is shown to speed
up the construction of matrix compressions by a factor of up to 400.

Keywords: Two-Phase Flow - Automatic Differentiation - Sparse Ma-
trices - Matrix Compression

1 Introduction

Modeling two-phase flow in porous media is fundamental to understanding a
range of subsurface processes, including groundwater transport [5], hydrocar-
bon recovery [13], geological carbon storage [1], and geothermal energy [10].
Accurately predicting these flows requires solving highly nonlinear partial differ-
ential equations that couple mass and momentum conservation for multiple fluid
phases within heterogeneous geological formations. After spatial and temporal
discretization, the governing equations result in large, sparse, and strongly non-
linear algebraic systems [8]. The solution of these systems is frequently based on
linearization using a Newton-type iterative method. In each Newton iteration,
a system of linear equations is solved whose coefficient matrix is a large, sparse
Jacobian matrix representing the sensitivities of the residual with respect to the
unknown physical quantities such as pressure and saturation.
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Rather than relying on approximations of derivatives, techniques of auto-
matic differentiation (AD) [7] are free from any truncation error offering the
advantage of increased accuracy. Besides reducing human effort for deriving and
implementing analytic derivatives, they are also particularly suitable for ex-
ploitation of sparsity [6,4]. In particular, AD is capable of reducing time and
memory of Newton iterations by carefully partitioning the columns of a sparse
Jacobian into groups of structurally orthogonal columns, a process referred to as
matriz compression. Today, the state-of-the-art technique for matrix compres-
sion is to partition the columns statically. That is, given a sparsity pattern of the
current iteration, a matrix compression is computed via AD for each iteration
from scratch.

However, the sparsity patterns often do not change significantly from one
iteration to the next. Therefore, we propose a dynamic approach for matrix
compression that updates the matrix compression of the previous iteration ef-
ficiently. The key idea behind the new approach is to overestimate the sparsity
pattern of the current iteration by taking into account the knowledge of the
previous iteration. If the overestimation stays reasonably moderate throughout
the whole fluid flow simulation, a dynamic matrix compression can reduce the
running time significantly at the cost of increasing the storage requirement only
slightly. The new strategy is put into practice in a two-phase flow simulation,
but is also relevant in other areas of computational science.

The organization of the article is as follows. In Sect. 2, the mathematical
model representing two-phase flow is briefly reviewed. Its discretization using the
finite volume method is then sketched in Sect. 3. The standard (static) approach
based on sparsity-exploiting techniques of AD is summarized in Sect. 4. The novel
dynamic approach is presented in Sect. 5 and results of numerical experiments
are reported in Sect. 6.

2 Mathematical Model for Two-Phase Flow

Consider an immiscible flow in a porous medium, where two fluids move simul-
taneously through the pore space without mass exchange between them. The
wetting fluid such as water preferentially wets the solid matrix and is denoted
by w. The non-wetting fluid such as oil is denoted by o. The mass conservation
for a phase a € {w, 0} is represented by

Ou,
V- (pava) + = = ¢, (]->

ot
where p, is the fluid density and v, is the Darcy velocity of phase a. The
term V - (pavy) represents the divergence of the mass flux, quantifying the net
outflow or inflow due to fluid motion. The phase mass per unit volume u, = ¢S, p,
is a conserved quantity, with ¢ describing the porosity of the medium and S, the
saturation. Thus, (1) reflects how the divergence of the mass flux plus the rate of
change of fluid mass stored in the pores with respect to time ¢ must balance any
external sources or sinks, represented by the symbol g,; see [8] for more details.
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The conservation equations (1) involve the unknown phase velocities v, and
fluid densities p,, from which all other quantities can be determined. To close the
system of equations, a link between v, and pressure p and gravity g is necessary
in the form of a constitutive relation. Let g denote the gravitational acceleration
vector, say, g = (0,0, —g)”. Then, the relevant relation is known as Darcy’s law

Vg = _)\aK(vpa - Pag)7 (2)

where Ay = ko (S4)/ 14a is the mobility of phase a in which the symbol k.., denotes
the relative permeability as a function of saturation and g, is the dynamic fluid
viscosity. Furthermore, K is the tensor of absolute permeabilities and Vp, is the
pressure gradient [2].

Coupling (1) with (2) yields a system of nonlinear partial differential equa-
tions on a domain containing four unknowns, Sy, S, Pw, and p,. Assuming no
capillary forces and neglecting dispersion, the pressures of both phases are iden-
tical, p = py, = po, and the saturations satisfy S,, + S, = 1. Choosing p and S,
as primary variables, (1) and (2) reduce to

-V |:pw ]Z'w K(Vp - ng)] + % (¢Swpw) = qu; (3)
V| (T = )|+ 5 001 S)oe) =4 (@

The mathematical model employs physically consistent boundary and initial
conditions. Injection boundaries specify an inflow rate (Neumann condition) on
the inlet boundary, representing water injection. Pressure boundaries prescribe a
reference pressure (Dirichlet condition) at production wells or open boundaries.
No-flow boundaries impose zero normal flux on impermeable surfaces. Initial
conditions define the starting distributions of pressure and saturation throughout
the domain. A detailed derivation of this model is given in [§].

3 Numerical Methods

Equations (3) and (4) are discretized in space and time as follows. Space dis-
cretization is based on the finite volume method, in which each control volume
represents a cell where the conservation law is enforced in integral form. Apply-
ing Gauss’s theorem converts the volume integrals into surface fluxes between
neighboring cells. Here, the phase mass per unit volume u, as well as the source
term ¢, are assumed to be constant within each control volume V;. As outlined
in [12], this assumption for a cell 7 allows to simplify the mass balance over V; to

Oug,i
a:’z + Z fa,ij = Vilda,i,

JEH(1)

Vil

where the notation j € H(7) indicates that a cell j is a neighbor of a cell ¢ and
the symbol f, ;; denotes the flux from a cell ¢ to a neighboring cell j. Here, the
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sum . JEM() fa,ij Tepresents the net flux of phase a across all faces of a cell <.
The two-point flux approximation (TPFA) [11] is used to compute intercell fluxes
based on pressure differences and upwinded phase mobilities as

faii = —PaTijAa,ij (Payi — Paj — Pag(zi — 2j)),

where Tj; is the transmissibility across the interface, A, ;; is the upwinded phase
mobility at the interface, p, ; and p, ; are the phase pressures at the cell centers,
and z; and z; are the elevations of the cell centers. The transmissibility 7T;;
represents the ease of fluid flow between cells. The spatial difference z; — z; arises
from discretizing the gravitational contribution in Darcy’s law along the line
connecting the centers of cells 7 and j; see [12] for details.

The total flux f,(x) across the boundary of the control volume is expressed
in terms of the primary variables, p and S, collected in a global state vector

T
X = (p17p27"',pNysw,laSw,Qa-'-,Sw,N) €R2N7

where N € N is the number of grid cells.

Time integration uses the fully implicit (backward Euler) scheme for stability
in stiff, multiphase systems. For each time step ¢t € N of length 0 < d; € R, the
discrete residual in control volume ¢ for phase a is given by

t+1 .t

uai ua,i 1 2 :
Fa,i(tvx[t]vx[“_l]) = , ) * |V| f‘itﬂl o qttz-,i?’
t " jenN (i)

where x] and x[*t1] € R2V are the state vectors of primary variables at time

step t and ¢ + 1, respectively. Assembling the residuals over all cells and both
phases yields the system of nonlinear equations

Fw 1 (t’ X[t] , X[t+1])

Fw N(t, )([t]7 X[t+1])

(1] ([t4+1]y —
F(t,x" x ) FOJ(t’X[t]’X[tJrl])

=0c R, (5)

F() N(t7 X[t] , X[t+1])

which, in each time step ¢t + 1, is solved by Newton’s method for the state x!**1.

4 Static Matrix Compression

Consider a standard approach at a given time step ¢ + 1 to solve the nonlinear
system (5) for the state x := x[**1 using Newton’s method [9]. Starting from an
initial guess x for x[*t1] it generates a sequence of linear systems of the form

J(x)Ax = b(x), (6)
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where the 2N x 2N Jacobian matrix and the right-hand side given by
J(x) := 8F(t,x[t],x)/8x and b(x) := —F(t,x[t]7x)

do not only depend on the state x but also on the state x!*/ from the previous
time step. In each iteration of the Newton iteration, the solution Ax of the linear
equations (6) is then used to update the current approximation x by x + x+ Ax.
Once the Newton iteration is converged to a solution x for (5), this solution is
set to the state at the next time step ¢t + 1, namely, x!*T1 + x.
Each Newton step requires the solution of a linear system (6), where the

coefficient matrix is a large, sparse, and non-symmetric Jacobian

OFy OFy

op 0OSu

OF, OF,
op 0SSy

J:

whose 2 x 2 block structure reflects the coupling between the pressure and sat-
uration variables for the two fluid phases.

The Jacobian is accurately and efficiently computed by AD. These techniques
transform a given program representing a mathematical function F : R" — R”
into another program capable of evaluating the function and a Jacobian-vector
product Jz for a given direction z € R simultaneously in a single AD pass [7].
The n xn Jacobian can then be evaluated by choosing the direction z successively
as the Euclidean unit vector e; € R" for i = 1,2,...,n requiring n AD passes.
However, when the Jacobian J is sparse and its sparsity pattern J is known
from the discretization, AD can exploit this structural information and reduce
the number of AD passes and the storage requirement by matrix compression [7].

To illustrate the rationale behind matrix compression, assume that the
columns J; of the Jacobian J are partitioned into ¢ distinct groups of pair-
wise structurally orthogonal columns. Here, two columns J; and J; are called
structurally orthogonal, denoted by the notation

Ji L J;,

if there is no row in which their sparsity patterns J; and J; are both nonzero. A
partitioning of n columns into a set C = {1,2,...,c} of disjoint and nonempty
groups is represented by a vector

v = (7(1),72),....7(n)" ecn,

called grouping, where (i) = g indicates that column i is assigned to group g.
Performing a logical OR operation over all directions given by the Euclidean
unit vectors e; associated to a group g € C results in a binary vector

S, = \V e; €{0,1}"
column index ¢
s.t. y(i)=g

enabling the computation of the nonzero entries of all columns belonging to this
group ¢ in one single AD pass. For each of the ¢ groups g € C, we collect the
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vector S, as a column g of a binary seed pattern S € {0,1}"*°. Then, AD only
requires ¢ passes to compute the compressed Jacobian

JOmP — J .5 € RmXC, (7)

where this Jacobian-matrix product is computed in a matrix-free fashion, mean-
ing without explicitly assembling the Jacobian J. This property motivates com-
pression strategies that seek to minimize the number of groups c.

Given a sequence of Jacobian sparsity patterns, a matrix compression needs
to be recomputed whenever a pattern changes. If this recomputation is carried
out each time from scratch, we call this approach static matrix compression.

5 Dynamic Matrix Compression

In transient simulations, the Jacobian pattern may vary not only between suc-
cessive time steps but also across Newton iterations within a single time step.
Statically recomputing a grouping at every iteration may therefore be computa-
tionally expensive. To mitigate this cost, we propose an incremental strategy that
updates an existing grouping by reusing information on the grouping from the
previous iteration. This dynamic strategy is based on an approximation A that
overestimates the pattern J for the Jacobian J. Here, a sparsity pattern A is said
to overestimate another pattern J if the pattern A contains a nonzero at least
for every nonzero entry of J at the corresponding position. The overestimation
property guarantees that any valid grouping for an overestimator A into groups of
pairwise structurally orthogonal columns is also a valid grouping of the columns
of J. As a result, any seed pattern S that is constructed from the grouping of A
is also a valid seed pattern for J. Thus, a seed pattern S constructed from an
overestimator is appropriate for computing the compressed representation (7) in
a matrix-free fashion, from which the Jacobian J is recovered.

An algorithmic description of the overall simulation for the two-phase flow
problem incorporating the dynamic strategy is provided in Algorithm 1. It illus-
trates the time integration for the flow simulation, employing Newton methods at
each time step. The main distinction between a dynamic and a static approach,
which always recomputes the grouping and seed pattern from scratch by exist-
ing sparse AD techniques [6], is reflected by the methods in lines 4, 13, and 14.
These methods encapsulate the core idea of the proposed dynamic strategy.

Specifically, the first method, InitMatrixCompression, computes an initial
overestimator A of the sparsity pattern of the Jacobian matrix J evaluated at
the input x, for example, A = J. Also, it determines an initial grouping - for the
overestimator A and a corresponding seed pattern S, together with an overesti-
mator C for the sparsity pattern of the compressed Jacobian J™P.

The second method, GetDifference, detects differences between the pat-
tern J and its overestimator A after the update of x. These differences are rep-
resented by the pattern D having nonzero entries at all locations where A is zero
but J is nonzero. To capture these differences induced by variations in the input
variables t, x!*), and x, it is not unreasonable to assume that this method relies
on user information or an efficient algorithm for sparsity detection returning D.
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Algorithm 1 Two-phase flow simulation via dynamic matrix compression

init

1: procedure Two-PHASEFLOW(State x
2: Set x < x™*

at initial time, Permeability K, ...)

3: InitModel(x,K,...)

4: C,A,v,8 < InitMatrixCompression(x)

5: for t=0,1,2,... do > Time stepping
6: Set x[! « x

T while Nonlinear solution x not converged do > Newton iteration
8: Set A°'? « A and recompute fluid properties that depend on x

9: Set b <+ —F(t,x[t],x) and JP « J(t,x[t],x) -S > Matrix-free AD
10: J < recover(J°"P,S)
11: Ax + J\b
12: Update x + x + Ax
13: D ¢ GetDifference(t,x[', x, A°'d)
14: C,A,~,S < UpdateMatrixCompression(C,A,D,,S)
15: end while
16: end for

17: end procedure

The last method, UpdateMatrixCompression, uses previous information to
update the overestimator A. For the updated overestimator, it also computes
an updated grouping v besides updated versions for the seed pattern S and the
corresponding overestimator C of the compressed Jacobian. This method for the
updates of the overestimators A and C is summarized in Algorithm 2.

The logic behind this algorithm is as follows. Suppose there exists a column D;
in D in which new nonzero entries have been added to the sparsity pattern J that
were not previously covered by the overestimator A. In this case, it is necessary
to inspect whether the column i with its new entries from D; can remain in its
original group 7(4) or needs to be assigned to another group. The corresponding
analysis is based on checking structural orthogonality as follows.

There are three different types of updating the data structures. If column ¢
augmented with the additional nonzero entries identified in D; stays structurally
orthogonal to all other columns in its group ~(), then column ¢ remains in its
group. Namely, column ¢ remains in its group if the condition

Cy(@) L Di

is satisfied. Notice that the pattern of A; is already included in C, ;). We refer to
this update type as “Keep Group.”

Otherwise, the column i needs to be assigned to another group. Assigning
it to an existing group k # (i) can only be done if the updated column i is
structurally orthogonal to all columns associated to that group k, i.e.,

A; VD; L Cg.

This update type is called “Change Group.”
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Algorithm 2 Update of data structures in dynamic matrix compression

1: procedure UPDATEMATRIXCOMPRESSION(C, A, D, ~, S)
2: Let ¢ denote the (current) number of columns in C.

3: Let C = {1,2,...,c} be the indices of all columns in C.
4: Let D be the set of indices of all columns in D having nonzero entries.
5: while (D # () do
6: Pick index i € D of a column that is (currently) assigned to group ~y(7).
T Check structural orthogonality to see if groups need to be changed:
8: if C,(;) L D; then > Keep group
9: Set g < (i), i.e., column ¢ keeps its group (7).
10: Set v < D;.
11: else if 3k € C\ {v(i)} s.t. Cx L A; VD; then > Change group
12: Set g < k, i.e., column 4 changes from group (i) to group k.
13: Set v < A; VD;.
14: else > New group
15: Set ¢ < ¢+ 1 to increase the number of groups.
16: Set C + CU{c}.
17: Set g < ¢, i.e., column i changes from group (i) to a new group.
18: Set v <+ A; VD;.
19: Append zero column C « [C,0] to compressed pattern.
20: Append zero column S < [8, 0] to seed pattern.
21: end if
22: Update grouping v(z) < g.
23: Replace row ¢ of the seed pattern S by the g-th Euclidean unit vector eq.
24: Update column i of overestimated pattern A; < A; V D;.
25: Update column g of compressed overestimated pattern Cq4 <— C4 V v.
26: Update index set D <— D \ {i}, i.e., remove column index ¢ from D.

27: end while
28: return C, A, v, S
29: end procedure

If a column can neither keep its original group nor be assigned to another
already existing group, it has to be assigned to a new group. This situation is
related to the update type “New Group.”

6 Numerical Experiments

In this section, the proposed dynamic approach is evaluated by means of numer-
ical experiments. It is implemented using the MATLAB Reservoir Simulation
Toolbox (MRST) [11]. As a starting point, the open-source code from the project
fas_mrst [14] is used, which was subsequently modified to incorporate the pro-
posed algorithm and the specific requirements of this study. The adapted code
can be made available upon request. Algorithmic differentiation is performed
using the software package ADiMat [3,15].

The partial differential equations (3) and (4) are solved on a three-dimensional
grid consisting of 1554 nodes and N = 1080 cells. In each of 100 time steps, the
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Fig. 1. Number of nonzeros, J, used in the static approach and the additional number
of nonzeros, A without J, also stored in A in the dynamic approach.

resulting nonlinear system (5) is solved using a Newton method leading to a lin-
ear system (6) of order 2N = 2160, which is solved directly using the backslash
operator. For all time steps, Newton’s method converges robustly. The norm of
the residual, ||F||2, decreases monotonically from approximately 10* in the initial
iterations to below 1078 at convergence, confirming that the proposed dynamic
approach preserves the convergence behavior of a static approach. Therefore, the
following discussion concentrates on the novel aspects of the dynamic approach.

In Fig. 1, the number of nonzeros in the Jacobian sparsity pattern J is shown
in gray as a function of the iteration index. Here, the iteration index is defined
as the concatenation of all Newton iterations across successive time steps, result-
ing in a single, linearly ordered sequence of nonlinear iterations over the entire
simulation. As expected, the number of nonzeros of J increases rapidly during
the initial iterations, reflecting the activation of couplings in the system. After
this initial phase, the growth rate decreases significantly and the sparsity pattern
stabilizes. The largest increase occurs between iteration 1 and 15. Beyond this
point, only minor changes in the sparsity pattern are observed. This stagnation
increases our confidence that the Jacobian structure changes only marginally
once the simulation has progressed beyond the initial transient phase, making
repeated recomputations of groupings from scratch unnecessarily complex.

Figure 1 also depicts information on the number of nonzeros in the overesti-
mated data structure A as black segments stacked on top of the gray bars related
to J. By construction, the number of nonzeros in A are monotonically increasing.
Consequently, A can contain additional entries that are not present in the exact
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Fig. 2. Number of occurrences of different update types (top) and number of nonzeros
added by them during the iterations 3 to 21 (bottom).

Jacobian sparsity pattern. The resulting gap between the overestimated and the
actual number of nonzeros and is drawn in black in that figure and represents
the additional memory overhead introduced by the proposed dynamic approach.
However, this overhead remains small, below 2%, throughout the simulation.
This moderate overestimation of nonzero elements indicates that the dynamic
approach provides a viable strategy for large-scale simulations.

To further analyze the dynamic approach, the top plot of Fig. 2 examines
the number of occurrences of each of the three different update types introduced
in Algorithm 2. The horizontal axis starts at iteration 3 because we switch from
the static to the dynamic approach only after the second iteration. The stacked
bar graph indicates that updates primarily occur in the beginning of the Newton
iterations; there are hardly any occurrences of updates after iteration, say 20.
Furthermore, the overwhelming majority of updates are of type “Keep Group.”
Updates of type “New Group” are extremely rare. For instance, there is a small
black segment on top of the other two segments in iteration 6, indicating that a
minute number of such “New Group” updates occur in that experiment.

Consider the bottom plot to analyze whether a small number of updates
possibly introduces a large number of nonzero entries. That bottom plot zooms
in on iterations 3 to 21 and, now, it reports the number of additionally in-
troduced nonzero entries for each update type. The analysis is performed on
the column-wise sparsity patterns in D, where we accumulate newly introduced
nonzeros in the affected columns resulting from each update. The results show
that the majority of additional nonzero entries are introduced by “Keep Group”
updates. In contrast, “Change Group” updates account for comparatively few
additional nonzeros. The creation of “New Group” updates contributes only a
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Fig. 3. Number of groups needed by the static (top) and dynamic (bottom) approaches.

tiny fraction to the overall increase. Hence, additional nonzero entries are in-
corporated predominantly within existing groups and most structural changes
in the compressed system can be accommodated without modifying the existing
grouping.

This behavior is reflected in the evolution of the number of groups over the
iterations. In Fig. 3, the number of groups required for both the static and the
dynamic approach are displayed as a function of the iteration index. In the static
approach depicted in the top figure, the number of groups starts at 21, then varies
between 19 and 20 until iteration 45, and then returns back to 21. The maximum
number of groups, 22, occurs between iterations 72-74 and 99-103.

By contrast, the dynamic grouping given in the bottom plot is turned on in
iteration 3 where it starts with 20 groups, then increases at iteration 6 remain-
ing consistently at 21 for the remainder of the simulation. These results indicate
that in both cases the number of columns of the seed pattern remains moderate,
avoiding an uncontrolled growth in computations and storage requirements. Or-
ange bars in the dynamic approach indicate iterations in which no grouping is
performed because no nonzero entries are to be added.

All measurements of running times are taken at one of the partitions of the
Ara cluster of Friedrich Schiller University Jena. This centrally-installed system
offers dual-socket compute nodes with two Intel Xeon E5-2650v4 12 core chips,
a clock rate of 2.2 GHz, and RAM memory of 1 TB. Each experiment is carried
out serially on a dedicated compute node, eliminating potential effects caused
by any other users or the underlying network architecture. All computations
are repeated 99 times and running times reported in the following refer to the
median of each set of these 99 running times.
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We are interested in assessing the performance of the novel dynamic approach
in more detail. To this end, for each Newton iteration, the running times of the
following parts of Algorithm 1 are measured separately.

— “Grouping”: This is the core part of the dynamic approach and refers to
line 14 of the algorithm. Essentially, it provides an update of the three pat-
terns C, A, and S by executing the procedure UpdateMatrixCompression.
Given the information on how the sparsity pattern A changes to A V D, it
updates a given column grouping encoded by the patterns C and S.

— “Jacobian”: Given a binary seed pattern S, this part first computes the com-
pressed Jacobian J™P by a Jacobian-matrix product using AD in a matrix-
free fashion and then recovers the Jacobian J from its compressed version
JMP Tt corresponds to lines 9 and 10 of the algorithm.

— “Remaining” This part accumulates all remaining times of a Newton iter-
ation, ignoring sparsity detection. Recall the assumption that the sparsity
pattern is detected by the black box procedure GetDifference for which we
do not measure any timing. However, this part includes the solution of the
linear system (6) and the recomputation of fluid properties, which are needed
in the part “Jacobian” to evaluate F' and the Jacobian-matrix product.

We set these running times into perspective with a state-of-the-art approach
using static matrix compression previously sketched in Sect. 4. While the two
parts “Remaining” and “Jacobian” are identical in the static and dynamic ap-
proach, the part “Grouping” differs. In the static approach, this part first solves
a matrix compression problem with a different sparsity pattern in each iteration
using some sparsity-exploiting AD technique [6, 4] and then encodes the resulting
solution in the form of a seed pattern.

The running times of the static and dynamic approaches are visualized in
Fig. 4. In the static approach, there is a significant fraction of the running time
of each iteration that is spent in the “Grouping” part. This fraction remains
roughly constant over the iterations and is caused by the solution of a new matrix
compression problem in each iteration. However, the dynamic approach almost
eliminates the running time related to “Grouping” after switching from a static
to a dynamic setting after the first two iterations. Although the bottom figure
shows a small running time associated with “Grouping” in a range of about 15
iterations immediately after turning on the dynamic approach, there is hardly
any such time for all remaining iterations. This observation is in line with the
occurrence of the updates shown in the top of Fig. 2.

The performance improvement of the dynamic approach as compared to the
static approach is quantified in Fig. 5. Here, the corresponding ratios of the
running times of the three parts are plotted versus the iterations. As motivated
by the discussion of the previous figure, the largest improvements are observed
for “Grouping.” Here, the running time of the dynamic approach is smaller by
factors up to 400. As expected from their definitions, the factors for the parts
“Jacobian” and “Remaining” are consistently close to the value 1. This figure
contains the additional line plot labeled “Newton” displaying the ratio of the
running time of a complete Newton iteration defined as the sum of the running
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Fig. 4. Running time of different parts needed by the static (top) and dynamic (bot-

tom) approaches.

times of the three parts “Grouping,” “Jacobian,” and “Remaining.” Overall, the
dynamic approach is faster than the static approach for all but the first two or
three iterations by a factor of roughly 1.7.
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Fig. 5. Time ratio of the static and dynamic approach for different parts.
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7 Concluding Remarks

In this study, a novel strategy for a two-phase flow simulation in porous media
is introduced. To solve the resulting nonlinear systems, it combines the forward
mode of automatic differentiation with a sequence of compressed representations
of Jacobian matrices. This way, the new dynamic approach enables the efficient
assembly of a sequence of sparse linear systems required by fully coupled Newton
methods. Two-phase flow simulations are particularly well-suited for this strat-
egy, as their governing equations lead to large sparse Jacobian matrices. This
sparsity originates from the local nature of the finite-volume discretization and
the coupling between pressure and saturation variables. Exploiting this struc-
ture is crucial for reducing the cost of derivative evaluations, which frequently
constitutes the dominant fraction of the overall computational expense.

The key contribution of this work consists of a dynamic approach to ma-
trix compression. For a sequence of given sparsity patterns, dynamic matrix
compression partitions the columns of each Jacobian into different groups of
pairwise structurally orthogonal columns by an incremental update of the data
structures used to represent the groupings. Rather than recomputing a group-
ing statically from scratch whenever a pattern changes, the proposed algorithm
performs an update of an overestimator for the true Jacobian pattern, resolving
potential conflicts locally in each Newton step. Columns are retained in their
existing groups whenever possible, reassigned to alternative groups if necessary,
and new groups are introduced only as a last resort.

Numerical experiments show that most updates can be handled without mod-
ifying these groupings, resulting in a bounded number of groups and a compact
seed pattern throughout the simulation. Although the compressed representa-
tion introduces a mild overestimation of the true sparsity pattern, this over-
head remains below 2% and does neither compromise the efficiency nor decrease
robustness of the Newton iterations. Overall, the proposed dynamic approach
provides a scalable and robust framework for Jacobian construction in Newton-
based two-phase flow simulations. Compared to a corresponding static approach,
it speeds up matrix compression by factors of up to 400. Future work is needed
to extend the method to more complex multiphase and compositional models, as
well as to investigate its performance in parallel implementations and practical
settings on more massive scales.
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