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Abstract. The birth and death of firms govern firm population dynam-
ics, and understanding these processes can guide urban planning and
policy. Longitudinal data with full entry and exit records allow direct
analysis of birth and death rates and how they depend on external factors
and firm-level properties. However, real-world data are often incomplete,
with missing records of extinct firms or exit dates. In such cases, it is
unclear if and how we can extract information about the birth and death
processes. By modeling how these processes shape firms’ age distributions
and survival fractions, we show how one can gain insights even from in-
complete data. While age distributions are insufficient for inferring both
processes, survival fractions reveal how death rates depend on firm age
and sector size. Applying our approach to 14 major sectors in Singapore,
we find that death rates decline with age and rise with sector size, with
a multiplicative interaction between both effects. Assuming sigmoidal
dependence on both factors, we infer sector-specific death models that
accurately reproduce the data and enable reconstruction of key system
features, e.g., sector size trajectories and birth-death rate correlations.
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1 Introduction

The number of firms in a city evolves as new firms emerge and others close.
These birth and death rates vary over time and across firm sectors [2, 3], and
predicting sector size changes can inform urban planning and policy decisions
such as space allocation across sectors or targeted incentives.

Understanding firm birth and death dynamics typically requires longitudinal
data that track both entry and exit dates. Such data enable the extraction of
annual births, closures, sector sizes, and the ages of surviving and exiting firms
(Fig. 1a). This allows direct analysis of how births depend on market condi-
tions (e.g., sector size) and how survival rates depend on firm-level properties
(e.g., age, sector) and external factors. However, full entry and exit records are
often unavailable—a limitation noted in prior studies [5, 6, 8]. For example, cross-
sectional age distribution analyses often rely only on currently active firms [5,
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6]. In Singapore, the Accounting and Corporate Regulatory Authority (ACRA)
provides public data on all firms, including their sector, registration date, and
current status (if alive) [1], but not exit dates of inactive firms.

When key information is missing, one potential approach to inferring birth
and death dynamics is to use statistical quantities such as age distributions and
survival fractions. Age distributions can be derived from registration dates of
existing firms alone, while survival fractions for firms born in a given year can
be obtained from registration dates and current status, without needing exit
dates (Fig. la). While these quantities have been empirically studied in various
countries [5,6,10,13], the relationship between them and the underlying birth
and death processes has been less explored. Hence, it is unclear to what extent
they can be used to infer firm population dynamics.

By modeling how age and sector size dependencies in birth and death rates
shape age distributions and survival fractions, we show how to infer firm popula-
tion dynamics under 2 incomplete-data scenarios (Fig. 1a): (1) extinct firms are
not recorded and (2) exit dates are missing. While the age distribution alone—
available in both scenarios—is insufficient to recover birth and death dynamics,
the survival fractions available in scenario 2 enable inference of how death rates
vary with age and sector size. Applying our approach to 14 major sectors in
Singapore, we find that death rates decline with age and rise with sector size,
with multiplicative interaction between both effects. Assuming a sigmoidal de-
pendence on both factors, we infer sector-specific death models that accurately
reproduce empirical data and enable reconstruction of other system properties,
e.g., sector size trajectories and correlations between birth and death rates.

2 Results

2.1 The model

Let u(a, N) be the death rate (i.e., probability per unit time) of a firm of age a
when N firms (of the same sector) are present. The survival fraction f(a,T) is
the probability that a firm survives from the time it was born ¢t = T — a to the
current time 7":
fla,T)=e" fTT_a/t(s—(T—a)»N(S))ds’ (1)

where N(t) = fooo pla,t)da, with p(a,t) being the density of firms of age a.

Let B(t) be the birth rate of new firms at time ¢. The density of firms of age
a at time T is then the product of their birth rate at time T'— a (if a < T') or
their initial density (if a > T'), and the probability of surviving until T*:

(a,T) B(T —a)f(a,T) fora <T
a =
P pla—T,0)e~ Jo nlsta=T.N()ds  for g > T

(2)

With the entry dates of all firms (Scenario 2, Fig. 1a), the birth rate trajectory
B(t) can be directly extracted. However, this is impossible with only the list of
alive firms (Scenario 1, Fig. 1a). In this case, we model the birth dynamics by

assuming that time variation in B(t) arises solely from its dependence on N(¢):
B(t) = B(N(t))N(t), where B(N) is the birth rate coefficient.
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Fig. 1. Gaining insights into birth and death dynamics using incomplete data. (a) With
complete information (entry and exit dates of all firms), one can directly extract birth
rates B(NN) and death rates p(N,a), where N is the number of firms and a is firm
age. We consider two incomplete-data scenarios. In Scenario 1, only currently existing
firms and their entry dates are available, from which the age distribution p(a,T) can
be computed. In Scenario 2, the dataset includes all firms and their alive status, but
lacks exit dates; here, survival fractions f(a,T’) can be obtained. We examine whether
birth and death models can be inferred in these cases. (b) Normalized age distribution
p(a) = p(a)/N (left) and log(p(a)) (right) for each of the 14 largest firm sectors in
Singapore. The approximate linear decay in log(p(a)) implies that the age distribution
approximately follows the exponential distribution. For clarity, only the 6 largest sectors
are labeled. (c) The survival fraction f(a) (left) and log f(a) of each firm sector. A
non-linear log f(a) implies a non-constant death rate. We also ask how the observed
non-monotonicity in f(a) can arise.
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2.2 Scenario 1: only age distributions are available

Prior studies in many countries have shown that firm age distributions often
follow an exponential form |5, 6]. Using registration data for all active firms in
Singapore (as of end-2022) and their sector classifications [1], we reconstruct
p(a) for the 14 largest sectors and find a similarly good approximation to the ex-
ponential distribution (Fig. 1b). This raises the question of how exponential age
distributions arise. Proposed mechanisms include exponentially growing births
with no deaths, or constant birth and death rates [5,6]. A constant death rate
with birth rates fluctuating around a constant mean can also yield exponential
p(a) [5]. However, these mechanisms may not be exhaustive. Notably, while de-
viations from exponential p(a) was found to occur with age-dependent death
rates under constant average birth rates [5], the effect of sector size-dependent
death rates u(N) remains unexplored. Here, we investigate N-dependent birth
and death models (Egs.2 and 1) and examine their resulting p(a).

N
and the death probability is age-independent (u(a, N) = u(N)), then from

dl T dl T .
Egs. 1- 2, 2ospted) _ dlog/laT) — _(N(T — a)). Thus, if u(N(T — a)) =
to, pla,T) ~ e~ which is independent of fy. This also implies that if
births are approximately constant and p(a) is exponential, then the death
rate must also be approximately constant over time.

Constant birth rate coefficient. If 5(N) = Sy, such that the overall birth
rate/ B(N) = ByN, and u(a, N) = pu(N), then from Egs. 1- 2, dlc’%ﬁ"ﬂ =
NS W(N(T — a)) = —fo, where N'(t) = N0 = (5, — u(N)) N is
the dynamics of N(t). Thus, p(a,T) ~ e=50% regardless of whether u(N) is
constant or increases with the number of competitor firms.

Constant birth rate. If the birth rate is constant (B(N) =5 — B(t)= ﬁo),

These results show that while p(a) constrains possible birth and death dynamics,
multiple models can yield the same p(a) shape. Distinguishing between them
requires additional information. In particular, since both processes influence firm
numbers, access to N (t)—e.g., via proxies like corporate tax records or revenue—
can, together with p(a), enable inference of both B(N) and u(N).

2.3 Scenario 2: survival fractions are also available

With all firms’ entry dates and alive status, we can compute survival fractions
f(a) for each birth cohort, where a is the cohort age (Fig. 1b). Unlike the stan-
dard cohort-tracking approach (which gives survival fractions over time f(t))
[10, 13], our method does not need exit dates, which are missing in our dataset.
Across sectors, the f(a) curves are convex and notably non-monotonic (Fig. 1c).
While convexity has been observed in f(¢) [6, 10, 13|, non-monotonicity is unique
to our age-based f(a), as f(t) is always decreasing (by definition). This convex-
ity and non-monotonicity in f(a) are absent in p(a) (Fig. 1b), and the shape
difference between them implies that B(¢) is not a constant (Eq. 2).
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Non-monotonic f(a) suggests multiplicative interactions between the
effects of age and sector size on death rate Since f(a) depends solely
on the death process, its shape can be used to infer properties of the death rate
w(a, N) (Eq. 1). In particular, a non-exponential f(a), i.e., a non-linear log(f(a))
curve (Fig. 1c, right), indicates that the death rate is not a constant.

To understand how a non-monotonic f(a) can arise, we consider different

dlo, a,
£ gd.l;( t) (

forms of p(a, N) and ask how they affect the sign o using Eq. 1):

(i) Effects of ¢« and N are additive separable: p(a, N) = pq(a) + pin(N).
In this case, - pu(a,N) = p/,(a), and thus dlogdij;(a’t) = —pn(N(t —a)) —
to(a) < 0 for all values of a, implying that f(a) will always be mono-
tonic. This includes cases where the death probability depends only on age
(1n(N) = 0) or sector size (uq(a) = 0). Hence, the non-monotonicity in the
observed f(a,t) implies an age- and N-dependent death probability.

(ii) Effects of a and N are multiplicative separable: u(a, N) = pq(a)pn(N).
In this case, y(a, N) = pl,(a)p,(N). Since f(a,t) is non-monotonic in
a if dlogdfa(a,t)

a—t
fg o (8)pn, (N (8))N'(8)ds > pio,(t) pin (N (t)). Since the number of firms grows
over time (N’(t) > 0) and the death probability typically increases with
competition (u),(N) > 0), this condition can be satisfied.

> 0, the condition for non-monotonicity is found to be:

These results suggest a multiplicative interaction between age and sector size in
determining firm death rates. We thus assume p(a, N) = pq(a)u, (N) and assess
whether this model reproduces the observed survival and age distributions.

Hill functions for ps(a) and p,(IN) can reproduce data. We assume
that death rates increase with sector size (u,(N) > 0) and decrease with age
(pl, (a) < 0), consistent with higher exit rates for young firms [7,11, 13]. To keep
death probabilities bounded between 0 and 1, we use sigmoidal Hill functions:

a™e
« = Ho,ub — a,ub — Ma aMe + KMe s
Ho(@) = proub = (foub = Houth) e @)
(N) = s + Yy W
Lhn = [n,ib Hn,ub — Hn,lb Nmn 4 K

with pa,in (tn,ib)/ ta,ub (fn,up) being the lower /upper bounds; K, (K,,) sets the
midpoint; my, (my,) is the Hill coefficient controlling the transition steepness.

Since only the product pq(a)p,(N) affects dynamics, there are 7 effective
parameters: Lo upfin,ubs fa = Ha,ib/ Ba,ubs Pn = Pn,ib/ tnub, Koy Ma, Kn, Mo,
Given any parameter values and birth rate data, we solve for N(t) and f(a,T)
using Eqgs. 1-2. Starting from an initial guess, we iteratively adjust the model
parameters to minimize the difference between predicted and observed survival
fractions. Through inferring the best-fit parameters, we find that Hill functions
for a decreasing p,(a) and an increasing pu,(N), combined multiplicative, can
provide a good model for the death process (Fig. 2). By combining the predicted
survival fractions with birth rate data, we also accurately recover the observed
age distributions (Fig. 2c).
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Fig. 2. Inferred death models accurately capture empirical data. (a) Inferred Hill func-
tions for how death rates depend on age jin(a) (Eq. 3) and sector size fi,(N) (Eq. 4).

(b) Inferred models (solid lines) give rise to f(a) that agree well with the data (‘x
markers). (¢) Inferred models can recover observed normalized age distributions p(a).

Inferred death models provide insights into other system properties
With the inferred death models (Fig. 2a), we estimated the death rate of a newly
born firm today, (0, Ny), where Ny is the current sector size. u(0, Ny) falls
between 0.08 and 0.15 and does not correlate with Ny (Fig. 3a). Such variation
in survival rates across sectors could inform policies, e.g., subsidy allocation.
With both inferred models and birth data, we reconstructed sector sizes N (t),
revealing sharp growth transitions and shifts in the economy—while ‘“Whole-
sale/Retail Trade’ sector has always been largest, ‘Professional/Scientific/Technical
Activities’ only emerged as the second largest in the past 20 years (Fig. 3b).
These N(t) also allow model validation if other data sources become available.
We also recovered past age distributions p(a, t) and used them to compute av-
erage death rates (u(¢)). While (u(t)) rises over time for most sectors, the ‘Whole-
sale/Retail Trade’ sector has a stable death rate for many decades (Fig. 3c).
Using reconstructed N(¢) and birth data, we find an approximately linear
birth model B(N) across all sectors (Fig. 3d,e). Comparing the average birth
coefficients = B/N with current death rates (i) reveals a positive correlation
between them (Fig. 3f), consistent with studies in other countries |3, 4].

3 Discussion

Incomplete data is a common issue, with some detailed historical information
lost for good. In such cases, inferring system dynamics from population-level

ICCS Camera Ready Version 2025
To cite this paper please use the final published version:
DOI] 10.1007/978-3-031-97635-3_24 |



https://dx.doi.org/10.1007/978-3-031-97635-3_24
https://dx.doi.org/10.1007/978-3-031-97635-3_24

Modeling firm birth and death dynamics 7
0,N 4
(a) w(0,Ny) (b)15 <10 (C)O.16
0.15 . .
. N| Wholesale/Retall

0.0

(d) 5 logm (B)

8 .
35 logi(Ny) 55

0‘&"“; !2 .
e Ja P
o 4{1‘5&,‘ 0 0.0 r=0.681, p=0.007
0 logio(N) 6 1985 t 2020 "0.08 B 0.16

Fig. 3. Inferred death models reveal broader system features. (a) The current death rate
of new firms, 1(0, Ny), shows no correlation with sector size Ny. (b) Reconstructed sec-
tor sizes N (t) show rapid growth around 1980 and structural shifts— ‘Wholesale/Retail
Trade’ stayed largest, while ‘Professional/Scientific/ Technical Activities’ rose to second
only in the last 20 years. (c) Average death rates (u) generally rose over time, except in
‘Wholesale/Retail Trade’, where rates stayed stable for 40 years. (d) Birth rates B scale
approximately linearly with N across all sectors. (e) Birth rate coefficients 8 = B/N
are approximately constant in the last 40 years. (f) Sectors with higher average death
rates tend have higher 8 (Pearson correlation coefficient r = 0.681, p-value p = 0.007).

statistics becomes invaluable. We show how firm age distributions and survival
fractions can reveal underlying birth and death dynamics, even without data on
extinct firms or exit dates. Though we focused on Singapore, our approach may
apply to other countries and population types (e.g., ecological populations).

Age distributions alone constrain but do not fully determine underlying dy-
namics. In contrast, the convex, non-monotonic survival fraction curves suggest
that death rates drop with age and rise with sector size, and both effects combine
multiplicatively. Prior studies report differing age-dependence: death rates are
constant in Japan but higher for young firms in the U.S. and many developing
countries [9,11]. Our findings offer a useful comparison and can guide incen-
tive policies towards younger firms. Unlike age effects, sector size’s influence on
survival is less studied, and our results may prompt further exploration.

Other firm-level traits—e.g., size or profitability—can also affect survival [11].
While not explicitly modeled, some are implicitly captured (e.g., firm size may
correlate with age). Our sector-level approach models average firm dynamics
without tracking every micro-level detail. Nonetheless, these factors can lead to
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heterogeneity in death rates and are critical for predicting individual firm sur-
vival. If such granular predictions are desired and the relevant data are available,
our framework could be extended to include further dependencies and dynamics.

While we treated sectors independently and found that a common family of
models captures their dynamics, cross-sector interactions exist [12]. Also, firm
interactions depend on spatial proximity, with birth and death rates influenced
by local competition or complementary businesses [14]. Incorporating such effects
offers exciting directions for future work.
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