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Abstract. The paper describes a multidimensional approach to solv-
ing a fuzzy complex linear system (FCLS). Together with the de�nition
of arithmetic operations on complex fuzzy numbers with a horizontal
granular membership function, the properties of these basic arithmetic
operations are given and proven. Using the horizontal membership func-
tion of the fuzzy number and its counterpart in the complex number
space, a multidimensional full granule of solution of FCLS was obtained.
There are many methods in the scienti�c literature that generate results
that are not full solutions of FCLS. The examples presented show that
the use of the horizontal approach generates a full solution and indicate
di�erences with the results obtained from other methods cited in the ar-
ticle. Furthermore, with granular approach the solution of the full FCLS
was calculated.

Keywords: Fuzzy complex number · Horizontal complex fuzzy mem-
bership function · Fuzzy complex linear system · Uncertainty theory ·

Arti�cial intelligence.

1 Introduction

Fuzzy set was proposed by Zadeh [31]; subsequently, a fuzzy number as a fuzzy
subset on the real line, with arithmetic on fuzzy numbers, called fuzzy arithmetic,
were introduced [8, 10, 19, 22]. A fuzzy complex number (FCN) was de�ned by
Backley [6, 7]; Ramot et al. [29, 30] also present concept of the FCN. In many
papers the de�nition of FCN was used e.g. [3, 11, 13, 18, 28].

In this paper the multidimensional horizontal approach to the FCN is used
to solve fuzzy complex system of linear equations. The horizontal membership
function (HMF) of the fuzzy set and its arithmetic was introduced by Piegat for
the �rst time was presented in [25]. The concept of the HMF is based on relative
distance measure interval arithmetic (RDMIA) [24, 26, 27]. In this approach, the
entire problem space is considered, where the solution is a multidimensional in-
formation granule. RDMIA uses the approach of de�ning the interval [x1, x2] as
a value of the form λx1 + (1 − λ)x2, where λ ∈ [0, 1]. Such a de�nition of the
interval was given by Zimmermann 1985 [32] and Klir and Yuan 1995 [20]. The
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HMF concept has been used in scienti�c works, e.g. for solving di�erential equa-
tions [21], as well as for studying the stability of fuzzy linear dynamic systems
[23] and many others.

Determining full and correct solution of the fuzzy complex linear system
(FCLS) is still very interesting for the research community. In problems of real
life, variables usually are uncertain. For researchers of many �elds of science, such
as economy, medicine, engineering, mathematics or physics, it is very important
to �nd a solution of the FCLS. The papers where the real fuzzy linear system
is solved are [1, 2, 5, 9, 12, 16, 17]. Also, there are methods for solving FCLS and
their application. Raheooy et al. in [28] applied FCLS to circuit analysis, while
Jahantigh et al. in [18] proposed a numerical procedure to �nd the solution of
FCLS. Behera and Chakraverty in [3, 4] describe a method for solving FCLS;
later Ghanbari [13] published its modi�ed version. Recently, Guo and Zhang in
[14] wrote about minimal solution of FCLS. Farahani et al. in [11] solved FCLS
using eigenvalue method. Moreover, Han and Guo in [15] discussed the numerical
procedure for solution of FCLS.

The fuzzy complex linear system (FCLS) in [3] is de�ned as [C][Z̃] = [W̃ ],
where: [C] - the n×n matrix of crisp complex coe�cients; [W̃ ] - the n×1 matrix
of fuzzy complex numbers; and [Z̃] - unknown fuzzy complex numbers. The full
fuzzy complex linear system (FFCLS) is de�ned as a FCLS where the matrix of
coe�cients [C] is a matrix of fuzzy complex numbers [C̃].

On the presented examples it was shown that results generated by methods in
the cited papers are not full solutions of the FCLS. It was proved by generating
the crisp solution of the crisp complex linear system (CCLS) from FCLS which
does not belong to the set of results of the cited papers. Therefore, there is a
need to �nd a method that will generate a full solution of the FCLS. To �ll this
gap, the HMF and its arithmetic is used.

The method with fuzzy complex number (FCN) and its horizontal member-
ship function (HMF) presented in the paper allows to generate crisp sets of the
dependent solutions, the granule of solution. With the solution expressed in the
form of granule of information it can be determined if any crisp solution is pos-
sible or not. Three examples analyzed in the paper were taken from [3, 4, 15, 11,
28]. The last example presents application of the HMF to �nd the solution of
the full fuzzy complex linear system.

The multidimensional granular complex HMF approach provides solutions
that satisfy fuzzy complex linear systems. It is shown on examples that the
methods from the cited articles do not generate a full FCLS solution, the results
are overestimated or underestimated. The obtained multidimensional solution
by HMF is an information granule of the full set of solutions that satis�es FCLS
(FFCLS) and its equivalent forms.

The rest of the paper is organized as follows: in Section 2 the theoretical
foundation of the fuzzy complex number with horizontal membership function
and its arithmetic with basic algebraic properties are given. In Section 3 the
numerical examples are considered, where the fuzzy complex linear systems are
solved. Section 4 presents some conclusions.

ICCS Camera Ready Version 2025
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-97573-8_14

https://dx.doi.org/10.1007/978-3-031-97573-8_14
https://dx.doi.org/10.1007/978-3-031-97573-8_14


Multidimensional Granular Approach to Solving Fuzzy Complex System... 3

Abbreviations: FCN - fuzzy complex number, CCLS - crisp complex linear
system, FCLS - fuzzy complex linear system, FFCLS - full fuzzy complex linear
system, HMF - horizontal membership function.

2 Theoretical Foundations

This section presents the theoretical foundations of the fuzzy complex number,
horizontal fuzzy number, horizontal fuzzy complex number and horizontal fuzzy
complex arithmetic used in the paper for solving fuzzy complex linear system.

Let us introduce the following notations: E1 is a set of fuzzy numbers on the
real numbers IR, and uµ

x̃ = (uµ
x̃, u

µ
x̃) is µ-cut level of x̃ ∈ E1, µ ∈ [0, 1].

De�nition 1. [12] (Fuzzy number) An arbitrary fuzzy number is an ordered pair
of functions (uµ, uµ), 0 ≤ µ ≤ 1, which satisfy the following requirements:

1. uµ is a bounded left continuous nondecreasing function over [0, 1].
2. uµ is a bounded left continuous nonincreasing function over [0, 1].
3. uµ ≤ uµ, 0 ≤ µ ≤ 1.

De�nition 2. [3] (Fuzzy complex number) An arbitrary fuzzy complex number
is written as z̃ = p̃+ iq̃, where p̃ = [pµ, pµ] and q̃ = [qµ, qµ], 0 ≤ µ ≤ 1.

For fuzzy complex number z̃ = p̃ + iq̃, p̃ is called the real part (Re(z̃)) and
q̃ is called the imaginary part (Im(z̃)). A µ-level of an arbitrary fuzzy complex
number can be written as z̃µ = [pµ, pµ] + i[qµ, qµ] = [pµ + iqµ, pµ + iqµ].

De�nition 3. [21, 25] (Horizontal membership function) Let ũ : [a, b] ⊆ IR →
[0, 1] be a fuzzy number. The horizontal membership function ugr : [0, 1]×[0, 1] →
[a, b] is a representation of ũ(x) as ugr(µ, αu) = x in which �gr� stands for the
granule of information included in x ∈ [a, b], µ ∈ [0, 1] is the membership degree
of x in ũ(x), αu ∈ [0, 1] is called RDM variable, and ugr(µ, αu) = uµ + (uµ −
uµ)αu.

The horizontal membership function presented by granule of information of
fuzzy number ũ is denoted in [21] as H(ũ) = ugr(µ, αu).

De�nition 4. [23] The horizontal membership function of the fuzzy complex
number z̃ = p̃ + iq̃ is denoted by H(z̃) = zgr(µ, αp, αq) and de�ned as H(z̃) =
H(p̃) + iH(q̃). Therefore, Re(H(z̃)) = H(Re(z̃)) and Im(H(z̃)) = H(Im(z̃)).

For example, the fuzzy complex number with nonlinear borders z̃µ = p̃µ +
iq̃µ = [3 + µ2, 5 − √

µ] + i[4 + µ3, 7 − µ2], µ ∈ [0, 1], has a complex granular
form of membership function as: zgr(µ, αp, αq) = 3 + µ2 + αp(2 − √

µ − µ2) +
i[4 + µ3 + αq(3− µ2 − µ3)], where µ, αp, αq ∈ [0, 1]. The fuzzy complex number
z̃µ with nonlinear boundaries together with variables αp and αq generating the
information granule is presented in 3D space in Fig. 1.

The de�nition of the span of the complex information granule zgr(µ, αp, αq)
is as follows.
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Fig. 1. Fuzzy complex number z̃µ = p̃µ + iq̃µ = [3 + µ2, 5 − √
µ] + i[4 + µ3, 7 − µ2],

µ ∈ [0, 1] and variables αp, αq ∈ [0, 1] generating the information granule.

De�nition 5. The fuzzy complex number z̃ = p̃ + iq̃ can be represented by the
span of its horizontal membership function H(z̃) = zgr(µ, αp, αq), by the for-
mula (1),

z̃µ = H−1(zgr(µ, αp, αq)) =

[
inf
γ≥µ

min
αp

zgr(γ, αp), sup
γ≥µ

max
αp

zgr(γ, αp)

]
+i

[
inf
γ≥µ

min
αq

zgr(γ, αq), sup
γ≥µ

max
αq

zgr(γ, αq)

] (1)

De�nition 6. Let z̃1 = p̃1 + iq̃1 and z̃2 = p̃2 + iq̃2 are the fuzzy complex num-
bers, with the horizontal membership functions H(z̃1) = H(p̃1) + iH(q̃1) and
H(z̃2) = H(p̃2) + iH(q̃2). Denotes ⊙ as a one of four basic arithmetic op-
erations {+,−,×, /}. Therefore, z̃1 ⊙ z̃2 is a fuzzy complex number such that
H(z̃1 ⊙ z̃2) = H(p̃1) ⊙ H(p̃2) + i(H(q̃1) ⊙ H(q̃2)), operation / occurs only if
0 /∈ H(z̃2)

For fuzzy numbers whose horizontal membership functions are as in De�ni-
tion 4 the basic algebraic properties hold.

Lemma 1. Let z̃1, z̃2 and z̃3 are fuzzy complex numbers with horizontal mem-
bership functions H(z̃1), H(z̃2) and H(z̃3). The FCN with HMF addition and
multiplication are commutative and associative, equations in (2) are true,

z̃1 + z̃2 = z̃2 + z̃1,
z̃1z̃2 = z̃2z̃1,
z̃1 + (z̃2 + z̃3) = (z̃1 + z̃2) + z̃3,
z̃1(z̃2z̃3) = (z̃1z̃2)z̃3.

(2)

Lemma 2. The FCN with HMF has identity elements under addition and mul-
tiplication that are crisp values 0 and 1, respectively. Equations in (3) hold for
any FCN z̃ with HMF H(z̃),

0 + z̃ = z̃ + 0 = z̃,
1 · z̃ = z̃ · 1 = z̃.

(3)
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It is easy to show that Lemma 1 and 2 hold, so the proof is left to the reader.

Lemma 3. The FCN z̃ = p̃ + iq̃ with HMF H(z̃) = zgr(µ, αp, αq) = pµ +
αp(p

µ− pµ)+ i[qµ+αq(q
µ− qµ], where µ, αp, αq ∈ [0, 1], has an additive inverse

element (4),

−zgr(µ, αp, αq) = −[pµ + αp(p
µ − pµ)]− i[qµ + αq(q

µ − qµ)]. (4)

Proof. zgr(µ, αp, αq) + (−zgr(µ, αp, αq)) = [pµ + αp(p
µ − pµ) + i[qµ + αq(q

µ −
qµ)]] + [−[pµ + αp(p

µ − pµ)]− i[qµ + αq(q
µ − qµ)]] = pµ + αp(p

µ − pµ) + i[qµ +
αq(q

µ − qµ)]− [pµ + αp(p
µ − pµ)]− i[qµ + αq(q

µ − qµ)] = 0 ⊓⊔

Lemma 4. For the FCN z̃ = p̃ + iq̃ with HMF H(z̃) = zgr(µ, αp, αq) = pµ +
αp(p

µ − pµ) + i[qµ + αq(q
µ − qµ)], 0 /∈ zgr(µ, αp, αq), where µ, αp, αq ∈ [0, 1],

there exists a multiplicative inverse element given by (5),

1/zgr(µ, αp, αq) =
pµ + αp(p

µ − pµ)− i[qµ + αq(q
µ − qµ)]

[pµ + αp(p
µ − pµ)]2 + [qµ + αq(q

µ − qµ)]2
. (5)

Proof. zgr(µ, αp, αq) · (1/zgr(µ, αp, αq))

= [pµ + αp(p
µ − pµ) + i[qµ + αq(q

µ − qµ)]] · pµ+αp(p
µ−pµ)−i[qµ+αq(q

µ−qµ)]

[pµ+αp(p
µ−pµ)]2+[qµ+αq(q

µ−qµ)]2

=
[pµ+αp(p

µ−pµ)]2+[qµ+αq(q
µ−qµ)]2

[pµ+αp(p
µ−pµ)]2+[qµ+αq(q

µ−qµ)]2 = 1 ⊓⊔

Lemma 5. The distributive law (6) holds for any FCN z̃1 = p̃1 + iq̃1, z̃2 =
p̃2+iq̃2 and z̃3 = p̃3+iq̃3 with H(z̃1) = zgr1 (µ, αp1

, αq1), H(z̃2) = zgr2 (µ, αp2
, αq2)

and H(z̃3) = zgr3 (µ, αp3 , αq3),

z̃1(z̃2 + z̃3) = z̃1z̃2 + z̃1z̃3 (6)

Proof. H(z̃1)(H(z̃2)+H(z̃3)) = [pµ
1
+αp1

(pµ1 −pµ
1
)+ i[qµ

1
+αq1(q

µ
1 − qµ

1
)]] · {[pµ

2
+

αp2
(pµ2 −pµ

2
)+ i[qµ

2
+αq2(q

µ
2 − qµ

2
)]]+ [pµ

3
+αp3

(pµ3 −pµ
3
)+ i[qµ

3
+αq3(q

µ
3 − qµ

3
]]} =

[pµ
1
+αp1

(pµ1−pµ
1
)+i[qµ

1
+αq1(q

µ
1−qµ

1
)]]·[pµ

2
+αp2

(pµ2−pµ
2
)+i[qµ

2
+αq2(q

µ
2−qµ

2
)]]+

[pµ
1
+αp1

(pµ1−pµ
1
)+i[qµ

1
+αq1(q

µ
1−qµ

1
)]]·[pµ

3
+αp3

(pµ3−pµ
3
)+i[qµ

3
+αq3(q

µ
3−qµ

3
)]] =

H(z̃1)H(z̃2) +H(z̃1)H(z̃3),
where µ, αp1 , αp2 , αp3 , αq1 , αq2 , αq3 ∈ [0, 1]. ⊓⊔

Lemma 6. The cancellation law for addition (7) holds in the FCN with HMF
arithmetic,

z̃1 + z̃3 = z̃2 + z̃3 ⇒ z̃1 = z̃2, (7)

where z̃1 = p̃1 + iq̃1, z̃2 = p̃2 + iq̃2 and z̃3 = p̃3 + iq̃3 are FCN with HMF:
H(z̃1) = zgr1 (µ, αp1

, αq1), H(z̃2) = zgr2 (µ, αp2
, αq2) and H(z̃3) = zgr3 (µ, αp3

, αq3).

Proof. z̃1 + z̃3 = z̃2 + z̃3;
[pµ

1
+αp1

(pµ1−pµ
1
)+i[qµ

1
+αq1(q

µ
1−qµ

1
)]]+[pµ

3
+αp3

(pµ3−pµ
3
)+i[qµ

3
+αq3(q

µ
3−qµ

3
)]] =

[pµ
2
+αp2(p

µ
2−pµ

2
)+i[qµ

2
+αq2(q

µ
2−qµ

2
)]]+[pµ

3
+αp3(p

µ
3−pµ

3
)+i[qµ

3
+αq3(q

µ
3−qµ

3
)]];

Adding −z̃3 on both sides, we have:
pµ
1
+αp1

(pµ1 −pµ
1
)+ i[qµ

1
+αq1(q

µ
1 −qµ

1
)] = pµ

2
+αp2

(pµ2 −pµ
2
)+ i[qµ

2
+αq2(q

µ
2 −qµ

2
)];

z̃1 = z̃2,
where µ, αp1

, αp2
, αp3

, αq1 , αq2 , αq3 ∈ [0, 1]. ⊓⊔
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Lemma 7. For any FCN z̃1 = p̃1+iq̃1, z̃2 = p̃2+iq̃2 and z̃3 = p̃3+iq̃3 with HMF
H(z̃1) = zgr1 (µ, αp1

, αq1), H(z̃2) = zgr2 (µ, αp2
, αq2) and H(z̃3) = zgr3 (µ, αp3

, αq3),
if 0 /∈ z̃3, the cancellation law for multiplication (8) holds in the FCN with HMF
arithmetic,

z̃1z̃3 = z̃2z̃3 ⇒ z̃1 = z̃2. (8)

Proof. z̃1 · z̃3 = z̃2 · z̃3;
[pµ

1
+αp1(p

µ
1−pµ

1
)+i[qµ

1
+αq1(q

µ
1−qµ

1
)]]·[pµ

3
+αp3(p

µ
3−pµ

3
)+i[qµ

3
+αq3(q

µ
3−qµ

3
)]] =

[pµ
2
+αp2(p

µ
2 −pµ

2
)+i[qµ

2
+αq2(q

µ
2 −qµ

2
)]] · [pµ

3
+αp3(p

µ
3 −pµ

3
)+i[qµ

3
+αq3(q

µ
3 −qµ

3
)]];

Multiplying by 1/z̃3 both sides, we have:
pµ
1
+αp1

(pµ1 −pµ
1
)+ i[qµ

1
+αq1(q

µ
1 −qµ

1
)] = pµ

2
+αp2

(pµ2 −pµ
2
)+ i[qµ

2
+αq2(q

µ
2 −qµ

2
)];

z̃1 = z̃2,
where µ, αp1

, αp2
, αp3

, αq1 , αq2 , αq3 ∈ [0, 1]. ⊓⊔

The special cases of the fuzzy complex number (FCN) are triangular and
trapezoidal FCNs. In the following two remarks, the triangular and trapezoidal
FCNs granular approaches are de�ned.

Remark 1. (Triangular horizontal fuzzy complex membership function). A tri-
angular fuzzy complex number ṽµ = [a1 + (b1 − a1)µ, c1 − (c1 − b1)µ] + i[a2 +
(b2 − a2)µ, c2 − (c2 − b2)µ] in the granular notation has a form of (9), where µ,
αp, αq ∈ [0, 1], see Fig. 2.

vgr(µ, αp, αq) = a1 + (b1 − a1)µ+ [c1 − a1 − µ(c1 − a1)]αp

+i[a2 + (b2 − a2)µ+ [c2 − a2 − µ(c2 − a2)]αq]
(9)

Fig. 2. Triangular fuzzy complex number ṽµ = [a1 + (b1 − a1)µ, c1 − (c1 − b1)µ] +
i[a2 + (b2 − a2)µ, c2 − (c2 − b2)µ], µ ∈ [0, 1] and variables αp, αq ∈ [0, 1] generating the
information granule.
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Remark 2. (Trapezoidal horizontal fuzzy complex membership function). A trape-
zoidal fuzzy complex number w̃µ = [a1 + (b1 − a1)µ, d1 − (d1 − c1)µ] + i[a2 +
(b2 − a2)µ, d2 − (d2 − c2)µ] in the granular notation has a form of (10), where µ,
αp, αq ∈ [0, 1], see Fig. 3.

wgr(µ, αp, αq) = a1 + (b1 − a1)µ+ [d1 − a1 − µ(d1 − a1 + b1 − c1)]αp

+i[a2 + (b2 − a2)µ+ [d2 − a2 − µ(d2 − a2 + b2 − c2)]αq]
(10)

Fig. 3. Trapezoidal fuzzy complex number w̃µ = [a1 + (b1 − a1)µ, d1 − (d1 − c1)µ] +
i[a2 + (b2 − a2)µ, d2 − (d2 − c2)µ], µ ∈ [0, 1] and variables αp, αq ∈ [0, 1] generating the
information granule.

3 Examples of the FCLS Solved with the Granular Fuzzy

Complex Membership Function

In this section three examples from [3, 4, 11, 14, 15, 28] using horizontal approach
to fuzzy complex numbers are solved. The last example presented in the paper -
Example 3 - considers the full fuzzy complex linear system and its multidimen-
sional granular solution.

Moreover, in the presented examples it was shown that the cited papers do
not provide a full solution. On the basis of the fuzzy complex linear system
(FCLS), in�nitely many crisp complex linear systems (CCLS) can be generated.
To show that results obtained in [3, 4, 11, 13�15, 28] are not full solutions, the
CCLS generated from the analyzed examples of FCLS are examined, i.e. for
support when µ = 0. If the methods give a full solution, then the solution of
the CCLS should be included in the result of the FCLS, for the same constant
µ = 0.
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3.1 Examples

Example 1. (Example 1 [3, 4], example 4.1 [15], example 1 [14], example 5.1 [11])
Let us consider the fuzzy complex linear system (11).

z̃1 − z̃2 = [µ, 2− µ] + i[1 + µ, 3− µ]
z̃1 + 3z̃2 = [4 + µ, 7− 2µ] + i[µ− 4,−1− 2µ]

(11)

The FCLS (11) in granular notation has a form of (12),

zgr1 − zgr2 = µ+ (2− 2µ)αp1
+ i(1 + µ+ (2− µ)αq1)

zgr1 + 3zgr2 = 4 + µ+ (3− 3µ)αp2
+ i(−4 + µ+ (3− 3µ)αq2)

(12)

where µ, αp1
, αp2

, αq1 , αq2 ∈ [0, 1].
With basic algebraic operations the multidimensional granular solution was

obtained, formula (13),

zgr1 (µ, αp1 , αp2 , αq1 , αq2) = (4 + 6αp1 + 3αp2 + µ(4− 6αp1 − 3αp2))/4
+i(−1 + 6αq1 + 3αq2 + µ(4− 6αq1 − 3αq2))/4

zgr2 (µ, αp1
, αp2

, αq1 , αq2) = (4− 2αp1
+ 3αp2

+ µ(2αp1
− 3αp2

))/4
+i(−5− 2αq1 + 3αq2 + µ(2αq1 − 3αq2))/4

(13)
where µ, αp1 , αp2 , αq1 , αq2 ∈ [0, 1].

The granular solution (13) satis�es the FCLS (11). Substituting the obtained
solution for z̃1 and z̃2 in the FCLS, we have:

z̃1 − z̃2 = [(4 + 6αp1
+ 3αp2

+ µ(4− 6αp1
− 3αp2

))/4 + i(−1 + 6αq1 + 3αq2 +
µ(4− 6αq1 − 3αq2))/4]− [(4− 2αp1

+3αp2
+ µ(2αp1

− 3αp2
))/4+ i(−5− 2αq1 +

3αq2 + µ(2αq1 − 3αq2))/4] = 2αp1 + µ(1 − 2αp1) + i(1 + 2αq1 + µ(1 − 2αq1)) =
r + (2− 2µ)αp1 + i(1 + µ+ (2− 2µ)αq1) = [µ, 2− µ] + i[1 + µ, 3− µ];

z̃1 +3z̃2 = [(4+ 6αp1
+3αp2

+ µ(4− 6αp1
− 3αp2

))/4+ i(−1+ 6αq1 +3αq2 +
µ(4− 6αq1 − 3αq2))/4]+ 3[(4− 2αp1

+3αp2
+µ(2αp1

− 3αp2
))/4+ i(−5− 2αq1 +

3αq2 +µ(2αq1 −3αq2))/4] = 4+3αp2
+µ(1−3αp2

)+ i(−4+3αq2 +µ(1−3αq2)) =
4+µ+(3−3µ)αp2 + i(−4+µ+(3−3µ)αq2) = [4+µ, 7−2µ]+ i[µ−4,−1−2µ].

The granular solution also satis�es equivalent form (14) of the FCLS (11).

z̃1 − [µ, 2− µ]− i[1 + µ, 3− µ] = z̃2
z̃1 − [4 + µ, 7− 2µ]− i[µ− 4,−1− 2µ] = −3z̃2

(14)

Substituting multidimensional granular solution (13) into FCLS (14), we
have:

z̃1−[µ, 2−µ]−i[1+µ, 3−µ] = [(4+6αp1+3αp2+µ(4−6αp1−3αp2))/4+i(−1+
6αq1 +3αq2 +µ(4−6αq1 −3αq2))/4]− [µ+(2−2µ)αp1 + i(1+µ+(2−2µ)αq1)] =
(4−2αp1

+3αp2
+µ(2αp1

−3αp2
))/4+i(−5−2αq1+3αq2+µ(2αq1−3αq2))/4 = z̃2;

z̃1 − [4 + µ, 7 − 2µ] − i[µ − 4,−1 − 2µ] = [(4 + 6αp1
+ 3αp2

+ µ(4 − 6αp1
−

3αp2
))/4+ i(−1+ 6αq1 +3αq2 +µ(4− 6αq1 − 3αq2))/4]− [4 + µ+ (3− 3µ)αp2

+
i(−4 + µ + (3 − 3µ)αq2)] = (−12 + 6αp1 − 9αp2 − 6µαp1 + 9µαp2)/4 + i(15 +
6αq1 − 9αq2 − 6µαq1 + 9µαq2)/4 = −3[(4 − 2αp1 + 3αp2 + µ(2αp1 − 3αp2))/4 +
i(−5− 2αq1 + 3αq2 + µ(2αq1 − 3αq2))/4] = −3z̃2.
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Similarly, it can be shown that the obtained granular solution satis�es other
equivalent forms of the FCLS.

The span of the granular solution (13) in the form of fuzzy complex numbers
presents (15) and graphically in Fig. 4,

z̃µ1 = H−1(zgr1 (µ, αp1
, αp2

, αq1 , αq2)) = [1 + µ, 3.25− 1.25µ]
+i[−0.25 + µ, 2− 1.25µ],

z̃µ2 = H−1(zgr2 (µ, αp1
, αp2

, αq1 , αq2)) = [0.5 + 0.5µ, 1.75− 0.75µ]
+i[−1.75 + 0.5µ,−0.5− 0.75µ],

(15)

where µ ∈ [0, 1].

Fig. 4. Spans of complex granule of solution of fuzzy complex system of linear equa-
tions, Example 1.

The next Example 2 taken from [28, 11] considers a simple RLC circuit where
both current and source are fuzzy.

Example 2. (Example 2 [28], example 5.5 [11]) Let us consider the FCLS (16)
for RLC circuit presented in Fig. 5.

(10− 7.5i)z̃1 + (−6 + 5i)z̃2 = [4 + µ, 6− µ] + i[−1 + µ, 1− µ]
(−6 + 5i)z̃1 + (16 + 3i)z̃2 = [−2 + µ,−µ] + i[−3 + µ,−1− µ]

(16)

where µ ∈ [0, 1].

FCLS (16) in the granular notation has a form (17)

(10− 7.5i)zgr1 + (−6 + 5i)zgr2 = 4 + µ+ αp1
(2− 2µ) + i[−1 + µ+ αq1(2− 2µ)]

(−6 + 5i)zgr1 + (16 + 3i)zgr2 = −2 + µ+ αp2
(2− 2µ) + i[−3 + µ+ αq2(2− 2µ)]

(17)
where µ, αp1

, αp2
, αq1 , αq2 ∈ [0, 1].
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Fig. 5. A simple RLC circuit where both current and source are fuzzy [28, 11].

The multidimensional granular form of solution is presented by (18).

zgr1 (µ, αp1
, αp2

, αq1 , αq2)
= {21232αp1

+ 9432αp2
− 7956αq1 + 5420αq2 + 28880

+µ(14064− 21232αp1
− 9432αp2

+ 7956αq1 − 5420αq2)
+i[7956αp1 − 5420αp2 + 21232αq1 + 9432αq2 − 3432
+µ(16600− 7956αp1 + 5420αp2 − 21232αq1 − 9432αq2)]}
/121249

zgr2 (µ, αp1
, αp2

, αq1 , αq2)
= {9432αp1

+ 15520αp2
+ 5420αq1 + 7890αq2 − 11201

+µ(19131− 9432αp1 − 15520αp2 − 5420αq1 − 7890αq2)
+i[9432αp1 − 7890αp2 − 5420αq1 + 15520αq2 − 30946
+µ(5821 + 5420αp1

+ 7890αp2
− 9432αq1 − 15520αq2)]}

/121249

(18)

Obtained multidimensional solution (18) satis�es the considered FCLS and
its equivalent forms. It can be proved similarly as in Example 1.

The span of the multidimensional granular solution expressed in the form of
the FCN is presented by formula (19) and in Fig. 6

z̃µ1 = H−1(zgr1 (µ, αp1
, αp2

, αq1 , αq2)) = [0.1726 + 0.1816µ, 0.5358− 0.1816µ]
+i[−0.0730 + 0.1816µ, 0.2902− 0.1816µ]

z̃µ2 = H−1(zgr2 (µ, αp1
, αp2

, αq1 , αq2)) = [−0.0924 + 0.1578µ, 0.2232− 0.1578µ]
+i[−0.3650 + 0.1578µ,−0.0494− 0.1578µ]

(19)

Example 3. Let us consider the full fuzzy complex linear system (20).

([µ, 2− µ] + i[µ, 2− µ])z̃1+ ([−3 + µ,−1− µ] + i[5 + µ, 7− µ])z̃2
= [−11 + µ,−9− µ] + i[11 + µ, 13− µ],

([−8 + µ,−6− µ] + i[−5+ µ,−3− µ])z̃1 + ([µ, 2− µ] + i[µ, 2− µ])z̃2
= [−3 + µ,−1− µ] + i[−9 + µ,−7− µ].

(20)

ICCS Camera Ready Version 2025
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-97573-8_14

https://dx.doi.org/10.1007/978-3-031-97573-8_14
https://dx.doi.org/10.1007/978-3-031-97573-8_14


Multidimensional Granular Approach to Solving Fuzzy Complex System... 11

Fig. 6. Span of the multidimensional granule of solution z̃µ1 and z̃µ2 from Example 2.

Fuzzy complex linear system (20) in multidimensional granular notation has
a form of (21),

[µ+ αp1
(2− 2µ) +i[µ+ αq1(2− 2µ)]]zgr1

+[−3 + µ+ αp2(2− 2µ) + i[5 + µ+ αq2(2− 2µ)]]zgr2
= −11 + µ+ αp3(2− 2µ) + i[−5 + µ+ αq3(2− 2µ)],

[−8 + µ+ αp4
(2 −2µ) + i[−5 + µ+ αq4(2− 2µ)]]zgr1

+[µ+ αp5
(2− 2µ) + i[µ+ αq5(2− 2µ)]]zgr2

= −3 + µ+ αp6
(2− 2µ) + i[−9 + µ+ αq6(2− 2µ)],

(21)

where µ, αp1
, . . . , αp6

, αq1 , . . . , αq6 ∈ [0, 1].

The granule of determinant dgr(µ, αp, αq) of the coe�cients of uncertain val-
ues of the FCLS (21) is equal as in equation (22),

dgr(µ, αp, αq) = [µ+ αp1
(2− 2µ) + i[µ+ αq1(2− 2µ)]]

·[µ+ αp5(2− 2µ) + i[µ+ αq5(2− 2µ)]]
−[−3 + µ+ αp2(2− 2µ) + i[5 + µ+ αq2(2− 2µ)]]
·[−8 + µ+ αp4

(2− 2µ) + i[−5 + µ+ αq4(2− 2µ)]],

(22)

where αp = {αp1 , . . . , αp6}, αq = {αq1 , . . . , αq6} and µ, αp1 , . . ., αp6 , αq1 , . . .,
αq6 ∈ [0, 1].

Equation (23) and Fig. 7 present the span of the determinant dgr(µ, αp, αq)
for border values of the variables αp = {αp1 , . . . , αp6}, αq = {αq1 , . . . , αq6},
0 /∈ dgr(µ, αp, αq).

d̃µ = H−1(dgr(µ, αp, αq)) = [−63+25µ,−17−21µ]+ i[15+21µ, 61−25µ], (23)

where µ ∈ [0, 1].
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Fig. 7. Span of determinant d̃µ.

With basic algebraic operations, the multidimensional granular solution of
the FCLS (21) equals as presented with equation (24)

zgr1 (µ, αp, αq) = {[−11 + µ+ αp3
(2− 2µ) + i[−5 + µ+ αq3(2− 2µ)]]

·[µ+ αp5
(2− 2µ) + i[µ+ αq5(2− 2µ)]]− [−3 + µ+ αp2

(2− 2µ)
+i[5 + µ+ αq2(2− 2µ)]] · [−3 + µ+ αp6

(2− 2µ)
+i[−9 + µ+ αq6(2− 2µ)]]}/dgr(µ, αp, αq))

zgr2 (µ, αp, αq) = {[µ+ αp1(2− 2µ) + i[µ+ αq1(2− 2µ)]]
·[−3 + µ+ αp6(2− 2µ) + i[−9 + µ+ αq6(2− 2µ)]]
−[−11 + µ+ αp3

(2− 2µ) + i[−5 + µ+ αq3(2− 2µ)]]
·[−8 + µ+ αp4

(2− 2µ) + i[−5 + µ+ αq4(2− 2µ)]]}/dgr(µ, αp, αq))

(24)

where αp = {αp1
, . . . , αp6

}, αq = {αq1 , . . . , αq6} and µ, αp1
, . . ., αp6

, αq1 , . . . , αq6

∈ [0, 1].

To prove that the obtained solution satis�es the FCLS and its equivalent
forms, the granular solution should be used in the place of variables in the
system, similarly as in the Example 1.

The span of the granular solution (24) is presented in Fig. 8. The spans in
Fig. 8 were calculated for border values {0, 1} of the horizontal variables and
µ ∈ [0 : 0.2 : 1]. In this example the left and the right sides of the spans of the
solution are nonlinear.

Approximations of the spans by the triangular fuzzy complex number using
the supports and the cores of the spans are presented with the equation (25),

z̃µ1 = H−1(zgr1 (µ, αp, αq)) = [0.1584 + 0.8416µ, 2.0902− 1.0902µ]
+i[0.0338 + 0.9662µ, 2.3312− 1.3312µ],

z̃µ2 = H−1(zgr2 (µ, αp, αq)) = [0.9292 + 1.0708µ, 3.1375− 1.1375µ]
+i[−0.1315 + 1.1315µ, 2.5344− 1.5344µ],

(25)

where µ ∈ [0, 1].
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Fig. 8. The span of the multidimensional granular solution from Example 3.

3.2 Comparison of Results

Let us consider the solution obtained in Example 1. The fuzzy complex num-
bers (15) are di�erent than the results with the method provided by the authors
in [3, 4, 11, 14, 15].

From the FCLS in example 1 [3, 4], example 4.1 [15], example 5.1 [11] and
example 1 [14], for µ = 0 the CCLS (26) can be obtained:

z1 − z2 = 2 + 3i,
z1 + 3z2 = 7− i,

(26)

where the crisp solution equals: z1 = 3.25+ 2i and z2 = 1.25− i. Unfortunately,
the crisp solution z1 does not belong to the solution of the FCLS presented in ([3,
4, 11, 14, 15]), for µ = 0 we have: z1 = 3.25 + 2i /∈ z̃1(µ = 0) = [1.375, 2.875] +
i[0.125, 1.625]. It shows that results presented in ([3, 4, 14, 15]) are not a full
solution.

With the multidimensional granular solution (13) using the horizontal vari-
ables all pairs of the crisp complex solutions can be generated. For example, for
µ = 0 and αp1

= αp2
= αq1 = αq2 = 1 the crisp solution of the crisp complex

linear system (26) can be obtained.
Let us analyze solution of Example 2. The solution (18) obtained with mul-

tidimensional horizontal approach is di�erent than results calculated in papers
[11, 28]. Let us consider the CCLS (27) from FCLS (16), where µ = 0

(10− 7.5i)z1 + (−6 + 5i)z2 = 4 + i
(−6 + 5i)z1 + (16 + 3i)z2 = −2− 3i

(27)

Crisp solution of the CCLS (27) equals: z1 = 0.1726+0.1468i, z2 = −0.0477−
0.1774i. Value z1 does not belong to the results in [28, 11], for µ = 0 we have:
z1 = 0.1726 + 0.1468i /∈ z̃1(µ = 0) = [0.3164, 0.3920] + i[0.0708, 0, 1464]. So the
results in [11, 28] are not full solutions.

The crisp solution of CCLS (27) belongs to the direct solution with HFCN (18),
it can be obtained for µ = αp1

= αp2
= αq2 = 0 and αq1 = 1.
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4 Conclusions

The paper presents a multidimensional approach to solving fuzzy systems of
linear equations using fuzzy complex numbers (FCN) and their horizontal mem-
bership functions (HMF). It is also proved that de�ned operations on FCNs
with HMFs hold basic algebraic properties. With arithmetic on the fuzzy com-
plex numbers with HMFs the fuzzy complex linear systems (FCLS) were solved.
Obtained solution is a granule of information expressed in the form of the for-
mula. What is more, it was shown that the multidimensional solution satis�es
the FCLS and its equivalent forms. With a multidimensional solution it is pos-
sible to generate any crisp solution. This feature helps to prove that presented
results obtained in the cited papers [3, 4, 11, 15, 28] are not full solutions of the
FCLS. With a multidimensional solution, a crisp solution of the FCLS was gen-
erated, which is not present in the results obtained with the methods used in
cited papers.

Presented approach of the complex horizontal fuzzy membership function
and their arithmetic can be used in many problems of granular computations.
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