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Abstract. Modeling the dynamics of the exoplanetary system TRAP-
PIST with seven bodies of variable mass moving around a central parent
star along quasi-elliptic orbits is discussed. The bodies are assumed to
be spherically symmetric and attract each other according to Newton’s
law of gravitation. In this case, the leading factor of dynamic evolution
of the system is the variability of the masses of all bodies. The problem
is analyzed in the framework of Hamiltonian’s formalism and the dif-
ferential equations of motion of the bodies are derived in terms of the
osculating elements of aperiodic motion on quasi-conic sections. These
equations can be solved numerically but their right-hand sides contain
many oscillating terms and so it is very difficult to obtain their solutions
over long time intervals with necessary precision. To simplify calculations
and to analyze the behavior of orbital parameters over long time intervals
we replace the perturbing functions by their secular parts and obtain a
system of the evolutionary equations composed by 28 non-autonomous
linear differential equations of the first order. Choosing some realistic
laws of mass variations and physics parameters corresponding to the
exoplanetary system TRAPPIST, we found numerical solutions of the
evolutionary equations. All the relevant symbolic and numeric calcula-
tions are performed with the aid of the computer algebra system Wolfram
Mathematica.

Keywords: Non-stationary many-body problem - Isotropic change of
mass - Secular perturbations - Evolution equations - Poincaré variables.
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1 Introduction

In the wake of discoveries of exoplanetary systems [1], study of dynamic evolu-
tion of such planetary systems has become highly relevant. Observational data
show that celestial bodies in such systems are non-stationary, their characteris-
tics such as mass, size, and shape may vary with time [2]-[6]. At the same time,
it is very difficult to take into account non-stationarity of the bodies because
the corresponding mathematical models become very complicated. Even in the
case of classical two-body problem, a general solution of which is well-known,
dependence of masses on time makes the problem non-integrable; only in some
special cases its exact solution can be found in symbolic form (see [7]). However,
the masses of the bodies influence essentially on their interaction and motion
and so it is especially interesting to investigate the dynamics of the many-body
system of variable masses. One of the first works in this direction were done
by T.B. Omarov [8] and J.D. Hadjidemetriou [9] (see also [10]) who started
investigation of the effects of mass variability on the dynamic evolution of non-
stationary gravitating systems. Later these investigations were continued in a
series of works [11]-[15], where the systems of three interacting bodies with vari-
able masses were considered. It was shown also that application of the computer
algebra systems is very fruitful and enables to get new interesting results because
very cumbersome symbolic computations are involved (see [16]-[18]).

It should be noted that most of the works on the dynamics of planetary sys-
tems are devoted to the study of evolution of multi-planet systems of many point
bodies with constant masses. As the many-body problem is not integrable the
perturbation theory based on the exact solution of the two-body problem is usu-
ally used (see [19]). This approach turned out to be very successful and many
interesting results were obtained in the investigation of the motion of planet
or satellite in the star-planets or double star system (see [20]—-[21]). Paper [22]
describes the problem of constructing a theory of four planets’ motion around
the central star, while the bodies masses are constant. The Hamiltonian func-
tions are expanded into Poisson series in the osculating elements of the second
Poincaré system up to the third power of the small parameter. Evolution of
the planetary systems Sun - Jupiter - Saturn - Uranus - Neptune is studied in
[23]. The averaged equations of motion are constructed analytically up to the
third order in a small parameter for a four-planetary system. Paper [24] studies
the orbital evolution of three-planet exosystem HD 39194 and the four-planet
exosystems HD 141399 and HD 160691 (u Ara). As a result, the authors have
developed an averaged semi-analytical theory of motion of the second order in
terms of exoplanet masses.

In the present paper, we investigate a classical problem of 8 bodies of variable
masses which may be considered as model of the exoplanetary system TRAP-
PIST with a central star and 7 planets orbiting the star (see [1], [25]-[26]). The
work is aimed at calculating secular perturbations of planetary systems on non-
stationary stage of its evolution when mass variability is the leading factor of
evolution. Equations of motion of the system are obtained in a general form in
the relative coordinate system with the star located at the origin. The masses of
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the bodies are variable and change isotropically which means that the reactive
forces do not arise. We describe main computational problems occurring when
the perturbing functions are written in terms of the second Poincaré system and
the evolutionary equations are obtained. For this paper, all symbolic compu-
tations were performed with the aid of the computer algebra system Wolfram
Mathematica [30] which has a convenient interface and allows one to combine
various kinds of computations.

The paper is organized as follows. In Section 2 we formulate the physical
problem and describe the model. Then in Section 3 we derive the equations of
motion in the osculating elements which are convenient for applying the per-
turbation theory. Section 4 is devoted to computing the perturbing functions in
terms of the second Poincaré system. As a result, we obtain the evolutionary
equations in Section 5 and write out them in terms of dimensionless variables.
In Section 6 we describe numerical solution of the evolutionary equations. At
last, we summarize the results in Conclusion.

2 Statement of the Problem and Differential Equations
of Motion

Let us consider the motion of a planetary system consisting of n + 1 spher-
ical bodies with isotropically changing masses mutually attracting each other
according to Newton’s law. Let us introduce the following notation: S is a par-
ent star of the planetary system of mass mg = mq(t), P; are planets of masses
m; = my(t), (1 = 1,2,...,n). We will study the motion in a relative coordinate
system with the origin at the center of the parent star S the axes of which are
parallel to the corresponding axes of the absolute coordinate system.

The positions of the planets are such that P; is an inner planet relative to
the P;;1 planets, but at the same time it is an outer planet relative to P;_;. We
assume that this position of the planets is preserved during the evolution.

Let the rate of mass change be different

%#%7 mi #% (27.7:]-7”7 27&]) (1)

In a relative coordinate system, the equations of motion of planets with
isotropically varying masses may be written as [27]-[29]

. moeri n T, —7T; T Lo
r, = _f(rig)ri +lemj (jrg - ;) (’L).] = 17n)a (2)

i ij J

j=1

where r;; are mutual distances between the centers of spherical bodies

rij = \/(fﬂj —i)?+ (Y —9i)? + (25 — 20)% = 0, 3)

f is the gravitational constant, 7;(x;,y:, z;) is a radius-vector of the planet P,
and the prime sign in summation means that i # j.
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3 Equation of Motion in the Osculating Elements

3.1 Extraction of the perturbing function
Equations of motion (2) may be rewritten in the form
(mo +m;) ¥i mo(to) + mi(to)

Ty — T = F;, ~vi=—-—""—"—+-"="(t),

T +
I % mo(t) + ()

where % is an initial instant of time, and

F; = grad,,W;, Wi =Wy + Wiy,

n .
1 T T o
W — ’ it Ty _ W — P2
gi = [ E m; ( —3 | Tij =Tj T ri = ;-
j=1

’I’ij Tj 2’%‘

(6)

The equations of relative motion written in the form (4) are convenient for
applying the perturbation theory developed for such non-stationary systems [6].
In the case under consideration the perturbing forces are given by the expressions
(5), (6). Note that in the case of F; = 0 equations (4) reduce to integrable
differential equations describing unperturbed motion of the bodies along quasi-

conic sections.

3.2 Differential equations of motion in analogues of the second

system of Poincaré variables

For our purposes, analogues of the second system of Poincaré canonical elements

given in the works [6], [28] are preferred
Ais Ny &G mis piy @
which are defined according to the formulas
A = \/1io\/ @i,

Ai =1+,

gi:\/z\/ﬁo\/aj(l—\/@) cos T,

ni= —\ 20V /@i(1- /1= sin,
pi:\/2‘ /Iio/@iy/1—e?(1— cos I;) cos (2;,

= —\/2,/,ui0\/a7-\/1—ez2(1— cos I;) sin §2;,
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where
The differential equations of motion of n planets in the osculating analogues of
the second system of Poincaré variables (8)—(11) have the canonical form

. OR} . OR; . OR}
Ai:*a)\z, fz':*anza pi:*aiq;, 1o
G om Ok ) (12)
’ oA’ ' 08’ ' opi’
where the Hamiltonian functions are given by
P 1
Ry = -0 — Wi (t, A, &, pis N iy i) - (13)

b4 ()

The canonical equations of perturbed motion (12) are convenient for describ-
ing the dynamic evolution of planetary systems when the analogues of eccentric-
ities e; and analogues of the inclinations I; of the orbital plane of the planets are
sufficiently small

e; << 1, I <<1 (i=1,n). (14)

Let us rewrite the canonical equations of motion (12) as

_OR; _ @k OWi i ORi _OW,

A=A A aA;) TN ON
. OR: W, . OR*  OW,
& & oni O
. OR: oW, . OR; oW,
= opi  Opi’ b= oq;  Oq;

4 The Secular Part of the Main Part of the Perturbing
Function

The secular part of the perturbing functions (13) has the form [29]
WA(sec) _ Wi(SSEC) + Wi(]:ec) + Wr(fec)' (16)

Let us write the explicit form of the secular part of the perturbing function
i—1 ;
AP | s A& s + &€ s + &2
Wwisee) — (20 st TSey ppisTills T Sibs y prisTls Ths
i fs§:1m( p T I e TS

2, 2 2, .2 n ik 2 | g2
is (Di T4  DiDs + €iqs | P+ 4 Ap an &
B - s 4. 20y g

1 ( sS4 IR + SA. >) + f Z mg ( + 11y ] +

ik i ik + Tk n & pik +a  pipktaa | PRTa))
kA A, ke A, 1 8A; 4/ A Ay, 8,
Fidi 1+ (& +n?) (17)
2'71‘/%20 24; ‘ i ’
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where the following designations are accepted for the inner planets (s < i)

I = — Bis _ ZRBis -Y U Vs vis s — Zs
i 4 0 2 1 + 8 0 9 1 8 2
(18)
Qs = Yoo ;s(t) < 1,
Vi
, 1 . 4 9(1+a2) . 21 .. 3(14+ak) .. 3 .
s = = B Bis) — T\ s evis | “Tvis |~ \T ' TS) is | Y NS 1
1 8(9 o’ + BY) Sa CO+1601+ Sa CQ+16C37 (19)
, 3 .1 .. 1502 +6 3 .9
H;z: — _ Bis _ ZRBis + ~vis Y T vis o = zs,
o 0200 T 8aZ 0 2ay 8T (20)
(s <1).

s
15

2 / d\ (s < i)
- I S 4 )
0 ;i J (14 a2, — 2, cos )\)1/2

p=0,1,2,3,  (21)

T

B — 2as7s / COS(p)\)d)\
1+«

P (am)” ) 2 — 2a;, cOS )\)3/27
(22)
is _ 2 (QS'YS)z cos(pA)dA
Cp = 3 5/2°
™ (aiv:) ) (1+af, — 2aiscos \)
For the outer planets (i < k) the following notations are accepted
; 3k . 1_. 15 + 602, . 3k 9 .
Ik = — 2k gl gy 2 20k Sk ol _ 2ol (< k),
4 2 8 2 8 (23)
g = 10— a(t) <1,
YrOk
| . o 9(1+02) 21 . 3(1+ad) . 3
H?k:— ngk sz _ ik C«zk 702]{3 ik Ozk 7Czk 24
ik 8( o +B) 8o 0 T8N T Ban 2+l (24)
: 3 e 1. 1502 +6 3 ke 9
sz - _ sz _ 7sz ik Czk _ Czk _ ik 25
be = Tqan 0 T30t T Tger N0 T 01 Tty (25)
, 2 7 X
Aff = / 73 (i<k), p=0,1,2,3, (26)
Tak Yk J (14 o, — 20k cos )
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Bik _ 2a;7y; ] cos(pA)dA
T (ak’Yk)Q (1+ a2, — 20y cos )\)3/2

b

ok _ 2(aﬂi)2 /Tr cos(pA)dA
= 3
(

7 (arvk) 5 1+ o, — 2ay, cos )\)5/2.

Note that the Laplace coefficients Aéj, Béj, Bij, Béj, C’éj, C’ij, C’;j, C’;;j (i # j)
are interconnected by recursive relations.

5 Evolutionary Equations

5.1 Derivation of evolution equations

The evolutionary equations that determine the behavior of the orbital parame-
ters over long time intervals are obtained from the equations of motion if instead
of the perturbing functions W; we substitute their secular part Wi(sec) according
o (17).

The evolution equations have the form [29]

3o (e B Y er 3 e (T )2
ms 771 778 m 771 Nk | — iy
/1 /1 Al/lk 2’)/7;,11,120

k=i+1
(28)

— ’LZ HZS . H}i}’;{:} H’LZ/I:; ) 371 7
! Zm< &t Asss) fk;Imk( R 2%051,
(29)

s S (B o i )

k=i+1

i) X e (- i) o

k=i+1

/%20 8Wi(sec)

VA3 N,

From the second equation of the system (32) we obtain

i = A; =0. (32)

A; = const (33)
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or
a; = const. (34)
Note that the first equation of system (32) is solved after integrating the
equations (28)—(31).
5.2 Transition to dimensionless variables

Let us rewrite the evolution equations for eccentric and oblique elements in the
form

Ik 35, A3
f ms < i + >+.f m ( 771 ik ) ; i,
Z 4 \ﬁ ,;;1 N VAR mady
(35)

i—1 is
= i, , I M, i o), 3!
m——me(Aié} NI ) f}%:m( 6+ ) T e &
(36)

e (- ) s (- ) o

k=i+1

i—1
is [ Di ik Pk
I ms (t o)+ 2 et (G- i) @

k=i+1

Physical units: ¢ is measured in years, a; are measured in astronomical units,
m; are measured in masses of the Sun. In the evolution equations (35)—(38) we

*

switch to dimensionless variables t*, a;, mJ,

* * a; * m;
t =7 = wit =t — 39
T wit, ay a y Ty mOO’ ( )
BV 1 1 :
w1 @ =const, T = — = a‘f/2 = const, (40)
al/ w1 Jmoo
d /
moo = mo(to) = const, a1 = ai(to) = const, pr 0 (41)
T
a; = aia;, m; = moym;. (42)

Then we obtain

my;
M= T, A = i =14 ™ eonst, ()
00
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& = & (fmooar)*, mi = n; (fmooar)'/4,

(44)
pi = P} (fmooar)*, @ = g} (fmooar)*/*
34, A3 3! A3 d? "
2 = W1 00 72:() (45)
2%,“1'0 2; 1) dr
Thus, the dimensionless eccentric and oblique elements have the form
—\/2\/;4;‘,/ (1 —+/1—¢€?)cosm;, (46)
:_\/QW\f \/ﬁ ) sin
= \/2,/,u;‘01/a;‘\/1 —e?(1 —cos I;) cos £2;,
(47)

—\/2y/io\/aT /T — (1 — cos I) sin 2.

Using the introduced notations (39)—(42) and the relations (43)—(45), we can
write down the evolution equations (35)—(38) in dimensionless quantities

t" =71, a, m} (48)

i )
A* =const, &, nf, pf, q}. (49)

As a result, reducing the left and right sides of the equations (35)—(38) by a
common factor

w1 (fmopar)t* = const (50)

we obtain the evolution equations (35)—(38) in dimensionless quantities (48)-
(49). For convenience of notation, we omit the symbol (x) and rewrite the equa-
tions (35)—(38) in dimensionless variables (48)—(49) in the form

s - Ik Ik 3y A2
&= ms( N+ —— ns)+ mr, (’“’“nﬂr - 77k> i,
Z /1 \/Ai/ls ; AZ \/Ai/lk 2’)’1 120
(51)

271 Hio
(52)

i—1 n .
HZZS st Hi’;l HZII; // /13
;ms ( gl Al/ls gs) k;f’nk ( Az gz Al/l fk 5 &is

i—1

is qi ik i qk
— sB Bj -——, (53
2 s (4A 4WA) > m ( 4W-Ak> )

k=i+1
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i—1 n
r_ B bi  Ps > RBik < bi Pk > (54
4 s;m 1 (4Ai AL + Z e BY\ I, T i i (54)

k=i+1
At the same time, the expressions

iy, I3, Iy, 1T (55)
in the equations (51)—(54) and the Laplace coefficients keep their form, according
to the formulas (18)—(22) and (23)—(27). They become dimensionless quantities.

6 The Algorithm of Calculations

In our model, it is more convenient to use analogues of the second system of
Poincaré canonical elements [9] and to write the equations of motion in the form
(15). The secular part of the perturbing functions W; is defined in the form
(16)—(20), (23)—(25) with the Laplace coefficients of the form (21), (22), (26),
(27). The evolutionary equations are written in dimensionless variable in the
form (51)—(54).

I. We define and study a system of 14 differential equations of the form
(53)—(54). To do this, we perform the following steps:

a) Determine the type of change in the masses of the central star and planets
(we consider dependencies accordingly Eddington-Jeans law)

mo(t) = (0(1 — no)(t — to) +mgy ")/ 7m) (ng = 3),

mi(t) = (i(1 —na)(t —to) +myg ")/ (g =2, i =T7);

b) taking into account the type of functions «; (i = 1,7) we compute the
Laplace coefficients Bi* from (27) (p = 1);

¢) for each of the seven planets we build a system of two differential equations
of the form (53)—(54) and add the initial conditions (47),

o1 =1.374, 11 = 1075, a; = 0.01154, e; = 0.00622, (56)
7T1(t0) = 210, Il(to) = 0.350, .Q1(t0) = 45°
for the first planet P;. Similar initial conditions at the point 7 = 0 for the other
six planets P, ..., P; can be taken from [1]. Adding these initial conditions to
the system of differential equations, we obtain the required system (53)—(54);

d) using the numerical integration, we find the functions p;, ¢;, and then
visualize the orbital elements (see Fig. 1)

sin? I; ~ % (G =T1,7). (57)

II. We define and study a system of 14 differential equations of the form
(51)—(52). To do this, we perform the following steps:
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a) Using the results of step I a) we determine the Laplace coefficients Aéj , Béj ,
Bij7B;j7Céj,Cij,C;j,C§j from the system (21), (22), (26), (27);

b) on the next step we define functions IT.7 from (18)—(20) and (23)(25);

¢) for each of the seven planets we build a system of two differential equations
(51)—(52), add the initial conditions (46) and other initial conditions from [1] at
the point 7 = 0. Adding initial conditions to the system of differential equations,
we obtain the required system (51)—(52);

d) using the numerical integration, we find the functions §;, n;, and then
eccentric elements e? ~ 522_7"2 (Fig. 2), m; = — arctan 2—,

e) performing steps I d), IT d) we can find and visualize the orbital elements
W; = T — Qz

0.010 0.010 0.010F 0.010F
0.005 0.005 0.005; 0.005}
5 0.000 &' 0.000 & 0.000 < 0.000
-0.005 -0.005 -0.005 -0.005}
-0.010 -0.010 -0.010 -0.010
0 2 4 6 0 2 4 & 0 2 4 6 0 2 4 6
T T T T
0.010 0.010 0.010F
0.005 0.005 0.005}
2 0.000 < 0.000 & 0.000
-0.005 -0.005 -0.005}
-0.010 -0.010 -0.010
0 2 4 6 0 2 4 & 0 2 4 6
T T T

Fig. 1. Plots of the functions sin®(I;) = p?%q? (i=1,7) (see (57))

i

7 Conclusion

For the first time, a system of differential equations has been obtained that
describes the motion of planets of variable masses around a central star in the
TRAPPIST-1 system.

The evolution equations have been obtained in dimensionless variables, and
their numerical solutions have been found in the case of the physical parameters
corresponding to the TRAPPIST-1 system. The calculation time was chosen to
be 2000 revolutions of the first planet.

Numerical experiment was carried out in three ways: first, the Laplace coeffi-
cients in elliptic functions were directly calculated; then (in the second and third
cases) these coefficients were expanded into series up to the 4th and 2nd order
of smallness. The results of the calculations practically coincided. The compu-
tation time has significantly decreased in the second case in comparison to the
first one, and in the third case it has decreased even more significantly.
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e e €
0.0000387 0.0000432
0.0000431
0.0000430

0.0000429

0.00007005
0.0000386
0.00007000
0.0000385
0.00006995
0.0000384

e? &2
0.00002600 0.000101430
0.00002595 0.000101425
0.00002590 0.000101420
0.000101415
o.oooO2s85p 0.000101410 .
TR e T 12 3 4 5 6 T
e
0.000032148
0.000032146
0.000032144
0.000032142
0.000032140

12 3 4 5 6

Fig. 2. Plots of the functions e? (i = 1,7)

The graph (Fig. 1) shows the time dependence of the inclination of the planets
orbits determined by the formulas (57). They change in a very narrow range
which allows us to conclude that the system is moving in one plane (the Laplace
plane). At the same time the changes of eccentricities of planets’ orbits are more
noticeable (see Fig. 2).

Note that choosing different laws of mass variations, one can find numerical
solutions to the evolutionary equations for different values of physical parame-
ters. Such simulation enables to investigate dynamical evolution of the exoplan-
etary system and to understand better an influence of the masses change on
the system motion. The corresponding calculations may be carried out with the
aid on any software but here we used the computer algebra system Wolfram
Mathematica which enables to visualize easily the obtained results, as well.
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