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Abstract. Physics-Informed Neural Networks (PINNs) have gained
much attention in various fields of engineering thanks to their capability
of incorporating physical laws into the models. The partial differential
equations (PDEs) residuals are minimized on a set of collocation points
which distribution appears to have a huge impact on the performance of
PINNs and the assessment of the sampling methods for these points is
still an active topic. In this paper, we propose a Fixed-Budget Online
Adaptive Learning (FBOAL) method, which decomposes the domain
into sub-domains, for training collocation points based on local maxima
and local minima of the PDEs residuals. The numerical results obtained
with FBOAL demonstrate important gains in terms of the accuracy and
computational cost of PINNs with FBOAL for non-parameterized and
parameterized problems. We also apply FBOAL in a complex industrial
application involving coupling between mechanical and thermal fields.

Keywords: Physics-informed neural networks - Adaptive learning - Rub-
ber calendering process

1 Introduction

In the last few years, Physics-Informed Neural Networks (PINNs) [8] have become
an attractive and remarkable scheme of solving inverse and ill-posed partial
differential equations (PDEs) problems. The applicability of PINNs has been
demonstrated in various fields of research and industrial applications [3]. However,
PINNSs suffer from significant limitations. The training of PINNs takes high
computational cost, that is, a standard PINN must be retrained for each PDE
problem, which is expensive and the numerical physics-based methods can strongly
outperform PINNs for forward modeling tasks. There are continuing efforts to
overcome this limitation by proposing to combine with reduced order methods
so that the model has a strong generalization capacity [2]. Furthermore, the
theoretical convergence properties of PINNs are still poorly understood and need
further investigations [9]. As PINNs integrate the PDEs constraints by minimizing
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the PDE residuals on a set of collocation points during the training process, it
has been shown that the location of these collocation points has a great impact
on the performance of PINNs [I]. To the best of the authors’ knowledge, the first
work that showed the improvement of PINNs performance by modifying the set
of collocation points is introduced by Lu et al. (2021) [5]. This work proposed the
Residual-based Adaptive Refinement (RAR) that adds new training collocation
points to the location where the PDE residual errors are large. RAR has been
proven to be very efficient to increase the accuracy of the prediction but however
leads to an uncontrollable amount of collocation points and computational cost
at the end of the training process. In this work, we propose a Fixed-Budget
Online Adaptive Learning (FBOAL) that fixes the number of collocation points
during the training. The method adds and removes the collocation points based
on the PDEs residuals on sub-domains during the training. By dividing the
domain into smaller sub-domains it is expected that local maxima and minima
of the PDEs residuals will be quickly captured by the method. Furthermore, the
stopping criterion is chosen based on a set of reference solutions, which leads
to an adaptive number of iterations for each specific problem and thus avoids
unnecessary training iterations. The numerical results demonstrate that the use
of FBOAL help to reduce remarkably the computational cost and gain significant
accuracy compared to the conventional method of non-adaptive training points.
In the very last months, several works have also introduced a similar idea of
adaptive re-sampling of the PDE residual points during the training [II6/10]. Wu
et al. (2023) [10] gave an excellent general review of these methods and proposed
two adaptive re-sampling methods named Residual-based Adaptive Distribution
(RAD) and Residual-based adaptive refinement with distribution (RAR-D), which
are the generalization of all existing methods of adaptive re-sampling for the
collocation points. These approaches aim to minimize the PDEs residuals at their
global maxima on the entire domain. Besides that, the existing studies did not
investigate the parameterized PDE problems (where the parameter of interest
is varied). In this study, we first compare the performance of RAD, RAR-D,
and FBOAL in an academic test case (Burgers equation). We illustrate a novel
utilization of these adaptive sampling methods in the context of parameterized
problems. The following of this paper is organized as follows. In section 2, we
briefly review the framework of PINNs and introduce the adaptive learning
strategy (FBOAL) for the collocation points. We then provide the numerical
results of the performance of the studied methods and comparison to the classical
PINNs and other adaptive re-sampling methods such as RAD and RAR-D in a
test case of Burgers equation. The application to an industrial use case is also
represented in this section. Finally, we summarize the conclusions in section 4.

2 Methodology

In this section, the framework of Physics-Informed Neural Networks (PINNs) [g]
is briefly presented. Later, Fixed-Budget Online Adaptive Learning (FBOAL)
for PDE residual points is introduced.
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2.1 Physics-informed neural networks

To illustrate the methodology of PINNS, let us consider the following parameter-
ized PDE defined on the domain 2 C R%: u; + Ny (u,A) =0 for x € 2,t € [0, 7
where A € R? is the PDE parameter vector with the boundary condition
B(u,x,t) = 0 for x € 92 and the initial condition u(x,0) = g(x) for x € £2. In
the conventional framework of PINNs, the solution u of the PDE is approximated
by a fully-connected feed-forward neural network A’A and the prediction for the
solution can be represented as 4 = NN (x,t,0) where 0 denotes the trainable
parameters of the neural network. The parameters of the neural network are
trained by minimizing the cost function L = Lpge + wicLic + WyeLpe, where
the terms Lypge, Lic, Ly penalize the loss in the residual of the PDE, the initial
condition, the boundary condition, respectively, and w;.,wp. are the positive
weight coefficients to adjust the contribution of each term to the cost func-

. Npde |~ N Wi Nic |
tion: Lpde - Zz:pf U, +in(u? A)|2a LiC = < Zi:l |'U/(X“ 0) - g(xi)|2a
die Nl
w
and Ly, = be Zf\g{ |B(1, x1,t;)|? where Njc., Npe, Ngata denote the numbers of

N,
learning poin%cs for the initial condition, boundary condition, and measurements
(if available), respectively, and Np4. denotes the number of residual points (or
collocation points or unsupervised points) of the PDE.

We note that PINNs may provide different performances with different network
initialization. In this work when comparing the results of different configurations
of PINNs, we train PINNs five times and choose the mean and one standard
deviation values of the performance criteria of five models for visualization and
numerical comparison.

2.2 Adaptive learning strategy for PDEs residuals

Fixed-Budget Online Adaptive Learning Motivated by the work of Lu et al.
(2021) [5] which proposed the Residual-based Adaptive Refinement (RAR) that
adds progressively during the training more collocation points at the locations
that yield the largest PDE residuals, our primary idea is to control the number
of potentially added training points by removing the collocation points that yield
the smallest PDE residuals so that the number of collocation points remains
the same during the training. With this approach, the added points tend to be
placed at nearly the same location corresponding to the global maximum value
of the PDE residual. We suggest considering a set of sub-domains in order to
capture not only the global extrema but also the local extrema of the PDEs
residuals. More precisely, we propose a Fixed-Budget Online Adaptive Learning
(FBOAL) that adds and removes collocation points that yield the largest and the
smallest PDE residuals on the sub-domains during the training (see Algorithm
. With the domain decomposition step, the algorithm is capable of detecting
the local extrema inside the domain. Another remarkable advancement of this
method is that in the parameterized problem, the collocation points can be
relocated to the values of the parameter for which the solution is more complex
(see section for an illustration on Burgers equation). To minimize the cost
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Algorithm 1 Fixed-Budget Online Adaptive Learning (FBOAL)

Require: The number of sub-domains d, the number of added and removed points m,
the period of resampling k, a testing data set, a threshold s.

1: Generate the set C of collocation points on the studied domain {2.

2: Divide the domain into d sub-domains 27 U §25... U 24 = £2.

3: for Ir; in Ir do

4 repeat

5 Train PINNs for k iterations with the learning rate ir;.
6: Generate a new set C’ of random points inside the domain (2.
7
8

Compute the PDE residual at all points in the set C’ and the set C.
On each subdomain §2;, take 1 point of the set C’ which yield the largest PDE
residuals on the subdomain. Gather these points into a set .A.

9: On each subdomain §2;, take 1 point of the set C which yield the smallest PDE
residuals on the subdomain. Gather these points into a set R.

10: Add m points of the set A which yield the largest errors for the residuals to
the set C, and remove m points of the set R which yield the smallest errors
for the residuals.

11:  until The maximum number of iterations K is reached or the error of the

prediction on the testing data set of reference is smaller than some threshold s.

12: end for

function, we adopt Adam optimizer with a learning rate decay strategy, which
is proven to be very efficient in training deep learning models. In this work, we
choose a set of learning rate values Ir = {1074,1075,107%}. The way to divide
the domain and the number of sub-domains can play important roles in the
algorithm. If we dispose of expert knowledge on the PDEs problem, we can divide
the domain as a finite-element mesh such that it is very fine at high-gradient
locations and coarse elsewhere. In this primary work, we dispose of no knowledge
a priort and use square partitioning for the domain decomposition. We note
this partitioning is not optimal when dealing with multidimensional space and
different scales of spatial and/or temporal dimensions. The stopping criterion is
chosen based on a number of maximum iterations for each value of the learning
rate and an error criterion computed on a testing data set of reference. The
detail of this stopping criterion is specified in each use case. With this stopping
criterion, the number of training iterations is also an adaptive number in each
specific case, which helps to avoid unnecessary training iterations. We note that
when dealing with multi-physics problems which involve systems of PDEs, we
separate the set of collocation points into different subsets for each equation and
then effectuate the process independently for each subset. Separating the set of
collocation points helps to avoid the case when added points for one equation
are removed for another. The code in this study is available from the GitHub
repository https://github.com/nguyenkhoa0209/PINNs_FBOAL.

Residual-based Adaptive Distribution and Residual-based Adaptive
Refinement with Distribution Wu et al. (2023) [10] proposed two residual-
based adaptive sampling approaches named Residual-based Adaptive Distribution
(RAD) and Residual-based Adaptive Refinement with Distribution (RAR-D).

ICCS Camera Ready Version 2023
To cite this paper please use the final published version:
DOI] 10.1007/978-3-031-36027-5_36 |



https://github.com/nguyenkhoa0209/PINNs_FBOAL
https://dx.doi.org/10.1007/978-3-031-36027-5_36
https://dx.doi.org/10.1007/978-3-031-36027-5_36

Fixed-Budget Online Adaptive Learning for PINNs ... 5

In these approaches, the training points are randomly sampled according to a
probability density function which is based on the PDE residuals. In RAD, all
the training collocation points are re-sampled. While in RAR-D, only a few new
points are sampled and then added to the training data set. The main differences
between RAD, RAR-D, and our proposed method FBOAL lie in the domain
decomposition step in FBOAL and the percentage of modified collocation points
after every time we effectuate the re-sampling step. The decomposition step helps
FBOAL to be able to detect local maxima and local minima of the residuals
inside the domain (which, however, depends on the way we divide the domain),
and thus FBOAL gives equal concentration for all local maxima of the PDE
residuals.

3 Numerical results

In this section, we first compare and demonstrate the use of adaptive sampling
methods (FBOAL, RAD, and RAR-D) to solve the viscous Burgers equation in
both non-parameterized context and parameterized context (i.e. the viscosity is
fixed or not). We then illustrate the performance of FBOAL in a realistic industrial
case: a system of PDEs that is used in the rubber calendering process. In the
following, unless specifying otherwise, to compare the numerical performance of
w— W
each methodology, we use the relative £2 error defined as €, = |||||||2
w2
w denotes the reference simulated field of interest and w is the corresponding
PINNSs prediction.

where

3.1 Burgers equation

We consider the following Burgers equation:

Up + Ul — VUge =0 for z € [—1,1],t € [0,1]
u(z,0) = —sin(rz)
u(=1,t) =u(l,t) =0

where v is the viscosity. For a small value of v, the solution is very steep close to
x = 0. For higher values, the solution becomes smoother. Thus when v is fixed,
it is expected that the collocation points are located close to x = 0 during the
training to better capture the discontinuity. When v is varied, it is expected that
the number of collocation points is more important for smaller values of v while
being located close to x = 0. In the following, we assess whether FBOAL can
relocate the collocation points to improve the performance of PINNs.

In our experiment, to simplify the cost function and guarantee the boundary
and initial conditions, these conditions are forced to be automatically satisfied by
using the following representation for the prediction 4 = t(z — 1)(z + NN (.) —
sin(mz). Interested readers may refer to the work in [4] for the general formulations.
With this strategy, we do not need to adjust different terms in the loss function
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as there is only the loss for PDE residuals which is left. For the architecture of
PINNs, we use a feedforward network with 4 hidden layers with 50 neurons per
layer with tanh activation function. The results are obtained with 50,000 epochs
with the learning rate Ir = 1073, 200,000 epochs with the learning rate ir = 1074
and 200,000 epochs with Ir = 107°. For a fair comparison, the initialization of
the training collocation points is the same for all methodologies. The learning
data set and the testing data set are independent in all cases.

Non-parameterized problem We first illustrate the performance of adaptive
sampling approaches in a context where v is fixed. We take 10 equidistant values
of v € [0.0025,0.0124]. For each v, we compare the performance of classical
PINNs, PINNs with RAD, RAR-D, and PINNs with FBOAL. For the training of
PINNs, we take Npq. = 1024 collocation points that are initialized equidistantly
inside the domain. We take a testing set of reference solutions on a 10 x 10
equidistant spatio-temporal mesh and stop the training when either the number
of iterations surpasses K = 500,000 or the relative £2 error between PINNs
prediction and the testing reference solution is smaller than the threshold s = 0.02.
The following protocol allows us to compare fairly all adaptive sampling methods.
For the training of FBOAL, we divide the domain into d = 200 sub-domains
as squares of size 0.1. After every k£ = 2,000 iterations, we add and remove
m = 2% x Npqe =~ 20 collocation points based on the PDE residuals. For the
training of RAD, we take k = 1 and ¢ = 1 and effectuate the process after 2,000
iterations. For the training of RAR-D, we take k = 2 and ¢ = 0 and after every
2,000 iterations, 5 new points are added to the set of training collocation points.
At the end of the training, the number of collocation points for FBOAL and
RAD remains the same as at the beginning (Npqe = 1024), while for RAR-D,
this number increases gradually until the stopping criterion is satisfied.

Figure [1] shows the PDE residuals for v = 0.0025 after the training process
on the line x = 0 and at the instant ¢ = 1 where the solution is very steep.
The curves and shaded regions represent the geometric mean and one standard
deviation of five runs. On the line = 0 (Figure , with classical PINNs where
the collocation points are fixed during the training, the PDE residuals are very
high and obtain different peaks (local maxima) at different instants. It should
be underlined that all the considered adaptive sampling methods are able to
decrease the values of local maxima of the PDEs residuals. Among the approaches
where the number of collocation points is fixed, FBOAL is able to obtain the
smallest values for the PDE residuals, and for its local maxima, among all the
adaptive resampling methodologies. At the instant ¢ = 1 (Figure 7 the same
conclusion can be drawn. However, we note that at this instant, the classical
PINNSs outperform other methods at the zone where there are no discontinuities
(the zones that are not around x = 0). This is because the collocation points are
fixed during the training process for classical PINNs, while with other methods,
the collocation points are either re-assigned (with FBOAL and RAD) or some
points are added (with RAR-D) to the high gradient regions. Thus, for adaptive
resampling methods, the training networks have to additionally balance the
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errors for high-gradient locations and low-gradient locations and thus diminish
the accuracy at the zones where there are low gradients as the cost function is a
sum of the PDE errors at all points.

1| — Classical PINNs 1| — Classical PINNs
PINNs+RAD PINNs+RAD
254 —— PINNs+RARD 10| —— PINNs+RARD
—— PINNs+FBOAL —— PINNs+FBOAL

PDE residuals
PDE residuals

E E E E o
t x

(a) On the line z =0 (b) At instant ¢ =1

Fig. 1: Burgers equation: Absolute value of PDE residuals for v = 0.0025.

To assess the overall performance of PINNs, we evaluate the errors of the
prediction on a 256 x 100 spatio-temporal mesh (validation mesh). Figure
shows the relative £2 error between PINNs predictions and reference solution.
Figure|2b|shows the number of training iterations for PINNs to meet the stopping
criterion. As expected, when v increases, which means the solution becomes
smoother, the accuracy of PINNs in all methodologies increases and the models
need less number of iterations to meet the stopping criterion. We note that when
v is large and the solution is very smooth, the classical PINNs are able to give
comparable performance to PINNs with adaptative methodologies. However,
when v becomes smaller, it is clear that PINNs with adaptive sampling methods
outperform classical PINNs in terms of accuracy and robustness. Among these
strategies, FBOAL provides the best accuracy in terms of errors and also needs
the least iterations to stop the algorithm. Table [1] illustrates the training time
of each methodology for v = 0.0025. We observe that by using FBOAL a huge
amount of training time is gained compared to other approaches. Figure
illustrates the cost function during the training process for v = 0.0025 and the
errors of the prediction on the testing mesh. For clarity, only the best cost function
(which yields the smallest values after the training process in five runs) of each
methodology is plotted. After every k = 2,000 epochs, as the adaptive sampling
methods relocate the collocation points, there are jumps in the cost function.
The classical PINNs minimize the cost function better than other methodologies
because the position of collocation points is fixed during the training. This leads
to the over-fitting of classical PINNs on the training collocation points and does
not help to increase the accuracy of the prediction on the testing mesh. While
with adaptive sampling methods, the algorithm achieves better performance on
the generalization to different meshes (the testing and validation meshes). Table
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(a) Relative £? error (b) Nb. of training itera- (c) Loss for v = 0.0025
tions

Fig. 2: Burgers equation: Comparison of classical PINNs and PINNs with adap-
tive sampling approaches. In (c¢) the solid lines show the cost function during the
training, the dashed lines show the errors on the testing mesh, and the black line
shows the threshold to stop the training.

1 provides the training time and the number of resampling of each methodology
with the hyperparameter values mentioned previously, which are optimal for all
adaptive resampling methods. We see that the resampling does affect the training
time. More precisely, with RAR-D and RAD, a huge number of resampling is
effectuated, which leads to a long training time compared to the classical PINNs
(even though these methods need smaller numbers of training iterations). While
with FBOAL, the number of resampling is small and we obtain a smaller training
time compared to the classical PINNs.

Table 1: Burgers equation: Training time and the number of resampling for
v = 0.0025. The training is effectuated on an NVIDIA V100 GPU card.
Classical | RAR-D RAD FBOAL
Training time (minutes)|33.7 + 1.5(41.0 £ 5.8|38.8 £ 2.3|21.5 + 2.7
Number of resampling 00 [201£75|210£ 77| 48 £ 2

In the following, we analyze in detail the performance of FBOAL. Figure 3
illustrates the density of collocation points after the training with FBOAL for
different values of v. We see that, for the smallest value v = 0.0025, FBOAL
relocates the collocation points close to x=0 where the solution is highly steep.
For v = 0.0076, as there is only one iteration of FBOAL that adds and removes
points (see Figure 2b), there is not much difference with the initial collocation
points but we still see few points are added to the center of the domain, where
the solution becomes harder to learn. For the biggest value v = 0.0116, there
is no difference with the initial collocation points as PINNs already satisfy the
stopping criterion after a few iterations. For the values of the hyperparameters,
empirical tests (not shown here for concision) suggest starting with small values
of m (number of added and removed points) and k (period of resampling) (for
example k = 1,000, m = 0.5%N,q4.) and then increase these values to see whether
the predictions can become more accurate or not.
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