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Abstract. Ion-induced volume phase transitions in polyelectrolyte gels
play an important role in physiological processes such as mucus stor-
age and secretion in the gut, nerve excitation, and DNA packaging.
Experiments have shown that changes in ionic composition can trigger
rapid swelling and deswelling of these gels. Based on a previously devel-
oped computational model, we carry out 2D simulations of gel deswelling
within an ionic bath. The dynamics of the volume phase transition are
governed by the balance of chemical and mechanical forces on compo-
nents of the gel. Our simulation results highlight the close connections
between the patterns of deswelling, the ionic composition, and the rela-
tive magnitude of particle-particle interaction energies.

Keywords: Polyelectrolyte Gel · Deswelling · Multiphase Model · Sim-
ulation

1 Introduction

Polyelectrolyte gels are mixtures of a polymer network, a solvent and ions that
are either bound to the network or dissolved in the solvent. They are prevalent
in living systems, from polynucleotides like DNA molecules [1] to the glycopro-
teins that form a protective gastric mucus layer [2]. Experiments have shown
that monovalent/divalent ion exchange between the polymer and the solvent
plays a major role in inducing a volume transition in polyelectrolyte gels [3].
These volume transitions are important role in physiology, a prime example is
their role in maintenance of the gastric mucus layer. Gastric mucus is a highly
hydrated network consisting mainly of water mixed with mucin polymers and
other electrolytes [2]. Goblet cells in the gut produce mucin and densely pack it
in lipid vesicles. Inside these vesicles, high concentrations of divalent calcium ions
keep the mucin network in a dehydrated state by crosslinking negatively charged
groups between two polymer strands. A stimuli such as change in ionic composi-
tion can triggerff the release of these mucins into the extracellular environment,
whereby they swell explosively on a timescale of milliseconds [2].
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Pioneering work on volume transitions investigated the thermodynamic equi-
librium of the gel and its dependence on parameters such as pH and temper-
ature [4]. Later investigations of non-equilibrium transient states of swelling
were based on simplifications such as a reduced model for the fluid flow, or low
polymer volume fractions [5]. Recent models have addressed gel dynamics and
included effects of electrochemical potentials [6]. These studies are based on the
classical Flory-Huggins mixture theory [7], and do not generalize the mixing
energy to account for ion/polymer chemical reactions or the network’s affinity
for binding with divalent cations. To address this gap, a multiphase model for
polyelectrolyte gel swelling was developed with the formulation based on chem-
ical potentials [8]. More recently, the model was rederived and extended to use
force densities (i.e. potential gradients) rather than chemical potentials to reveal
the underlying causes of the swelling behavior [9]. A computational method for
simulating gel swelling dynamics in 2D was proposed in [10], based on a novel
algorithm for evolving the dissolved ion concentrations and the electric potential
originally presented in [11].

In this paper, we extend the computational investigation towards analyzing
deswelling dynamics in 2D by characterizing the contributions of the forces act-
ing on the network and solvent due to short-range interactions. In Section 2, we
present the model equations that govern the dynamics of a two-phase gel. In Sec-
tion 3, describe simulation results from two sets of computational experiments.
We see that in one parameter regime, exposure of a low density gel to a bath
of divalent calcium leads to a deswelling or condensation of the gel, with the
speed and degree of deswelling controlled by the bath concentration. However,
in another regime (defined by the relative size of particle-particle interaction
energies), exposure to a divalent bath can lead to a qualitatively distinct form
of collapse where-in a high density “ring” of network forms at the periphery of
the gel sample. Finally in Section 4, we present a conclusion of our findings and
highlight the key points from our study.

2 Model

Our model incorporates a two-fluid description of the solvent phase (s) and
the network phase (n) of the gel, as well as the evolution of the dissolved and
bound ion concentrations, included through binding and unbinding reactions
between cations and the negatively charged network. It accounts for a number
of mechanical forces (viscous, drag, pressure) and “chemical forces” (entropic,
electric, short-range interactions), which depend on the spatial distribution of
the network and solvent phases, the ionic species, and their respective velocities.
Full details about the derivation can be found in [9]. The model equations are a
coupled system of nonlinear PDEs along with two constraints – incompressibility
and electroneutrality of the mixture at all points in space and time.

We denote the volume fraction of the network and solvent as θn and θs,
respectively. The dynamics of the two volume fractions are governed by the
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advection equations

∂

∂t
θn +∇ · (θnun) = 0,

∂

∂t
θs +∇ · (θsus) = 0. (1)

Here un and us are the velocity of the network and solvent, respectively. These
equations along with the identity θn(x, t)+θs(x, t) = 1 yield the volume-averaged
incompressibility condition

∇ · (θnun + θsus) = 0. (2)

Dissolved sodium and calcium ions can bind to and unbind from negatively
charged sites on the network according to the following reactions. Here M refers
to a monomer that carries one negative charge. kon

j and koff
j are the binding and

unbinding rates for ion j, respectively.

M− +Na+ kon
Na−−−⇀↽−−−

koff
Na

MNa, M− +Ca2+ kon
Ca−−−⇀↽−−−

koff
Ca

MCa+, M− +MCa+
1
2k

on
Ca−−−−⇀↽−−−

2koff
Ca

M2Ca.

(3)
The concentrations (per unit solvent volume) of dissolved sodium, calcium, and
chloride ions are denoted CNa, CCa, and CCl, respectively. They are governed by
the Nernst-Planck equations (4)-(6). The ions move by advection at the solvent
velocity, diffusion, and electromigration, and participate in binding/unbinding
reactions with the network. Ψ is the electrical potential scaled by q

kBT , where q is
the fundamental charge, kB is the Boltzmann constant, and T is the temperature.
The value of Ψ is determined by the electroneutrality constraint, Eq. (10). DNa,
DCa, and DCl are the ion diffusion coefficients.

∂CNa

∂t
+us ·∇CNa =

1

θs
∇·
(
θsDNa (∇CNa + CNa∇Ψ)

)
−kon

NamCNa+k
off
NaBMNaθs,

(4)
∂CCa

∂t
+us ·∇CCa =

1

θs
∇·
(
θsDCa (∇CNa + 2CCa∇Ψ)

)
−kon

CamCCa+k
off
CaBMCaθs,

(5)
∂CCl

∂t
+ us · ∇CCl =

1

θs
∇ ·
(
θsDCl (∇CCl − CCl∇Ψ)

)
, (6)

The concentrations (per total volume) of ions bound to the network are
denoted BMNa, BMCa and BM2Ca for sodium bound to monomer, calcium bound
to a single monomer, and calcium bound to two monomers, respectively. They
are affected by the ions’ advection at the network velocity and their participation
in binding/unbinding reactions.

∂BMNa

∂t
+∇ · (unBMNa) = kon

NamCNaθs − koff
NaBMNaθs

2, (7)

∂BMCa

∂t
+∇·(unBMCa) = kon

CamCCaθs−koff
CaBMCaθs

2+2koff
CaBM2Ca−

1

2
kon

CamBMCa,

(8)
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∂BM2Ca

∂t
+∇ · (unBM2Ca) = −2koffCaBM2Ca +

1

2
konCamBMCa, (9)

In Eqs. (4)-(9), m is the concentration of unoccupied binding sites on the
network, which is calculated as m = ntotθn − BMNa − BMCa − 2BM2Ca (ntot

is defined below.). The electroneutrality condition is that the concentration of
charge is zero:

BMNa + 2BMCa + 2BM2Ca − ntotθn + θs (CNa + 2CCa − CCl) = 0. (10)

Force balance equations (11)-(12) for the two-phase gel, along with the in-
compressibility condition (2), are solved to determine the velocities of the two
phases and the pressure, p. The network and solvent viscosities are ηn and ηs,
respectively, while ξ/νn is the drag coefficient for relative motion between the
solvent and network. (νn is defined below.)

∇ ·
(
θnσ

n(un)
)
− ξ

νn
θnθs (un − us)− θn∇p+ fE

n + f I
n + fS

n = 0, (11)

∇ ·
(
θsσ

s(us)
)
− ξ

νn
θnθs (us − un)− θs∇p+ fE

s + f I
s + fS

s = 0. (12)

The viscous stress tensors in (11)-(12) are given by

σi = ηi

(
∇ui + (∇ui)

T
)
− (ηi∇·ui)I i = n, s. (13)

We solve the model equations (1)-(12) numerically using the schemes described
in detail in [10].

The charged nature of the ionic species induces an electric potential that
exerts forces on the charged entities present in the gel. The long-range electric
force densities on the network and solvent, respectively, are

fE
n = −θn

νn

BMNa + 2BMCa + 2BM2Ca − ntotθn

ntotθn
kBT∇Ψ, (14)

fE
s = −θs

νs

CNa + 2CCa − CCl

stot kBT∇Ψ. (15)

Here, νn and νs are the volume of individual network and solvent molecules,
respectively, while the molar concentrations of these particles in pure network
and pure solvent are ntot and stot (related by νnn

tot = νss
tot). The entropic

force densities on the network and solvent are

fS
n = −kBT

νn

(
1

Nchain
+

(
1− 1

Nchain

)
θn

)
∇θn, (16)

fS
s = −kBT

νn

((
1

Nchain
− 1

)
θs∇θs +∇θs

)
. (17)

The short-range interaction force densities on the network and solvent are

f I
n = −kBTθn

νn
∇
(
i(α)

2
θs

2 + µ0
n(α)

)
, (18)
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f I
s = −kBTθs

νn
∇
(
i(α)

2
θn

2 + µ0
s

)
, (19)

where
α =

2BM2Ca

ntotθn
, (20)

i(α) = z(2εus − εuu − εss)− 2

(
1− 1

Nchain

)
(εus − εuu)− (εus − εuu)α, (21)

µ0
n(α) = εuu

z

2
+ (εpp − εuu)

(
1− 1

Nchain

)
+
α

2
(εxx − εuu). (22)

and
µ0

s = εss
z

2
. (23)

Here, α is the fraction of monomers crosslinked by doubly bound calcium ions, µ0
n

and µ0
s are the standard free energies of pure network and pure solvent, and i(α)

corresponds to the interaction parameter from Flory-Huggins mixture theory [7].
This quantity may be thought of as the change in chemical energy due to mixing.
Through its dependence on α, i(α) changes as crosslinks are formed and broken,
which represents a major novelty of this model framework.

The expressions for i(α), µ0
n(α), and µ0

s are derived using lattice-based mean-
field arguments [8]. In these expressions, “interaction energies” represent the
energy associated with various particles occupying adjacent locations on the
lattice. The energies are εxx and εuu for adjacent crosslinked and uncrosslinked
network particles from different polymer chains, εpp for adjacent particles in the
same chain, εss for adjacent solvent particles, and εus for adjacent network and
solvent particles.

Of the three chemical forces acting on the gel, the entropic force always pro-
motes swelling/mixing and the electric force tends to resist the relative motion
between the network and the solvent [10]. Therefore, in the experiments below,
the deswelling/collapsing of a gel is driven by the short range interaction force.
Based on Eqs. (18)-(19) and ignoring the terms that are constant in space (µ0

s

and the first two terms in µ0
n(α)), we may rewrite the short range forces as:

f I
n =

kBTθn

νn

(
θ2

s ε1 − ε3
2

∇α− i(α)θs∇θs

)
= f I,1

n + f I,2
n + f I,3

n , (24)

f I
s =

kBTθs

νn

(
θ2

n

2
ε1∇α− i(α)θn∇θn

)
= f I,1

s + f I,2
s . (25)

Here ε1 = εus − εuu. In this work, we assume ε1 < 0, which implies an un-
crosslinked, network monomer “prefers” to be adjacent to a solvent particle
rather than to another negatively charged monomer. Similarly, we assume ε3 =
εxx− εuu < 0, and thus the interaction energy between network monomers is re-
duced by calcium crosslinking. To facilitate later discussion, we have partitioned
f I
n and f I

s into components:

f I,1
n =

kBTθnθ
2
s

2νn
ε1∇α, f I,2

n = −kBTθnθs

νn
i(α)∇θs, and f I,3

n = −kBTθn

2νn
ε3∇α.
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f I,1
s =

kBTθsθ
2
n

2νn
ε1∇α and f I,2

s = −kBTθsθn

νn
i(α)∇θn.

Note that f I,2
n = −f I,2

s . These forces are completely analogous to classical Flory-
Huggins polymer theory. They tend to drive swelling/mixing when i(α) < 0 and
to drive deswelling when i(α) > 0. Both f I,1

n and f I,1
s are novel to this model

(they do not have analogs in Flory-Huggins theory). Both are oriented in the
direction of decreasing α, driving material towards a spatial location with a
lower crosslink fraction α. For a low-density network (θn � 1), f I,1

n is much
larger in magnitude than f I,1

s . Finally, f I,3
n tends to drive the network towards

a region with higher α. Therefore, the forces on the network f I,1
n and f I,3

n play
opposite roles for the same spatial distribution of α. For θs ≈ 1, the direction of
f I,1
n + f I,3

n is determined by the relative magnitudes of ε1 and ε3 (i.e. is the energy
of the lattice reduced more by replacing monomer/monomer interactions with
monomer/solvent interactions or by crosslinks) . As shown in our results section,
depending on the relative magnitude of the interaction energies, the ion-induced
volume transition in gels may exhibit drastically different patterns.

3 Simulation Results

3.1 Model Parameters and Problem Setup

The values of model parameters, similar to those used in [9, 10], are listed in
Table 1. We choose the values of the interaction energies so that the interaction
parameter i(α) in Eq. (21) is i(α) = 18α − 2.76, an increasing linear function
of α. As the value of α increases from 0 to 1, i(α) changes from negative to
positive so that the roles of the classical Flory-Huggins terms f I,2

n and f I,2
s switch

from promoting swelling (mixing of the phases) to promoting deswelling (phase
separation). The ion binding and unbinding rate coefficients in the table imply
that calcium has a smaller dissociation constant, so calcium binding to the net-
work is chemically preferred. The computational domain is a 2D square of size
20 µm × 20 µm. Both velocities are assumed to be zero along its boundaries.
No flux boundary conditions are applied to each dissolved ion concentration on
all boundaries. A computational grid of size 256 × 256 is used for all simula-
tions. The time step is fixed at ∆t = 2.0× 10−7s. The typical distribution of the
model variables at the initial time is shown in Fig. 1. The initial profiles of the
network volume fraction and bound ion distributions are set to represent a blob
of gel with loosely packed network (θn ≈ 5%), immersed in a fluid solvent with
a high concentration of divalent calcium ions. The region with an appreciable
amount of network is referred to as the “gel”; the rest of the domain is referred
to as the “bath”. This setup mimics the experiments in [12]. Spatially constant
concentrations of dissolved ions with zero net charge are set in the bath, with
the concentration of calcium much higher than that of sodium. We denote initial
bath concentrations of ions with the asterisk superscript: C∗

i . The initial condi-
tions for the ion concentrations in the gel region are chosen so that the binding
and unbinding reactions are in local chemical equilibrium [10].
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parameter value
network viscosity ηn 100 Poise
solvent viscosity ηs 0.01 Poise

diffusion coefficient Dj 2.5× 10−5 cm2/s

drag coefficient ξ/ν 2.5× 109 g/(cm3s)

εus − εuu (ε1) -18.0
εus − εss 11.6

εxx − εuu (ε3) variable
εpp − εuu 0

number of monomers in a chain N 100
network charge density ntot 0.1 Molar

size of monomer νn 1.661× 10−8 µm3

coordination number z 6
ion valences zNa, zCa, zCl 1, 2, -1

kon
Ca 5× 106 M−1s−1

koff
Ca 5× 102 M−1s−1

kon
Na 106 M−1s−1

koff
Na 103 M−1s−1

Table 1: Simulation parameters.

(a) Initial distribution of θn.
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Fig. 1: The 2D computational domain and initial distributions of model variables.
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For the initial profiles shown in Fig. 1, we have α ≈ 0.153 and the interaction
parameter i is approximately zero. The spatially uniform profiles in the gel and
in the bath are connected smoothly through a hyperbolic tangent function.

3.2 Effect of calcium bath concentration on gel deswelling

To investigate the effect of calcium ion concentration in the bath, we carried out
two simulations with C∗

Ca = 0.001 M and C∗
Ca = 0.01 M, respectively. The bath

sodium concentration is fixed at a relatively low value of C∗
Na = 0.0025 M.

(a) ||un||max = 0.21 mm/s. (b) ||un||max = 0.32 mm/s.

Fig. 2: The distribution of θn and un at t = 5.6 ms for (a) C∗
Ca = 0.001 M and

(b) C∗
Ca = 0.01 M. ε3 = −0.1. The vectors have different scales.

In this subsection, ε3 = −0.1 so that crosslinks only slightly reduce the interac-
tion energy between monomers. At the start of these simulations, the crosslink
fraction α is higher near the edge of the gel abutting the bath where the calcium
concentration is higher than in the gel’s interior. As a consequence, i(α) is posi-
tive there, favoring deswelling. The distributions of θn and un at t = 5.6 ms are
plotted in Fig. 2. We see that as the network moves inward towards the center of
the domain, the gel becomes smaller and more dense relative to its initial profile.
We refer to this behavior as “collapse”. A greater collapse is observed for higher
C∗

Ca. In both simulations, the maximum magnitude of un decreases with time
(not shown). Plots of CCa and us at the same time are shown in Fig. 3. In con-
trast to the network velocity, the solvent velocity exhibits complicated patterns.
With the inward movement of the network, the solvent moves outward from the
center of the gel. The solvent velocity near the gel’s center is much larger with
the higher bath calcium concentration. Due to diffusion, the distribution of CCa

becomes more homogeneous with time (not shown).
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(a) ||us||max = 0.33 mm/s. (b) ||us||max = 0.21 mm/s.

Fig. 3: The distribution of CCa and us at t = 5.6 ms for (a) C∗
Ca = 0.001 M and

(b) C∗
Ca = 0.01 M. ε3 = −0.1. All vectors have the same scale.

In Fig. 4, we plot the distributions of θn and α along the positive x-axis. Rela-
tive to its initial profile, the distribution of θn becomes more inhomogeneous with
the development of large peak values close to the gel’s center. There is a more
profound collapse in the simulation with a higher bath calcium concentration.
As shown in Figs. 4ab, as the value of C∗

Ca changes from 0.001 M to 0.01 M, the
peak of α increases greatly. Notice that for both simulations, α is larger than its
initial value of 0.153 over the large portions of the gel with significant network
volume fractions. The interaction parameter i(α) is positive in those regions,
and so the short range force components f I,2

n and f I,2
s both promote deswelling.

Because |ε3| � |ε1|, |f I,3
n | � |f I,1

n |, and therefore f I,3
n does not appreciably deter

collapse.
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Fig. 4: 1D distributions of (a) θn and (b) α at t = 5.6 ms for C∗
Ca = 0.001 M

and 0.01 M. ε3 = −0.1. The dashed lines show the corresponding initial
profiles.
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Fig. 5: Force densities along the positive x-axis at t = 2.8 ms. Total chemical
force densities on (a) network and (b) solvent. Components of the chem-
ical force densities for C∗

Ca = 0.001 M on (c) network and (d) solvent.
Components of the chemical force densities for C∗

Ca = 0.01 M on (e)
network and (f) solvent.

To understand the roles played by different chemical forces in deswelling, we
plot their 1D distributions at t = 2.8 ms in Fig. 5. Figs. 5ab show that the
total chemical forces on both the network and the solvent are directed towards
the center of the gel and that the magnitude of the forces is much larger for
the higher bath calcium concentration. A detailed look at the plots Figs. 5c-f
indicates that: (1) The electric forces (green solid lines) on the network and on
the solvent resist gel deswelling. The magnitude of the electric force increases
with C∗

Ca, consistent with our previous study [9]. (2) From the center to the edge,
the entropic force (black solid lines) changes direction and tends to homogenize
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