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Abstract. Unstructured flux-limiters convective schemes designed in the frame-
work of the unstructured conservative level-set (UCLS) method, are assessed
for transport phenomena in two-phase flows. Transport equations are discretized
by the finite volume method on 3D collocated unstructured meshes. The central
difference scheme discretizes the diffusive term. Gradients are evaluated by the
weighted least-squares method. The fractional-step projection method solves the
pressure-velocity coupling in momentum equations. Numerical findings about the
effect of flux limiters on the control of numerical diffusion and improvement of
numerical stability in DNS of two-phase flows are reported.
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1 Introduction

Transport phenomena in two-phase flows are prevalent in natural and industrial pro-
cesses, playing crucial roles in various engineering devices, from steam generators to
cooling towers in thermal power plants and the so-called unit operations of chemical
engineering. Bubbles and droplets are essential in separation processes such as distilla-
tion or promoting chemical reactions in industrial devices. Beyond its scientific signifi-
cance, a profound comprehension of the intricate interplay between fluid mechanics and
transport phenomena in multiphase flows is indispensable for designing and optimising
engineering systems involving multiple phases.

Experimental exploration of two-phase flows, particularly bubbly flows, is con-
strained by optical access. Analytical methods involve significant simplifications of
physical models. In contrast, computational methods, such as Direct Numerical Sim-
ulation (DNS) of two-phase flows [39,49], have been empowered with the advent of
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supercomputing capabilities. Several approaches, including front-tracking (FT) [50,48],
level-set (LS) [37,44,27], conservative level-set (CLS) [36,7,12], Volume of Fluid (VoF)
[29], and coupled VoF-LS [43,42,8], have been proposed for DNS of two-phase flow. In
further developments these methods have been applied to mass transfer and heat trans-
fer in single bubbles [23,17,21], bubble swarms [1,41,33,13,12,14], variable surface
tension [10,14], and liquid-vapor phase change [16].

Numerical challenges for the DNS of two-phase flows include the so-called numeri-
cal diffusion [38], numerical oscillations around discontinuities, the computational cost
of solving the Poisson equation in two-phase flow with high-density ratio, numerical co-
alescence in bubble swarms, and accurate computation of surface tension forces. These
issues have been effectively tackled within the framework of the Unstructured Conser-
vative Level-Set (UCLS) method proposed by Balcazar et al. [13,9,7,4,10,15,14,16,2].
The UCLS method employs a carefully tuned level-set function to set the interface
thickness. Additionally, the least-squares method accurately computes normal vectors
perpendicular to the interface, leading to a precise calculation of surface tension forces.
Moreover, physical properties are smoothed across the interface using the conservative
level-set function to prevent numerical oscillations. The so-called numerical coales-
cence of bubbles is avoided by the multiple marker approach [9,13].

This research focuses on assessing unstructured flux-limiter convection schemes
proposed by Balcazar et al. [7,13] in the framework of the UCLS method. An appropri-
ate selection of flux-limiters in DNS of interfacial transport phenomena leads to min-
imising the so-called numerical diffusion and preventing numerical oscillations across
the fluid interface. This assessment is particularly relevant in bubbly flows with high
physical properties ratios and predicting mass transfer coefficients (Sherwood number)
for interfacial transport processes. It is worth mentioning that flux-limiter schemes have
been designed initially for regular and Cartesian meshes [46,34,35], whereas some fur-
ther efforts have been reported on unstructured meshes [22,30,7,25,52,12]. Neverthe-
less, the impact of unstructured flux limiters on the simulation of transport phenomena
in two-phase flows, e.g., interfacial heat transfer and mass transfer, needs additional
research. This work contributes to filling this gap, as well as to the development of
numerical models for transport phenomena in two-phase flows.

This paper is organised as follows: The mathematical formulation and numerical
methods are introduced in Section 2. Section 3 reports numerical experiments on the
impact of flux-limiter schemes. Finally, conclusions and future work are outlined in
Section 4.

2 Mathematical Formulation and Numerical Methods

2.1 Transport Equations

The Navier-Stokes equations for the dispersed phase (Ωd) and continuous phase (Ωc)
are solved in the framework of the one-fluid formulation [49,39] and the multi-marker
UCLS approach [12,14], as follows:

∂

∂t
(ρv) +∇ · (ρvv) = −∇p+∇ · µ (∇v) +∇ · µ(∇v)T + (ρ− ρ0)g + fσ, (1)
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∇ · v = 0, (2)

where v is the fluid velocity, p is the pressure, ρ is the fluid density, µ is the dy-
namic viscosity, g refers to the gravitational acceleration, fσ is the surface tension
force per unit volume concentrated on the interface. Subscripts d and c refer to the dis-
persed and continuous phases, respectively. Density and viscosity are constant at each
fluid phase, with a jump discontinuity across the interface: ρ = ρcHc + ρdHd, µ =
µcHc + µdHd. Here, Hc is the Heaviside step function, which is one in Ωc and zero
in Ωd. Furthermore, Hd = 1 − Hc. The force −ρ0g (Eq.(1)) [12,3,4], is activated if
periodic boundary conditions are applied along the y-axis (parallel to g), with ρ0 =
V −1
Ω

∫
Ω
(ρcHc + ρdHd) dV . Otherwise, ρ0 = 0.

Interface capturing is performed by the Unstructured Conservative Level-Set (UCLS)
method proposed by Balcazar et al. [12,7], in the framework of 3D unstructured meshes
and the finite-volume method. On the other hand, the numerical coalescence of fluid
particles is avoided by the multi-marker UCLS approach [12,2,3,10,4,14]. In this con-
text, a regularized signed distance function [12,10,7] is used for each marker, ϕi =
1
2

(
tanh

(
di

2ε

)
+ 1

)
, where di is a signed distance function [37,45], and ε sets the thick-

ness of the interface profile [7,9,4,10,12]. The UCLS advection equation is solved in
conservative form, for each marker:

∂ϕi
∂t

+∇ · ϕiv = 0, i = {1, 2, ..., Nm − 1, Nm}. (3)

Here, Nm is the number of UCLS markers, which equals the number of fluid particles.
To maintain the level-set profile, the following unstructured re-initialization equation
[7,12] is solved:

∂ϕi
∂τ

+∇ · ϕi(1− ϕi)n0
i = ∇ · ε∇ϕi, i = {1, 2, ..., Nm − 1, Nm}, (4)

which is computed for the pseudo-time τ up to the steady state. Here, n0
i denotes

the interface normal unit vector evaluated at τ = 0. At ΩP , εP = 0.5(hP )
α, α =

[0.9, 1] unless otherwise stated, hP is the characteristic local grid size [12,10,7]. Inter-
face normal vectors (ni) and curvatures (κi) are calculated as follows [12,4,7]: ni =
∇ϕi ||∇ϕi||−1, κi = −∇ · ni.

Computation of the surface tension force (fσ , Eq.(1)) is performed in the framework
of the Continuous Surface Force (CSF) model [18], as extended to the multi-marker
UCLS approach [4,10,3,12,14]:

fσ =

Nm∑
i=1

(f(n)σ,i + f(t)σ,i). (5)

Here, the interface tangential component f(t)σ,i, is the so-called Marangoni force [24],

defined as f(t)σ,i = ∇Γi
σδsΓ,i [12,7,3,14], σ is the surface tension coefficient. If σ is

constant, as in the present research, then f(t)σ,i = 0 . On the other hand, the normal
component of the surface tension force, perpendicular to the interface (Γi), is calculated
as f(n)σ,i = σκi∇ϕi [7,9,12].
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Fig. 1. Flux-limiters (dashed lines) ψ(θf ) versus monitor variable θf , on the Sweby’s diagram
(shaded region) [46] for second-order TVD flux-limiter region.

Transport equation Convective term β ψ

Eq.(1) ∇ · ρvi v ρ vi
Eq.(3) ∇ · ϕ v 1 ϕ
Eq.(6) ∇ · (C v) 1 C

Table 1. Convective term of transport equations. Here, vi denotes the Cartesian components of
v. Correspondence of transport equations and parameters β and ψ in Eq.(7).

For external mass transfer [20], the concentration of chemical species (C) evolves
according to the following transport equation:

∂C

∂t
+∇ · (vC) = ∇ · (D∇C), (6)

which is solved in Ωc. Here, D = Dc is the diffusivity. The concentration of chemi-
cal species inside the bubbles is kept constant, whereas the concentration at the inter-
face cells is calculated according to the unstructured interpolation method proposed by
Balcazar-Arciniega et al. [12].

2.2 Numerical methods

The finite-volume method is used to discretize transport equations on 3D collocated
unstructured meshes [12]. The convective term of transport equations are discretized
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Fig. 2. Gravity-driven rising bubble. Example of mesh distribution, refined around the symmetry
axis. Control volumes are a combination of hexahedrals and triangular prisms. Ω is a section of a
cylindrical domain, with angle θ = 30o, radius R = 4 db and height Ly = 12 db (parallel to g).
Here, db is the spherical equivalent bubble diameter.

with unstructured flux-limiter schemes proposed by Balcazar et al. [7,12]. Indeed, at
ΩP :

(∇ · βψv)P = V −1
P

∑
f

βfψf (vf · Af ), (7)

where Af = Af ef is the area vector, subindex f denotes the cell-faces, VP denotes the
volume of ΩP , and ef is a unit-vector pointing outside ΩP . Moreover,

ψf = ψCp
+

1

2
L(θf )(ψDp

− ψCp
), (8)

where θf = (ψCp −ψUp)/(ψDp −ψCp), and L(θf ) is the flux limiter function. Further-
more, subindex Dp is the downwind point, subindex Cp is the upwind point, subindex
Up is the far-upwind point, according to the stencil proposed for the single marker and
multi-marker UCLS method [12,7]. The correspondence of convective term in transport
equations and Eq.(7) is outlined in Table 1. Flux-limiter functions used in this research
are summarized as follows: [47,26,28,35,32]:

L(θf ) ≡



max{0,min{2θf , 1},min{2, θf}} SUPERBEE,

max{0,min{2θf , (2/3) θf + (1/3), 2}} KOREN,

max{0,min{4θf , 0.75 + 0.25θf , 2}} SMART,

(θf+|θf |)/(1+|θf |) VANLEER,

minmod{1, θf} MINMOD,

0 UPWIND,

1 CD.

(9)

Figure 1 summarizes the so-called Sweby’s diagram for second-order Total Varia-
tion Diminishing (TVD) flux-limiters [47] and some of the functions outlined in Eq.(9).
First-order accurate schemes, e.g., UPWIND, suffer from numerical diffusion, whereas
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Fig. 3. Gravity-driven rising bubble. Effect of flux-limiter convective schemes on the vorticity
ωz = ez · (∇ × v), and normalized concentration C∗ = Cc/CΓ,c fields, at t∗ = 5. Here, CΓ,c

is the concentration of chemical species at the interface. Eo = 3.125, Mo = 10−6, Sc = 1,
ηρ = ηµ = 100.

Fig. 4. Gravity-driven rising bubble. Effect of flux-limiter convective schemes on
{Re(t∗),Cc(t

∗),A∗(t∗), Sh(t∗)}. Eo = 3.125, Mo = 10−6, Sc = 1, ηρ = ηµ = 100.

high-resolution schemes (SUPERBEE, KOREN, SMART, VANLEER, MINMOD) tend
to minimize this numerical artefact.

Concerning the diffusive term of transport equations, a central-difference scheme
[13] is used. Gradients are evaluated by the weighted least-squares method [12,7],
whereas values at the cell-faces are linearly interpolated. The pressure-velocity cou-
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pling is solved with the fractional-step projection method [19,39,49]:

ρP v∗
P − ρ0P v0P
∆t

= C0
v,P + D0

v,P + (ρP − ρ0)g + fσ,P , (10)(
∇ ·

(
∆t

ρ
∇p

))
P

= (∇ · v∗)P , e∂Ω · ∇p|∂Ω = 0. (11)

ρP vP − ρP v∗P
∆t

= −(∇p)P . (12)

Here, the superscript 0 refers to the previous time-step, Cv = −∇ · (ρvv), and
Dv = ∇·µ∇v+∇·µ(∇v)T . The predictor velocity is v∗

P , and the corrected velocity is
represented by vP . A linear system arises from the finite volume approximation of Eq.
(11), and it is solved using a preconditioned conjugate gradient method with a Jacobi
pre-conditioner [31,51]. The boundary ∂Ω excludes regions with periodic conditions,
where information from the corresponding periodic nodes is employed [12,4]. Finally,
a convective velocity (vf in Eq. (7)) is interpolated at cell faces to avoid pressure-
velocity decoupling on collocated meshes [40,7,12]. This convective velocity is used
for the computation of the volume flux (vf ·Af ) in Eq. (7). For further technical details
about the finite-volume methods and computational algorithms used in this work, the
reader is referred to Balcazar-Arciniega et al. [12].

3 Numerical Experiments

Systematic validations, verifications, and extensions of the Unstructured Conservative
Level-Set (UCLS) method have been extensively documented in our prior works. These
include studies on gravity-driven rising bubbles [7,4,3], falling droplets [6], gravity-
driven bubbly flows [9,3,12,13,14], binary droplet collision [9], collision of a droplet
against an interface [9], deformation of droplets under shear stresses [8], mass transfer
in bubbly flows [14,2,12,13,11], and liquid-vapour phase change [5,16]. Consequently,
this research represents a further step in assessing unstructured flux-limiter convec-
tive schemes for simulating transport phenomena in two-phase flows within the UCLS
method framework, as proposed by Balcazar et al. [7,12,14,9,16].

Characterization of gravity-driven bubbly flow is performed by the Eötvös num-
ber Eo = gd2b(ρc − ρd)σ

−1, Morton number Mo = gµ4
c(ρc − ρd)ρ

−2
c σ−3, viscosity

ratio ηµ = µc/µd, density ratio ηρ = ρc/ρd, bubble volume fraction α = VΩd
/VΩ ,

and Reynolds number Rei(t∗) = ρcUr,idb/µc, Re(t∗) = N−1
b

∑Nb

i=1 Rei(t
∗), Rei =

T−1
∫ t0+T

t0
Rei(t)dt, Re = N−1

b

∑Nb

i=1 Rei. Here db refers to the spherical equiv-
alent bubble diameter, VΩd,d

is the volume of bubbles, Ur,i is the relative velocity
of the bubble respect to the velocity of Ωc, subindex i refers to the ith bubble, and
t∗ = t g1/2 d

−1/2
b . Additionally, for the characterization of mass transfer, the follow-

ing dimensionless numbers are considered: Schmidt number (Sc = µc/(ρcDc)), and
Sherwood number (Sh = kcdb/Dc), where kc is the mass transfer coefficient at Ωc

[12].
Figure 2 illustrates the computational setup for simulating single bubbles within

an axial-symmetric domain. The domain, denoted as Ω, is discretized using 277 440
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Fig. 5. Gravity-driven bubble swarm. Effect of flux-limiter convective schemes on the vorticity
ωz = ez ·(∇×v). Eo = 3, Mo = 10−8, α = 0.0654, ηρ = ηµ = 100. Fully periodic domain (6
periodic cubes), Lx = 4 db, Ly = 4 db, Lz = 4 db. 1503 uniform hexahedral control volumes,
equivalent to the grid size h = db/37.5. 192 CPU-cores.

Fig. 6. Gravity-driven bubble swarm. Effect of flux-limiter convective schemes on
{Re(t∗),A∗(t∗)}. Eo = 3.0, Mo = 10−8, α = 0.0654, ηρ = ηµ = 100.

hexahedral and triangular prism control volumes, with a grid resolution equivalent to
solving the bubbles with hmin = db/40 around the symmetry axis ofΩ. This resolution
has been previously validated to effectively capture the hydrodynamics and mass trans-
fer (Sc = 1) within bubbles, as demonstrated in [12]. Neumann boundary conditions
are applied to {ϕ,C}. Concerning the velocity field v, non-slip boundary conditions
are applied to the top and bottom boundaries, while Neumann conditions are imposed
on the lateral walls. The initial position of the bubble is set on the symmetry axis, at a
distance of 2 db from the bottom boundary, with the surrounding fluids initially at rest.
These simulations were performed using 14 CPUs.

The influence of flux limiters is visualized in Figure 3 and Figure 4. It is noteworthy
that the SUPERBEE, KOREN, and SMART limiters effectively minimize the so-called
numerical diffusion, with SUPERBEE exhibiting the least diffusion as expected. In con-
trast, MINMOD and UPWIND schemes introduce more numerical diffusion, with UP-
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WIND being the most diffusive. The impact of these limiters is evident in the computa-
tion of Sh(t∗), where the UPWIND scheme leads to a higher prediction of the Sherwood
number due to this numerical artifact. Similarly, regarding the prediction of Re(t∗), it
is observed that the UPWIND scheme underestimates the Reynolds number compared
to other limiters. The computation of the normalized area A∗ = A(t)/(π d2b)

−1 is also
significantly influenced by the choice of flux limiter, although SUPERBEE, SMART
and KOREN limiters present closely aligned predictions.

Now, we investigate the impact of unstructured flux limiters on gravity-driven bub-
ble swarms within a fully periodic cube denoted as Ω. The domain is discretized using
1503 uniform hexahedral control volumes, resulting in a grid size of h = d/40.7. Figure
5 presents instantaneous snapshots of the z-component of the vorticity (ωz) for SUPER-
BEE, SMART, and VANLEER flux limiter functions. Dimensionless parameters are set
to Eo = 3, Mo = 10−8, α = 0.0654, ηρ = 100, and ηµ = 100. In the initial conditions,
8 bubbles are randomly distributed in the cubic domain, while the fluids remain at rest.

Figure 6 illustrates {Re(t∗),A∗(t∗)} (black lines) and their time-averaged values
{Re,A∗} for the bubble swarm (depicted by red lines). It is noteworthy that the pre-
dicted {Re,A∗} values exhibit remarkable consistency across SUPERBEE, SMART
and VANLEER flux limiters, emphasizing their reliability and effectiveness in captur-
ing the hydrodynamics and interfacial area of the bubble swarm.

4 Conclusions

The application of unstructured flux limiters [7,12] has proven effective in predicting
hydrodynamics and mass transfer within two-phase flows. In the context of single bub-
ble simulations, these flux limiters were specifically applied to the convective term of
the transport equations, encompassing momentum, interface advection, and concentra-
tion of chemical species, as detailed in Table 1. While all evaluated flux limiters suc-
cessfully prevent numerical oscillations within the framework of the UCLS method,
the numerical predictions of Reynolds number and Sherwood number underscore the
superior performance of the SUPERBEE limiter in minimizing numerical diffusion.
Conversely, the UPWIND limiter exhibits the maximum numerical diffusion.

In relation to the hydrodynamics of bubble swarms, we observed consistent predic-
tions for Re and Sh across the SUPERBEE, SMART, and VANLEER limiters. These
results recommend their application for DNS of bubbly flows within the UCLS method
framework. Our future efforts will focus on applying flux limiter schemes to intricate
interface phenomena, such as the transport of surfactants on fluid interfaces and liquid-
vapor phase change. These forthcoming studies aim to deepen our understanding and
broaden the applicability of flux limiters in capturing complex physical interactions
within multiphase systems.
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