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Abstract. The paper presents the interval fast parametric integral equa-
tions system (IFPIES) applied for searching domain solutions of potential
2D boundary value problems (BVPs). Previously, the IFPIES has been
successfully applied in modelling uncertainly defined 2D potential BVPs
and finding solutions on the boundary. The combination of the modi-
fied fast multipole technique and modified directed interval arithmetic
with the PIES reduced the computational time and RAM usage in the
interval PIES. To find solutions in the domain, similar techniques are
applied. The method is demonstrated with the solution in the domain of
uncertainly defined BVPs.

Keywords: Interval Fast PIES · uncertainty · BVP · Fast Multipole
Method.

1 Introduction

The interval fast parametric integral equations system (IFPIES) [1] belongs to a
family of computational methods that are derived from the classical parametric
integral equation system (PIES [2]). All of these methods, beginning with PIES,
are in a constant state of development and are employed to solve a variety of
two- and three-dimensional boundary value problems (BVPs) described by dif-
ferent types of differential equation (e.g. Laplace, Helmholtz or Navier–Lame).
Also, all methods in that family offers the same remarkable advantages compared
to the FEM [3–5], the BEM [6–8] (or the still being developed the FEM-BEM
hybrids [9], isogeometric analysis (IgA) [10] and the Virtual Element Method
(VEM) [11]) such as the lack of discretization of the problem’s boundary and
domain (sometimes called as mesh-free) or possibility of improving the accu-
racy of solutions with only a slight modification of the input data (precisely,
the number of collocation points). They use parametric functions widely used
in computer graphics and include, among others, Bézier and B-spline curves,
Coons and Bézier surface patches. Due to the direct inclusion of these functions
into the mathematical formalism of the PIES family methods, the boundary is
defined by a small number of interval control points. Also, the use of parametric
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functions reduces the dimensionality of the problem by 1. Improving the accu-
racy of solutions requires only a slight adjustment to the number of collocation
points, unlike in the BEM and the FEM, where the discretization process must
be repeated. Such an approach differs from a finite difference scheme applied
in a wide family of mesh-free methods (such as particle methods [12], Galerkin
methods [13] or cloud methods [14]).

Our previous studies on the PIES family methods have focused on various as-
pects, including the use of NURBS curves [15] or inverse problems [16]. All these
studies have confirmed their higher accuracy compared to BEM or FEM. How-
ever, in early implementations of classical and interval PIES, time-consuming
calculations and RAM utilization increase with the problem size squared. Similar
to the BEM, the PIES uses dense non-symmetric coefficient matrices. Therefore,
to compute the PIES matrices, we need O(N2) operations and another O(N3)
operations to solve the obtained system using direct solvers (where N is the
number of equations of the algebraic equations system). To eliminate this main
disadvantage, the authors of this paper previously applied the fast multipole
method (FMM) [17–19], obtaining the fast PIES (FPIES) [20] and the IFPIES
[1]. Application of the FMM and modified binary tree [21] results in obtaining
the system of algebraic equations A · x = b which is generated implicitly in the
IFPIES and is solved by the iterative GMRES solver [22].

It means that only the result of the multiplication of the matrix A by the
vector of unknowns x is stored in memory, in contrast to the conventional PIES,
which has to store the full dense non-symmetric matrix A and the vector b in
RAM. The application of the FMM allows for a significant reduction in compu-
tational time to O(NlogN) and a decrease in RAM utilization to O(N). Pre-
vious studies on the IFPIES have focused on efficient and accurate solutions
to problems described by single- and multi-connected domains [20, 23], as well
as on analyses of key parameters [24, 25]. Also, a comparison with a competing
method, such as the fast multipole BEM (FMBEM) described in [26].

Up to now, the authors of this paper have used the IFPIES to find solutions
of uncertainly defined BVPs on the boundary only. Solutions in the domain can
be obtained using the classical technique applied in the conventional PIES [2].
The main goal of this paper is to present the IFPIES applied to find numerical
solutions for uncertainly defined 2D potential BVPs in the domain using the fast
multipole technique. The efficiency and accuracy of the IFPIES are tested on a
potential problem described by linear boundary segments.

2 The interval fast parametric integral equations system

The IFPIES is a direct successor of the IPIES [27] and the FPIES [20] which
are based on original PIES [2]. The original PIES was obtained as the result of
the analytical modification of the boundary integral equations (BIE) by direct
inclusion parametric curves describing the shape of the boundary of the problem
into the PIES kernels. The directed interval arithmetic [28] and the method

ICCS Camera Ready Version 2026
To cite this paper please use the final published version:

DOI: 10.1007/978-3-032-29921-5_28

https://dx.doi.org/10.1007/978-3-032-29921-5_28
https://dx.doi.org/10.1007/978-3-032-29921-5_28


Acceleration of computing domain solutions by the IFPIES 3

of mapping arithmetic operators to the positive semi-axis [29] applied to the
original PIES results in obtaining the following form of the IPIES:

1

2
ul(ŝ) =

n∑

j=1

sj∫

sj−1

{
Û∗

lj(ŝ, s)pj(s)− P̂ ∗

lj(ŝ, s)uj(s)

}
Jj(s)ds,

l = 1, 2, ..., n, sl−1 ≤ ŝ ≤ sl, sj−1 ≤ s ≤ sj ,

(1)

where n is the number of parametric segments that creates boundary of domain
in 2D (mapped into parametric reference system), Jj(s) is the interval Jacobian,
sj−1 correspond to the beginning of j-th segment, while sj to its end. The interval

kernels Û∗

lj(ŝ, s) and P̂ ∗

lj(ŝ, s) have the following form:

Û∗

lj(ŝ, s) =
1

2π
ln

1√(
S(1)

)2
+
(
S(2)

)2 ,

P̂ ∗

lj(ŝ, s) =
1

2π

S(1) · n(1)
j (s) + S(2) · n(2)

j (s)
(
S(1)

)2
+
(
S(2)

)2 ,

(2)

where S(1) = S
(1)
l (ŝ) − S

(1)
j (s) and S(2) = S

(2)
l (ŝ) − S

(2)
j (s). Expressions

Sk(sn) = {S(1)
k (sn),S

(2)
k (sn)} (k = {j, l} sn = {ŝ, s}) are interval Bézier curves

of the third degree (curvilinear segments) or the first degree (linear segments)
mapped into parametric reference system.

Boundary functions uj(s) and pj(s) in (1) are approximated by the following
series:

uj(s) =

N∑

k=0

u
(k)
j L

(k)
j (s),

pj(s) =

N∑

k=0

p
(k)
j L

(k)
j (s),

(3)

where u
(k)
j and p

(k)
j are unknown or given interval values of boundary functions

in defined points of the segment j, N - is the number of terms in the approxi-
mation series (3), which approximates boundary functions on the segment j and

L
(k)
j (s) - the base functions (Lagrange polynomials) on segment j.

Similarly to the FPIES [20], the IFPIES required modification of the IPIES
kernels (to allow for the Taylor series approximation used by the FMM), and
modification of the tree used by the FMM (to include the way of defining the
boundary in the PIES). Modified IPIES kernels have the following form:

Û
∗(c)
lj (τ̂ , τ ) =− 1

2π
ln (τ̂ − τ ) ,

P̂
∗(c)
lj (τ̂ , τ ) =

1

2π

n
(c)
j

τ̂ − τ
,

(4)
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where n
(c)
j is the complex notation of interval normal vector to the curve, which

creates segment j. Expressions τ̂ , τ are the complex interval version of paramet-

ric functions describing the boundary: τ̂ = S
(c)
l (ŝ) = S

(1)
l (ŝ) + iS

(2)
l (ŝ), τ =

S
(c)
j (s) = S

(1)
j (s) + iS

(2)
j (s).

Modification of the FMM tree take into account that the boundary of the 2D
problem is mapped into a 1D parametric reference system. Therefore, the first
and the last segment in the parametric reference system should be considered as
connected to each other. It required to close the tree levels as presented in Fig. 1
(more precisely described in [21]). The interval points τ ′

c and τ ′

el are obtained
during applying the FMM technique (tracing the tree structure up and down).
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Fig. 1. The example of modified binary tree in the fast PIES for 2D problem

At last, the following formula presents the final form of the IFPIES for solving
uncertainly defined BVPs on the boundary [1]:

1

2
ul(ŝ) =

n∑

j=1

R

{
1

2π

NT∑

l=0

(−1)l ·
[

NT∑

k=0

NT∑

m=l

(k +m− 1)! ·Mk(τ
′

c)

(τel − τc)
k+m

· (τ
′

el − τel)
m−l

(m− l)!

]
· (τ̂ − τ ′

el)
l

l!

}
−

n∑

j=1

R

{
1

2π

NT∑

l=0

(−1)l·

[
NT∑

k=1

NT∑

m=l

(k +m− 1)! ·Nk(τ
′

c)

(τel − τc)
k+m

· (τ
′

el − τel)
m−l

(m− l)!

]
· (τ̂ − τ ′

el)
l

l!

}
,

(5)

where interval moments Mk(τ
′

c) and Nk(τ
′

c) are computed twice only and have
the form:
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Mk(τ
′

c) =

k∑

l=0

(τc − τ ′

c)
k−l

(k − l)!
Ml(τc),

Nk(τ
′

c) =
k∑

l=1

(τc − τ ′

c)
k−l

(k − l)!
Nl(τc),

(6)

where:

Ml(τc) =

sj∫

sj−1

(τ − τc)
l

l!
pj (s)Jj (s)ds,

Nl (τc) =

sj∫

sj−1

(τ − τc)
l−1

(l − 1)!
n(c)uj (s)Jj (s) ds,

and NT is the number of terms in Taylor series, Jj(s) is the interval Jacobian,
sj−1 correspond to the beginning of j-th segment, while sj to its end, uj(s) and
pj(s) are interval boundary functions (3), n(c) = n(1) + in(2) is the complex
interval notation of normal vector to the curve, which creates segment j, R is
the real part of complex number and superscript (c) means the complex variable,
while (1) and (2) - coordinates in the complex reference system.

3 Interval solutions in the domain

Solving the IFPIES (5) results in solutions on the boundary only. To find solu-
tions in the domain, a modification of the IPIES integral identity is required.
The interval identity uses the solutions of the IPIES, and it has the following
form [27]:

u(x) =

n∑

j=1

sj∫

sj−1

{
Û∗

j (x, s)pj(s)− P̂ ∗

j (x, s)uj(s)
}
Jj(s)ds. (7)

Integrands Û∗

j (x, s) and P̂ ∗

j (x, s) are presented in the following form:

Û∗

j (x, s) =
1

2π
ln

1√
r12 + r22

P̂ ∗

j (x, s) =
1

2π

r1n
(1)(s) + r2n

(2)(s)

r21 + r22

(8)

where r1 = x(1) −S
(1)
j (s) and r2 = x(2) −S

(2)
j (s), x(1) and x(2) are the coordi-

nates of the interval solution point in the domain, n(1) and n(2) are components
of interval vector normal to the curve. The shape of the boundary is included in
(8) by r1 and r2, which contain interval parametric curves.
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Similarly to the concept presented in [31], we obtained the complex interval

integrands Û
∗(c)
j (x(c), τ ) and P̂

∗(c)
j (x(c), τ ) in the following form:

Û
∗(c)
j (x(c), τ ) = − 1

2π
ln
(
x(c) − τ

)
,

P̂
∗(c)
j (x(c), τ ) =

1

2π

n(c)(s)

x(c) − τ
,

(9)

where x(c) = x(1) + ix(2) and:

Û∗

j (x, s) = R{Û∗(c)
j (x(c), τ )},

P̂ ∗

j (x, s) = R{P̂ ∗(c)
j (x(c), τ )}.

We can use the same fast multipole tree and moments Mk(τc) and Nk(τc)
calculated previously during solving the IFPIES. However, to find solutions in the
domain, we are moving only to the highest level of the tree. Substituting kernels

Û
∗(c)
j

(
x(c), τ

)
and P̂

∗(c)
j

(
x(c), τ

)
into (7), we obtain the following expression:

u(x) =
1

2π

n∑

j=1

R

{ NT∑

k=0

Uk(x
(c), τc)Mk(τc)−

NT∑

k=1

Pk(x
(c), τc)Nk(τc)

}
, (10)

where:

Uk(x
(c), τc) =

{
− ln

(
x(c) − τc

)
for k = 0

(k−1)!

(x(c)
−τc)

k for k ≥ 1 ,

Pk(x
(c), τc) =

(k − 1)!
(
x(c) − τc

)k for k ≥ 1.

We also expanded equation (10) using Taylor series about any point xc ∈
{xc1,xc2, ...,xck} close to some points of solutions (presented in Fig.2) to reduce
the number of computations. At last, the integral identity in the IFPIES has the
following form:

u(x) =

n∑

j=1

R

NT∑

l=0

(−1)l

2π

(
NT∑

k=0

(k − 1)! ·
(
Mk(τc)−Nk(τc)

)

(xc − τc)
k

)(
x(c) − xc

)l

l!
,

(11)
where N0(τc) = 0.

4 Numerical results

All tests of the presented algorithm were performed on a PC based on an Intel
Core i7-14700KF processor with 128 GB of RAM. The program is compiled with
g++ (with -O3 -march=native optimization) on a 64-bit Ubuntu Linux oper-
ating system (kernel 6.14.0). The IFPIES application was developed using pure
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Fig. 2. Groups of interval solution points approximated by corresponding point xci

(i = 1, 2.., k)

C/C++ to implement modified directed interval arithmetic, a method that has
not yet been documented. As a result, it is not possible to utilize existing C/C++
frameworks for numerical computations, such as BLAS/LAPACK, Eigen, or Ar-
madillo. Additionally, it is important to note that the IFPIES application runs
on a single processor core and has not been parallelized, indicating that there is
potential for further speed improvements.

The example is the current flow through the square plate presented in Fig. 3.
Boundary conditions presented in the figure mean interval potential V (red
electrodes) and interval flux ∂V

∂n
on the rest of the boundary (n means normal

vector to the boundary segment).

The research focused on the computation speed of solutions in the domain.
The IFPIES approximation of the modified IPIES kernels uses 20 terms in the
Taylor series, and the GMRES tolerance is 10−8. These parameters were deter-
mined based on findings in [24] and [25] regarding the search for optimal IFPIES
parameters. The number of collocation points is the same across all segments (2-
8). Therefore, we should solve systems from 2 040 to 8 160 algebraic equations.
The same number of terms in the Taylor series was also used to approximate
the integral identity. Two different numbers of solution points were tested. The
first was 65 025, uniformly distributed over the entire domain, divided into 289
groups (xc points), and the second was 260 100, divided into 1 156 groups. It
should be noted that each group in both examples consisted of 225 solution
points. The distance between solution points was equal to 1 mm for 289 groups,
while 0.5 mm for 1 156 groups, as shown in Fig. 4. As this is the first study
utilizing IFPIES to calculate values in the domain of boundary problems, the
number of points and groups was set arbitrarily to ensure that solutions could
be explored at intervals of 0.5 mm and 1 mm.
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Fig. 3. The example of current flow through the square plate

xc1

a) b)

xc1

xc2

xc3

xc4

Fig. 4. Location of solution points approximated by xc points for a) 289 b) 1 156
groups (coloured line mark the boundary of the group approximated by particular xc)

Tab. 1 presents the obtained time of solving the problem (CPU time - solv-
ing), the computation of solutions in the domain (CPU time - domain) and the
RAM usage of the applications.

As shown in Tab. 1, the IPIES is much slower than the IFPIES. For the
highest number of equations (8 collocation points), the IFPIES required about
42 seconds and 76 MB of RAM to solve the problem and find all solutions in the
domain despite the number of solutions points, in comparison the IPIES required
almost over 28 minutes and 1 586 MB of RAM for 65 025 and over 93 minutes and
1 586 MB of RAM for 260 100 solution points. It means that RAM utilization
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Table 1. CPU time and RAM utilization between the IFPIES and FPIES

Number of CPU time - solving [s] CPU time - domain [s] RAM utilization [MB]

col. pts. IFPIES IPIES IFPIES IPIES IFPIES IPIES

289 xc points

2 0.840 10.622 6.807 297.145 14.388 103.824

3 1.618 24.621 10.279 452.618 20.732 227.484

4 2.720 44.390 13.842 639.618 28.976 400.180

5 4.156 70.502 17.673 834.692 38.264 621.484

6 6.023 103.811 21.655 1 029.510 49.492 895.900

7 8.329 144.483 26.040 1 271.600 62.180 1 216.448

8 11.282 193.757 30.752 1 518.860 76.156 1 586.676

1 156 xc points

2 0.849 10.737 7.937 1 118.380 14.296 103.328

3 1.639 24.918 10.939 1 783.180 20.912 228.192

4 2.698 45.567 14.193 2 386.600 28.964 399.972

5 4.147 72.314 17.673 3 082.080 38.772 621.480

6 6.014 105.702 21.357 3 794.660 49.460 895.436

7 8.311 147.307 25.438 4 669.470 62.204 1 216.440

8 11.238 197.708 29.798 5 416.680 76.240 1 586.212

in the IFPIES is strictly tied to solving the system, and finding solutions in the
domain does not affect memory usage. Also, it can be seen that the time to
find solutions in the domain by the IFPIES is almost the same regardless of the
number of solution points, contrary to the IPIES. Fig. 5 presents the overview of
the CPU time and RAM utilization between both applications for both numbers
of solution points.

We also calculated the mean squared error (MSE) between the IFPIES and
the FPIES to assess the method’s accuracy. MSE was calculated separately for
the infimum and the supremum of interval solutions.

Table 2. MSE of domain solutions between the IFPIES and the IPIES

Number of MSE

collocation 289 xc points 1 156 xc points

points inf sup inf sup

2 5.075 · 10−12
2.922 · 10−12

6.344 · 10−12
5.844 · 10−12

3 3.383 · 10−12
4.921 · 10−12

5.959 · 10−12
6.498 · 10−12

4 4.152 · 10−12
3.537 · 10−12

5.844 · 10−12
6.574 · 10−12

5 3.998 · 10−12
3.230 · 10−12

5.729 · 10−12
6.882 · 10−12

6 1.845 · 10−12
2.922 · 10−12

5.075 · 10−12
5.959 · 10−12

7 4.921 · 10−12
5.383 · 10−12

5.767 · 10−12
7.190 · 10−12

8 2.307 · 10−12
3.383 · 10−12

5.190 · 10−12
5.998 · 10−12
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Fig. 5. CPU time and RAM utilization between the IFPIES and the IPIES

As shown in Tab. 2, solutions in the domain by the IFPIES are as accurate
as those by the IPIES. The MSE for all examples does not exceed 1 · 10−11. A
graphical representation of MSE is presented in Fig. 6.

5 Conclusions

The paper presents the IFPIES for domain solutions of uncertainly defined 2D
potential BVPs. The IFPIES has previously been successfully applied to the
modelling of 2D potential BVPs and to the determination of boundary solutions.
The fast multipole technique applied to the interval integral identity significantly
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Fig. 6. MSE between the IFPIES and the IPIES

reduces the CPU time for computing domain solutions. The presented examples
confirm the high efficiency of the IFPIES in solving complex, uncertainly defined
engineering problems on a standard PC in a reasonable time. However, the real
power of the IFPIES lies in the scale of the problems to be solved. The IPIES to
solve an uncertainly defined problem with a system of 8 160 equations (the square
plate, 8 collocation points on each segment) and finding 200 100 solutions in the
domain uses almost 1.59 GB RAM over 1 1

2 h. At the same time, the IFPIES
requires only 76.24 MB RAM in 41 s.

The obtained results suggest that this line of research should be continued.
The authors intend to extend the IFPIES algorithm to problems modelled by
other differential equations.
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