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Abstract. In the Directed Feedback Vertex Set problem (DFVS), the
goal is to find the smallest possible subset of vertices of a given di-
rected graph whose removal leaves the graph acyclic. The problem has
important applications in computational science, and it was a subject
of the 7" Parameterized Algorithms and Computational Experiments
Challenge, an international algorithmic contest held in 2022 aiming to
stimulate and enhance developments in the field. The DFVS is known to
be NP-complete and constitutes a natural generalization of the Vertex
Cover problem (VC). Compared to the VC, however, the DFVS seems
to be vastly more difficult. One of the common approaches to tackle
computationally difficult problems is to design data reduction rules. The
approach is known to be highly effective (both in theory - kernelization
algorithms, and practice - reduction in processed data size) for several
combinatorial problems, including the VC. For the DFVS substantially
fewer reduction rules are known than for the VC, and they are much
less robust in practical applications. In this paper we address this issue
and present several new data reduction rules for the problem. Presented
algorithms are based on an extended concept of domination. We provide
detailed description and analysis of designed techniques and, addition-
ally, provide insights regarding practical applicability of discussed meth-
ods. At the end, we present a compact juxtaposition showing the impact
of implemented data reduction rules for a collection of real-world graph
instances.
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1 Introduction

One of the NP-complete problems in the field of graph theory is the Directed
Feedback Vertex Set problem (DFVS), where the goal is to find the smallest
subset of vertices whose removal makes a given graph acyclic. The problem
is sometimes equivalently stated as the Maximum Induced Acyclic Subgraph
problem, where one tries to find a largest subset of vertices that induces an
acyclic graph. The statement can also be formed as a hitting set problem, where
the goal is to find a subset of vertices that hit all cycles in a given graph.
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The DFVS has a wide range of applications in real-world problems, in many
scientific areas. Finding a large induced acyclic subgraph plays an important role
in the deadlock recovery process [I5] in operating systems and databases and is
used in argumentation frameworks [I2]. The DFVS problem has also significant
impact in the field of very large-scale integration circuits and chip design [19],
and it is one of the fundamental factors in the partial scan method [8], where it
is required to choose a small number of flip-flops to decrease the overhead area
of a full scan design. In addition to its applications in practical computational
science, the DFVS is also important from the theoretical point of view, espe-
cially in the context of parameterized algorithms. Many combinatorial problems
admit efficient fixed-parameter tractable (FPT) algorithms when parameterized
by a carefully chosen parameter. For example, the DFVS can be solved in time
O(4¥K'k5 - (n +m)), when the parameter k corresponds to the solution size, but
there also exists a 20t10gt) . nOM) zlgorithm for general directed graphs and a
20(t) . nO() algorithm for directed planar graphs, when parameter ¢ corresponds
to treewidth [5]. Due to the relevance of the DFVS, both in theory and in prac-
tice, it was the subject of the 7" Parameterized Algorithms and Computational
Experiments Challenge (PACE 2022), an international algorithmic competition
held annually since 2016.

It is known that the DFVS is NP-hard [I6/25] and FPT (for parameter “so-
lution size”). The determination of the tractability of the DFVS was proposed
as an open problem in some of the first articles on fixed-parameter tractability
[11], and it took a surprisingly long time to finally find an FPT algorithm for the
problem. In a breakthrough paper [7] an algorithm running in time O(4*k!k*n*)
was given, thus proving that the DFVS is FPT. Throughout several years the so-
lution was further improved (e.g., in [28] authors presented an O(4¥k!k5(n+m))
algorithm for the problem), but the results are mainly interesting from the the-
oretical point of view, as the complexity still makes the algorithms impractical.
The DFVS is a generalization of the NP-hard Vertex Cover problem (VC). This
is because the VC can be easily transformed to the DFVS by replacing each
edge in the vertex cover graph instance with two arcs with opposite directions.
Despite the apparent similarity between the problems, the practical difficulty of
the two problems is vastly different. There exist many distinct simple algorithms
for the Vertex Cover problem with running time complexity that can be easily
bounded by O(2* - (n +m)). Contrary to the VC, the DFVS does not seem to
have a simple FPT algorithm. The first such algorithm found for the problem has
running time O(4Fk!k*n?), and no significant improvement has been made since
then to notably reduce the parametric dependence. Additionally, the algorithm
uses a rather complex approach based on an iterative compression framework [9]
and nontrivial observations regarding topological orderings of graphs [7]. After
the positive answer for the fixed-parameter tractability of the DFVS was pro-
vided, a natural question for the existence of a polynomial kernel for the problem
occurred. This question remains one of the largest open problems in the field of
parameterized algorithms. Although the existence of a polynomial kernel has not
been proven for the parameter “solution size”, there exists a kernel for the prob-
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lem with O(k*) vertices for general graphs, where k is the size of the feedback
vertex set of the underlying undirected structure of the graph [4].

A number of exact algorithms have been designed to solve the problem in
practice (see, e.g., [1J3I22/29J30]). The most efficient approaches in this context
are based on the hitting-set approach and aim to find a smallest hitting set of
a dynamically extended set of cycles in the graph. Distinct heuristics have also
been developed to find suboptimal solutions for large graphs and graphs with
complex structures. To the most common approaches one can include GRASP
heuristics with distinct node selection objectives (see, e.g., [24I32]) or local
search approaches, particularly those based on the simulated annealing tech-
nique [14I3TY32I33I34]. Alongside heuristic and exact algorithms for the DFVS, a
number of preprocessing techniques can be used to speed up the process of find-
ing solutions. Several data reduction rules have already been known for years
[1312312426)27|, several new ones have been developed in recent years, many
of which are a “byproduct” of prepared submissions to the PACE 2022 contest
[12IT0I22I29034]. In spite of the noticeable increase in the number of data re-
duction rules for the DFVS, the set of those preprocessing techniques is meagre
when compared to the family of known kernelization algorithms and reduction
rules for the VC. In this work we address this issue and present new concepts,
approaches and data reduction rules for the Directed Feedback Vertex Set prob-
lem.

2 Notions and definitions

Before we proceed to the description of the algorithms, let us fix the following
notions and notations. Let G = (V, A) be a directed graph, where V is a set of
vertices and A is a set of arcs. Let u,v € V. We call an arc (u,v) € A a pi-arc if
(v,u) € A. Otherwise (u,v) is called a nonpi-arc. A pi-graph Gp; of a graph G is
a graph G[A,;] induced by a set Ap; of all pi-arcs in A. Similarly, a nonpi-graph
Grpi is a graph G induced by a set of all nonpi-arcs A,p;. A node v € V is
called a pi-node if all arcs incident to v are pi-arcs. Otherwise node v is called a
nonpi-node. By NT(v) we denote the out-neighborhood of node v, by N~ (v) we
denote the in-neighborhood of node v, and by NP!(v) we denote the intersection
N~ (v)NN*(v). By d”(v) and d* (v) we denote the in-degree and out-degree of
node v, respectively. By Nj;(v) and Nj;(v) we denote the in-neighborhood and
out-neighborhood of node v in a given graph H. We denote N, ;(v) = Ng  (v)

and N (v) = Ngﬂpi (v). We also denote closed neighborhood Nu] = N (u)U{u},

npi
and similarly for N=, N*, NPi. A chordless cycle (or induced cycle) is a cycle
C = (ug,u1,...,u—1) for which, for each 0 <i,j < ¢, the condition (u;,u;) € A
implies that j —i € {1,1 — t}.

Let us now define the contraction operation performed on the graph that will
be used in the paper. By contraction of node v € V we mean the procedure of
adding to the graph all arcs from the set (N~ (v) x N*(v))\ 4 and removing from
the graph node v with all incident arcs. The contraction operation is sometimes
also called as bypass, shortcut or merge operation.
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Fig. 1: The figure shows an exemplary graph G. On the left side all pi-arcs are
marked with red (they induce a pi-graph Gp;, all nodes incident to a red arc
belong to G;), and all nonpi-arcs are marked with green (they induce a nonpi-
graph G, all nodes incident to a green arc belong to G,,;). Additionally,
an exemplary chordless cycle is marked with dotted arcs. On the right side a
node v and neighborhoods N, _,(v), N;pi (v), and NP¢[v] are highlighted. Nodes
numbered 1-4 are relevant for reduction rules described in the paper.

3 Data reduction rules

The general aim in the process of designing data reduction rules for a combina-
torial problem is to reduce the size of processed data or simplify its structure in
some specific way. In many graph problems, including the VC and DFVS, this
often boils down to identifying a set of nodes X for which it can be proved that
there exists an optimum solution S,y containing X. A node v € V is called
reducible if there exists such a set X containing v. When a reducible node is
detected, it can be added to the created solution and removed from the graph,
thus reducing the graph size and size of any optimum solution to the remaining
graph. If a reduction rule enables us to identify a reducible node, then we also
call the rule reducible. Although it is highly profitable to identify reducible nodes
in the graph, it might not be possible to do so. It might still be often possible,
however, to apply some modifications to the graph structure without immediate
detection of reducible nodes. If a reduction rule changes the graph structure
during execution and the structure needs to be correspondingly modified later
to find the solution, or the solution found for the remaining graph needs to be
adequately modified in other way than just adding a node to it, then we call the
rule liftable. If a rule enables us to make some changes to the graph that might
be considered as irrelevant and neither the graph nor the solution need to be
modified later, then we call the reduction pure. A reduction rule is called safe if
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Table 1: Most commonly used reduction rules for the DFVS

Id Rule Type Description
1 loop reducible if there is a loop (v,v) € A, then v is reducible
parallel arcs pure if there is more than one arc (u,v) € A, remove all
but one
3 in-out-1 pure a node v with d~(v) = 1 or d"(v) = 1 can be
bypassed
4 core reducible if each neighbor of a pi-node v is a pi-node and

an induced graph G[N[v]] is a clique, then nodes
N (v) are reducible

5 pie pure remove an arc with ends in distinct strongly con-
nected components of Gypi

6 dome pure remove an arc (u,v) € App; for which N, (u) C
N~ (v) or N, (v) € N (u)

7 hypergraph pure if node u belongs to each cycle containing v, then

domination bypass node v
8 flower pure contract node u for which there do not exist two
(node-disjoint cycle) node-disjoint (except for u) cycles containing u
9 chordless cycle pure remove arcs that do not belong to a chordless cycle
10 shortone pure let (u,v), (v,w) € App;; if |N:pi(v)| = |N,,:(v)| =

1 and NP*(v) € NP*(u)U NP (w), then remove arcs
(u,v), (v,w) and add arc (u,w)

11 in-out-clique pure if N7 (v) or NT(v) induces a clique in Gy;, then
node v can be contracted

VC1 degree-2 folding liftable fold a node with degree 2: replace nodes a,b,c,
where N(b) = {a,c}, with a new node z with
N(z) = N(a) UN(c).

the optimal solution for the reduced graph can be transformed into an optimal
solution of the original graph.

3.1 Known data reduction rules for the DFVS

In this section we consider a set of reduction rules known for the DE'VS. This set
is by no means complete, it does not contain all known reduction rules but most
commonly used reduction rules and rules known to be applicable in practice.
In Table [I] those rules are listed together with their short description. More
details about the rules can be found in works [T2ITOIT3I22I23I2412627I2934].
In the table a single reduction rule known for the VC is additionally listed, the
degree-2 folding, it can also be applied to instances of the DFVS whenever local
parts of the graph do not contain nonpi-arcs. This one is used to tackle one
of commonly occurring structures in many graphs, chains of degree-2 pi-nodes,
which can otherwise add a lot of redundancy to a graph structure.

Several more data reduction rules were mentioned in the literature, but most
of them are just special cases of a rule listed in the table.
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3.2 Domination data reduction rules

Let us now proceed to the description of new data reduction rules. First let us
mention the following easy observation:

Lemma 1 (hitting chordless cycles). A set S C V is a feedback vertex set
of a directed graph G if and only if it hits the set of all chordless cycles in G.

Lemma I} is a basis for many reduction rules (e.g., the dome rule (6) from
Table [1] and rules |4| and [5| from this section). In what follows we present a series
of domination-based data reduction rules together with their analysis.

Reduction 1 (domination-1). If there exists a pi-arc (u,v) with Nt (v) C NT[u]
and N~ (v) € N~ [u], then node u is reducible and can be removed from the
graph and added to the solution.

Theorem 1. Reduction rule |1| is safe. Checking all pi-arcs in the graph for
fulfilling requirements needed to apply the rule can be done in total time O(|A|%)

Proof. First we prove that the rule is safe. Suppose now that the rule is not safe
and let S be an optimal solution to G. Since the rule is not safe, there does not
exist an optimal solution that contains u. Because (u,v) is a pi-arc, we conclude
that v € S. Consider now any cycle in G, except for (u,v), that contains v and
denote the cycle C' = (vg, v1,...,v:). Due to the conditions N*(v) C N [u] and
N~ (v) € N~ [u], we observe that C' = (u,v1,...,v¢) is also a cycle in G. Since
S is a feedback vertex set in G, then cycle C” is hit by S, from what follows that
C is hit by S\ {v}. But now, S’ = S\ {v} U{u} also hits all cycles in G, which
means that it is a valid solution. A contradiction, hence the rule is safe.

Now let us show that the rule can be checked for all pi-arcs in A in to-
tal time O(|A|2). First we observe that the conditions N*(v) € N*t[u] and
N~ (v) € N~ [u] imply that |N(v)| < |N(u)|. We now consider all nodes in order
of nonincreasing sum of degrees d~(v) +d ™ (v). For a considered node u we mark
the sets N~ (v) and NT(v) using auxiliary bitarrays. Then we enumerate over all
pi-arcs (u,v) incident to the node and over sets N~ (v) and N*(v) to check for
inclusion conditions required by the rule. The algorithm works in a very similar
way to the algorithm for listing all triangles in a graph [20]. By partitioning
nodes from V into two sets X = {v : d(v) > K} and Y = {v : d(v) < K}
and noticing that |X| < % and d(v) < d(u) whenever a pi-arc (u,v) is con-
sidered, we can bound the number of operations performed by the algorithm by
IX]- Al + 3, ey d?(v) < % + % . K2. By setting K = |A|2 we obtain the
desired bound on the running time complexity.

In the necessary conditions to apply rule |1} one needs to have both in- and
out-neighborhood of node v “dominated” by respective neighborhoods of node
u. In the following reduction rule the inclusion condition for only one of the
neighborhoods need to hold, but it needs to be a subset of N?![u] instead. An
exemplary domination property required to apply rule [1] is shown on the right
side of Fig. (1l By applying the rule for pi-arc (4, 3), we mark node 4 as reducible.
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Reduction 2 (domination-2). If there exists a pi-arc (u,v) with N~ (v) C NP¢[u]
or NT(v) € NP%[u], then node u is reducible and can be removed from the graph
and added to the solution.

Theorem 2. Reduction rule [§ is safe. Checking all pi-arcs in the graph for
fulfilling requirements needed to apply the rule can be done in total time O(|A|%)

Proof. Suppose that the rule is not safe. Let S be an optimal solution for graph
G. We know that u ¢ S (since the rule is not safe), hence N?(u) € S. Since
either N~ (v) € NP[u] or N*(v) C NPi[u], each cycle containing node v must
also contain a node from NP![u] \ {v}. From the previous observation it follows
that each cycle in G is hit by a set S* = S\ {v} U {u}. But |[S*| =|S|, hence it
is an optimal feedback vertex set of G. A contradiction, hence the rule is safe.
Proof of the running time complexity is analogous to the proof of Theorem

An exemplary domination property required to apply rule [2]is shown on the
right side of Fig. [1} By applying the rule for pi-arc (1,2) we can mark node 1 as
reducible. Like most reduction rules for the DFVS and VC, both rules [I] and [2]
make use only of the local properties - neighborhoods of ends of a pi-arc. The
following rule relaxes this ‘requirement’ and is a generalization of the previous
rule. This, however, comes at a cost of deteriorated time complexity.

Reduction 8 (domination-3). If there exists a pi-arc (u, v) such that in the graph
G[V \ NP%[u]] there does not exist a path from N*(v) to N~ (v), then node u is
reducible and can be removed from the graph and added to the solution.

Theorem 3. Reduction rule [3 is safe. Checking all pi-arcs in the graph for
fulfilling requirements needed to apply the rule can be done in time O(|Api||Al).

Proof. Assume that the rule is not safe. Let G’ = G[V \ N?¢[u]], and let S be
an optimal solution for G. Since the rule is not safe, u ¢ S. We know that in G’
there is no path from N*(v) to N~ (v), hence there is no cycle containing v in
G’. Therefore, there is also no cycle containing v in G[V \ (S'\ {v}], except for
a pi-arc (u,v). But from this we can see that the set S* = S\ {v} U {u} is a
feedback vertex set of G and |S*| = |S|. A contradiction, hence the rule is safe.

The complexity of the algorithm is bounded by the number of times we need
to check for an existence of a path, which is bounded by |A,;|. Finding the path
(or deciding that it does not exist) take O(|A|) time using a standard DFS/BFS
search. The final complexity is therefore bounded by O(|Ap;||A]).

It is worth to mention now that the algorithm can be implemented to be much
faster in practice for most graph instances, due to the fact that the number of
reducible nodes is usually much smaller than the number of times we search
for a path. This means that almost always a search for an existence of a path
concludes in a positive answer. By replacing the standard DFS/BFS search with
a bidirectional BF'S, the algorithm performance in practice can be significantly
improved, as the whole graph will need to be looked through only when a path
does not exist [0]. For some graph classes it can be proved that the algorithm is

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:
DOI] 10.1007/978-3-032-29921-5_35 |



https://dx.doi.org/10.1007/978-3-032-29921-5_35
https://dx.doi.org/10.1007/978-3-032-29921-5_35

8 S. Swat et al.

asymptotically faster. For random graphs, for example, the algorithm works in
time O(|Api| - |A|2 +|P| - |A]), where P is the set of found reducible nodes.

The fourth presented reduction rule is a slight variation of the third, where,
by Lemma [T} instead of looking for a path we look for an induced path.

Reduction 4 (domination-4). If there exists a pi-arc (u, v), such that in the graph
G[V \ (NP![u] \ {v})] there does not exist a chordless cycle containing node v,
then node w is reducible.

Theorem 4. Reduction rule[]) is safe.

Proof. The proof of the safeness of the rule is the same as for rule[3] but taking
into account that only chordless cycles need to be hit.

Let us note that the running time of rule [4] depends highly on the algorithm
used for the chordless cycle detection. It is in general NP-hard to check whether a
given node belongs to a chordless cycle [I8]. This does not mean, however, that
the problem cannot be solved efficiently in practice. There exist enumeration
algorithms that can list all chordless cycles in total time O((n + m)(c + 1)),
where n,m,c denote the number of nodes, arcs and elementary cycles in the
graph, respectively [2I]. The number ¢ of cycles can be, however, exponentially
dependent on the graph size. But even in that case there may be many vertices in
the graph for which the number of induced cycles containing them is acceptable,
and for those nodes rule 4] can be applied (for nodes that are contained in a high
number of cycles, the enumeration algorithm must be terminated after some fixed
number of cycles to avoid getting stuck in a prolonged computation process). In
practice such case occurs most often for graphs with a high fraction of pi-arcs. Let
us now also add that rule [l is very useful in the context of lossy data reduction
rules. By relaxing the condition of hitting all chordless cycles to hitting only
chordless cycles of some small fixed length L (e.g., 12), the applicability of the
rule grows significantly whenever we do not need to preserve optimality of the
result, as finding short chordless cycles can be done efficiently.

Let us now present fifth of the domination-based reduction rules. It is a gener-
alization of rules[Il- @ but its running time complexity is correspondingly worse.

Reduction 5 (domination-5). Let u € V be a node and let X C V' \ {u} be a set
of nodes such that G[X U {u}] is a chordless cycle and for each v € X at least
one of the following two conditions hold:

1. at least one of the reductions is applicable for pi-arc (u,v) in the
graph G' = (V \ (X \ {v}), AU{(u,v), (v, u)}).

2. for every chordless cycle C': v = a3 — ags — ... — ap — v for which u ¢ C,
we have C N N~ (u) # 0 and for every a; € C'N (N~ (u)) \ X there exists
a; € CN(N*t(u)\ X with i <j.

Node u is reducible.

Theorem 5. Reduction rule[d is safe.
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Proof. Let u € V be a fixed node and consider any node v € X. Let S be an
optimal solution to G and assume that the rule is not safe. Hence, u ¢ S.

Suppose now that the first condition of the rule is met. By assumption, at
least one of the reduction rules holds for the pi-arc (u,v) in the graph
G' = (V,AU (u,v) U (v,u)). From proofs of those rules it follows that S\ {v}
hits all cycles containing v, except for (u,v) in G’. Hence, it hits all cycles that
contain node v in G[V \ {u}]. Since S is a feedback vertex set of G, all cycles
containing node u are hit by S. From the condition that G[X U {u}] contains a
cycle containing u, it follows that X NS # (. But we have proved that for any
node v € X all the cycles containing v in G[V \ {u}] are hit by S\ {v}. Taking
any node v’ € X and considering S* = S\ {v'} U {u}, we observe that all the
cycles in G are hit by S*. This is a contradiction to the assumption that the rule
is not safe.

Now assume that the second condition of the rule is met and let C' be a
chordless cycle for which v ¢ C and v € C. Let a; € CN (N~ (u) \ X). From the
condition it follows that such a node exists and there exists also a; € CN(N 7T (u)\
X) with i < j. We know that S hits all the cycles in G, thus it hits all the cycles
containing u. Since every cycle containing v has the form v — a — ... b — wu,
where a € N*(u) and b € N~ (u), and u ¢ S, we have {a;,a;41,...,a;} NS # 0.
Therefore, the cycle C is hit by S\ {v}. Thus, S hits all cycles that contain v,
except for cycle G[X U {u}]. But this means that S\ {v} U {u} is a feedback
vertex set of G, which ends the proof.

The complexity of determining whether the first condition of rule [5] is met
is in theory dominated by the complexity of rule [dl Without additional restric-
tions, for a given vertex u all other nodes v € V must be considered and the
existence of a cycle containing v must be checked, resulting in a complexity of
O(|V|?|A]). As mentioned earlier, the total number of operations performed by
the algorithm in practice can be reduced by using bidirectional BF'S instead of a
standard cycle detection algorithm. Determining whether the necessary require-
ments for the second condition of rule |5| are met can be done in O(]A]|) time by
checking whether there is a path from X to N, ;(u)\ X in the graph G[V '\ {u}].
Similarly to replacing standard cycle-search with a bidirectional BFS, we can
make adjustments to make the search faster in practice. Finally, let us note that
the reduction rule [f] does not depend on the existence of pi-arcs in the graph,
and might be applicable even if Ap; = (). An exemplary subgraph for the rule
can be applied is shown in Fig.

4 Experiment

In this section we provide results of a computational experiment conducted to
show applicability of designed rules. The experiment was conducted on a ma-
chine with Windows operating system in the WSL2 subsystem, with a Ryzen 7
5700X3D processor and 64GB of DDR4 3200 MT /s RAM memory.

To evaluate the effect of the domination-based data reduction rules, we used
all 400 graph instances from the PACE 2022 contest [I7]. This set contains,
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Fig.2: The figure shows an exemplary graph for which the reduction rule 5 can
be applied. A fragment of an exemplary cycle C' from the second condition of
the rule [f] is highlighted in orange.

X

among others, real-world instances representing web graphs, social networks,
Wikipedia graphs, and autonomous system graphs. Many random graph in-
stances were used as well, generated according to various models (e.g., Erdgs-
Rényi graphs, geometric graphs, hyperbolic graphs, and Delaunay graphs).

We implemented three preprocessing algorithms using three different sets of
data reduction rules. The first set contained only basic data reduction rules:
loop, parallel arc removal, and in-out-1 node contraction. A graph obtained
after applying these rules constitutes the core structure. The second set also
contained several of the known rules: the core, dome, pie, in-out-clique rule,
and the degree-2 folding (see Table [1]). This set of rules was used to obtain
graphs that can be used to examine the influence of the new domination rules
on already preprocessed instances. Since these graphs are already subjected to
fair preprocessing, they should be much less susceptible to reductions than bare
structures. The third set also contained all the domination rules designed and
described in this work. Additionally, in order to measure the impact of particular
reduction rules, we also considered as sets of reduction rules the second set
extended by a single reduction, for which we wanted to measure the impact.

For each of these three sets of reduction rules, we calculated the following
values: the number of instances fully solved by the set (that is, instances for which
the optimal feedback vertex set was found using the data reduction rules only)
and metrics corresponding to the reduction ratios, calculated as the fractions

Ve |-V, . . Ac|—|A
% - for the node reduction ratio - and %

ratio. Here, by G’ we denote the graph obtained after applying data reduction

- for the arc reduction
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Table 2: Comparison of results obtained by application of reduction rules in
given sets. Set 1 contains only basic rules, set 2 contains also other known rules,
and set 3 contains additionally the proposed domination rules 1-5.

Set 1 Set 2 Set 3
(b) (b+k) (b+k+d)
Numbe.r of fully 9 97 63
solved instances
. . 0.275 (nodes) 0.515 (nodes) 0.601 (nodes)
Average reduction ratio 0.254 (arcs) 0.529 (arcs) 0.621 (arcs)
Average reduction time 0.245 sec 1.378 sec 9.89 sec

rules to graph G. A summary of the results obtained is shown in Table 2] It
can be seen that, on average, the node reduction ratios obtained by the second
and third sets are better by 87.2% and 118.5%, respectively, compared to those
obtained by the first set. Comparing the effect of using the domination rules
described in this work in addition to the known rules (the second set), we were
able to obtain the average node reduction ratio greater by 16.7% (0.601 vs.
0.515). The values of the reduction ratios obtained for the arcs are comparable
to those obtained for the nodes. However, if we look at the number of fully solved
instances, we see a significant increase when comparing the results of the third
set vs. the second set, more than twice as much.

Let us now examine the impact of particular domination rules, shown in
Figs.[Bland 4] The highest impact, in the sense of graph sizes after the reduction,
we can observe for rule 5. It gives the average number of nodes in a graph roughly
14621 and the node reduction ratio 0.601. Two other rules give similar values,
rule 2 (14711 and 0.598, respectively) and rule 1 (14876 and 0.594). A larger
gap can be observed for the remaining rules 3 and 4, which resulted in graphs
of almost equivalent size (on average). Comparing the time efficiency of sets
of reduction rules extended by rule [} 2, B} [ or [5} they required on average,

40 0.8

= basic = basic
clss = known 0.594 ) = known
%0 dom-all
8421 = dom1
B 14876 = dom2

Average node reduction ratio

Average graph size (thousands)

. 0.51§ dom-all
= dom1
04 027 = dom2
= dom3 6 5 = dom3
0 dom4 0.2 dom4
ﬂ IJ » dom5 = dom5
0 — 0 —

Fig. 3: The figure shows the impact of particular domination rules on graph sizes
after the reduction. “domX” denotes the set of known rules (set 2) extended by a
single domination rule X. On the left we see the average number of nodes in the
graphs after the reduction, on the right there are values of the node reduction
ratio.
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Fig.4: The figure shows the impact of particular domination rules on the pre-
processing in the sense of time. “domX” denotes the set of known rules (set 2)
extended by a single domination rule X. The top two charts and the bottom left
one show the average reduction time, the median and the 75th percentile, while
the bottom right chart shows the distribution of the values, packed in 5-second
intervals, with the y-axis in the logarithmic scale. In order to improve readabil-
ity, the histogram is created for the set of values with removed 2% of outliers.

respectively, 13.5, 17.2, 21.4, 24.9, or 30.6 seconds to process the graph instances.
This is a noticeable but still reasonable overhead, compared to the set of "known"
rules, which required only 1.4 seconds. Surprisingly, the average time required
to process the graphs using the third set of rules was shorter (9.9 seconds) than
that for the second set extended by any single domination rule. This shows
that using a rule (or even several ones) that is relatively slow may improve the
overall performance. This phenomenon is most probably caused by the fact that
using approaches that might affect different subgraphs we can reduce the total
number of passes required by the algorithm to determine that no rule can be
further applied.

5 Conclusions

In the paper we have presented new data reduction rules for the Directed Feed-
back Vertex Set problem, a problem relevant in computational science with
applications in several scientific areas. These rules are based on a concept of
domination, similar to the one known for the Vertex Cover problem. However,
for the DFVS domination need not be a property as local as for the VC, and
the designed rules exploit this observation. We have provided detailed descrip-
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tions of designed rules, together with their proofs of soundness and comments
on variations, whenever a practical need for an algorithm with better worst-case
time complexity arose. Finally, based on a computational experiment including
a variety of graph classes and real-world instances, we have provided an analysis
and evaluation of the designed reduction rules, showing their practicality.
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