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Abstract. This work presents the computational modeling of solid tu-
mor treatments with hyperthermia using magnetic nanoparticles, consid-
ering a bioheat transfer model proposed by Pennes(1948). The simula-
tions consider a tumor seated in a muscle layer. The model was described
with a partial differential equation, and its solution was approximated
using the finite difference method in a heterogeneous porous medium us-
ing a Forward Time Centered Space scheme. Moreover, the Monte Carlo
method was employed to quantify the uncertainties of the quantities of
interest (QoI) considered in the simulations. The QoI considers uncer-
tainties in three different parameters: 1) the angulation of blood vessels,
2) the magnitude of blood flow, and 3) the number of blood vessels per
tissue unit. Since Monte Carlo demands several executions of the model
and solving a partial differential equation in a bi-dimensional domain
demands significant computational time, we use the OpenMP parallel
programming API to speed up the simulations. The results of the in sil-
ico experiments showed that considering the uncertainties presented in
the three parameters studied, it is possible to plan hyperthermia treat-
ment to ensure that the entire tumor area reaches the target temperature
that leads to damage.

Keywords: Hyperthermia · Cancer · Bioheat · Uncertainty Quantifica-
tion · Monte Carlo

1 Introduction

Cancer is the name given to a large group of diseases that can start in almost any
organ or tissue in the body. According to the World Health Organization [34],
cancer is a leading cause of death worldwide: about 10 million deaths in 2020
were due to cancer. The leading causes of new cases of cancer in 2020 were
breast (2.26 million cases), lung (2.21 million cases), colon and rectum (1.93
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million cases), prostate (1.41 million cases), skin (non-melanoma) (1.20 million
cases), and stomach (1.09 million cases). On the other hand, the leading causes
of death due cancer in the same year were lung (1.80 million deaths), colon and
rectum (916,000 deaths), liver (830,000 deaths), stomach (769,000 deaths), and
breast (685,000 deaths) [34].

A correct cancer diagnosis is essential for appropriate and effective treatment
because every cancer type requires a specific treatment regimen. In recent years
several methods have been developed to fight cancer. The most common treat-
ments are surgery, radiotherapy, and systemic therapy (chemotherapy, hormonal
treatments, targeted biological therapies) [20].

One of the treatments that have been studied against cancer is hyperther-
mia. Hyperthermia was discovered in the 1950s [5], and since then, it has been
gaining space as a possible cancer treatment. The main idea behind this treat-
ment is to superheat the tissue to a temperature threshold that induces cell
necrosis [17]. Thus, it is possible to destroy tumor cells without a surgical proce-
dure. Currently, hyperthermia is used as a non-invasive therapy against cancer,
helping other techniques such as chemotherapy and radiotherapy [6, 17]. The
hyperthermia is widely used in the treatment of liver [16] and breast tumors [9].

One of the ways to carry out the treatment through hyperthermia is with
the application of magnetic nanoparticles [18, 19]. Nanoparticles can be applied
to irregular and deep tumor tissues, and when exposed to a low-frequency al-
ternating magnetic field, they overheat the site. Most of the heat generated by
these nanoparticles is due to Néelian, and Brownian relaxation [18,27]

Despite being discovered in the 50s [5], hyperthermia as a cancer treatment
is still in an early stage of development, with open questions that can be an-
swered with the help of mathematical models and computational simulations.
Mathematical models were developed and applied to describe the heat in living
tissues [12, 13, 21, 24, 25]. In this paper, a mathematical model described using
partial differential equations (PDEs) is employed to describe the heat dynam-
ics over time due to hyperthermia treatment. A porous media approach [13] is
used to describe bioheat according to the properties of the living tissue, such as
porosity, density, specific heat, thermal conductivity, metabolism, and velocity
field.

The solution of PDEs is still a great challenge for science and engineering
once most differential equations do not have an analytical solution. So, these
models use numerical methods to solve them. This work employs the explicit
Euler’s method and the finite difference method (FDM) in a porous heteroge-
neous medium using a Forward Time Centered Space (FTCS) scheme to solve
the mathematical model numerically.

Uncertainties are intrinsic to nature. Uncertainty quantification (UQ) is used
to determine the likely results of models with stochastic behavior [7]. This paper
uses Monte Carlo (MC) to include stochastic behavior for the UQ [28]. The
deterministic model is solved several times, considering the uncertainties in some
parameters. In our model, the uncertainties associated with several parameters,
such as the number of blood capillaries, the magnitude, and the direction of
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blood velocity, are described as a density probability function (PDF) based on
parameters found in the literature. We consider that both the blood capillaries
and their associated values have a stochastic behavior because cancer growth
can stimulate the capillaries’ angiogenesis in the tumor site [8, 37]. Also, they
depend on the cancer type, stage, location, and other specificities [11,37].

The numerical resolution of parabolic PDEs demands significant computa-
tional effort, and the Monte Carlo method requires solving the model several
times. For these reasons, computational execution time becomes an issue. To
obtain the simulations results faster, the present study employs a computational
parallelization strategy for shared memory architectures using the OpenMP Ap-
plication Programming Interface (API).

We organise this paper as follows. Section 2 describes the bioheat model,
numerical approximation and the uncertainty quantification. The results are
presented in section 3 and discussed in section 4. Finally, section 5 presents the
conclusions and plans for future work.

2 Methods

2.1 Mathematical Model

A porous medium is a material consisting of a solid matrix with an intercon-
nected void [13]. The biological tissues can be seen as a porous medium once
they contain dispersed cells separated by voids that allow the flow of nutrients,
minerals, and others to reach all cells within the tissue. A fundamental charac-
teristic of this medium is its porosity (ε), defined as the ratio of the void space to
the local volume of the medium, and also by its permeability which is a measure
of the flow conductivity in this medium.

Heat transfer in human tissues involves complicated processes such as heat
conduction in tissues, heat transfer due to blood convection, metabolic heat gen-
eration, and others [13]. The dynamics of heat in living tissue is called bioheat.
Many scientists have attempted to model bioheat accurately since it is the basis
for the human thermoregulation system [30] as well as thermotherapies [31]. The
bioheat equation usually expresses the energy transport in a biological system,
and the one developed by Pennes [21] is among the earliest models for bioheat.

The application of porous media models for modeling bioheat transfer in
human tissues is relatively recent. Xuan and Roetzel [26, 35] used the concepts
of transport through porous media to model the tissue-blood system composed
mainly of tissue cells (solid particles) and interconnected voids that contain ar-
terial or venous blood. They adopted the idea of a local thermal non-equilibrium
model as described in the works of Amiri and Vafai [2, 3], Alazmi and Vafai [1],
and Lee and Vafai [14] to model heat transfer within the tissue and the artery
blood. However, Xuan and Roetzel [26,35] indicated that numerous parameters
and information are needed to solve the system, which consists of a two-phase
energy equation, such as thermal and anatomic properties of the tissue, inter-
stitial convective heat transfer coefficients as well as the velocity field of the
blood [13].
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Local thermal equilibrium can be used as a good approximation for the tem-
perature field in specific applications with capillaries bed, as shown in the liter-
ature [1–3, 14]. In this case, blood and tissue temperatures are the same at any
location, according to the following equation:

[ρcp(1− ε) + ρbcpb
ε]

∂T

∂t
+ε(ρcp)bub ·∇T = ∇ ([ka

s + ka
b ] · ∇T )+Qm(1−ε), (1)

where T , ρ, ρb, cp, ε, cpb
, ub, k

a
s , k

a
b , Qm are the tissue (and the blood) tempera-

ture, the tissue density, the blood density, the specific heat of tissue, the porosity
of the tissue, the specific heat of blood, blood velocity field, tissue effective ther-
mal conductivity tensor, blood effective thermal conductivity tensor, and heat
generation within the tissue, respectively. Once we are considering an isotropic
conduction, ka

b = (1−ε)kt, k
a
b = εkb, kt and kb are the tissue and blood thermal

conductivities, respectively.
However, modeling the heat generated by the magnetic nanoparticles is nec-

essary. An in vivo experimental study done by Salloum [29] and performed on
hindlimbs of rats showed that the specific absorption rate (SAR) around an
injection site can be approximated by:

Qr(x⃗) =

M∑
i=1

Aie

−r2i
r2
0,i , (2)

where M is the number of nanoparticle injections into the tumor, A is the max-
imum heat generation rate, r is the distance to the injection point, and r0 is the
hyperthermia coverage radius. Adding this term to Equation (1), in a well-posed
problem, proper boundary conditions on a Lipschitz continuous, and piecewise
smooth boundary and initial conditions, the model is given as follows:


σ
∂T

∂t
+ ε(ρcp)bub · ∇T = ∇ (κ · ∇T ) + (1− ε) (Qm +Qr) in Ω× I,

T (., 0) = 37 on ∂Ω× I,

κ∇T · n⃗ = 0 in Ω,

(3)

where Ω ⊂ R2 is the spatial domain, I ⊂ R+ is the time domain, T : Ω×I → R+

is the temperature, σ = [ρcp(1− ε) + ρbcpbε], κ = (1− ϵ)kt + ϵkb.

2.2 Numerical Scheme

The numerical method used to solve Equation (3) is the Finite Difference Method
(FDM). We consider a heterogeneous medium and the closed domain Ω dis-
cretized into a set of regular points defined by SΩ = {(xi, yj); i = 0, 1, · · · , Nx; j =
0, 1, · · · , Ny}, where Nx = Ny = N is the number of intervals of length hx =
hy = h. Moreover, the time discretization of the time domain I is partitioned
into Nt equal time intervals of length ht, i.e., SI = {(tn);n = 0, 1, · · · , Nt}. To
obtain the discrete form of the model, we employ an FTCS scheme, resulting in

ICCS Camera Ready Version 2023
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-36021-3_60

https://dx.doi.org/10.1007/978-3-031-36021-3_60
https://dx.doi.org/10.1007/978-3-031-36021-3_60


Influence of the capillaries bed in hyperthermia for cancer treatment 5

an explicit numerical method. Moreover, we use a first-order upwind scheme to
the advection term [15]:

Tn+1
i,j =

ht

σ

(
φdif (T

n)− φadv(T
n) + (1− ε)Qm +Qr

)
+ Tn

i,j , (4)

where

φdif (T
n) =

κi+1/2,j(T
n
i+1,j,k − Tn

i,j)− κi−1/2,j(T
n
i,j − Tn

i−1,j)

h2
+

κi,j+1/2(T
n
i,j+1 − Tn

i,j)− κi,j−1/2(T
n
i,j − Tn

i,j−1,k)

h2
,

(5)

where κi+1/2,j,k is the thermal conductivity evaluated at the midpoint. In this
paper we consider a piecewise homogeneous media where the thermal conduc-
tivity is a discontinuous function, so the thermal conductivity can be estimated
using the harmonic mean, i.e.:

κi+1/2,j ≈
2κi,jκi+1,j

κi,j + κi+1,j
. (6)

Equation (6) assures the continuity of the flux. Furthermore, the thermal
conductivity for the other midpoints is evaluated using the same idea.

Furthermore,

φadv(T
n) = ε(ρcp)bubi,j ·




(
un
i,j − un

i−1,j

)
h

for ubx > 0(
un
i+1,j − un

i,j

)
h

for ubx < 0
(
un
i,j − un

i,j−1

)
h

for uby > 0(
un
i,j+1 − un

i,j

)
h

for uby < 0


(7)

where ub =

(
ubx

uby

)
.

2.3 Uncertainty Quantification

We employ the Monte Carlo method to quantify two uncertainty scenarios [28]:
a) the influence of the capillaries architecture and b) the influence of the blood
velocity. The first scenario was divided in two, one considering only the influence
of the number of capillaries terminals and the other considering only the influence
of the angle of capillaries terminals.

We consider the terminal points of the capillary bed uniformly distributed in
the domain for all scenarios. Once cancer growth can stimulate the capillaries’

ICCS Camera Ready Version 2023
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-36021-3_60

https://dx.doi.org/10.1007/978-3-031-36021-3_60
https://dx.doi.org/10.1007/978-3-031-36021-3_60


6 A. M. B. Esteves et al.

angiogenesis in the tumor site [8, 37], we consider the tumor tissue with 70% of
capillaries terminals and the healthy tissue with 50% of capillaries terminals as
the base values. Furthermore, the blood velocity also depends on the cancer type,
stage, location, and other specificities [11, 37]. So we consider the magnitude of
the blood velocity as 3mm/s in the tumor tissue and 2mm/s in the healthy tissue
as the base values. Finally, we draw the angle for each terminal point using values
uniformly distributed between 0 and 2π.

For the first scenario, the influence of the number of capillaries, we drew all
terminal points and angles for the entire tissue. For each MC simulation, we use
the following expression to determine the number of capillaries:

Nc =

{
70×X ∼ U(0.7, 1.3) for the tumor tissue,

50×X ∼ U(0.7, 1.3) otherwise,

where Nc is the percentage of capillaries terminals in the respective tissue and
X ∼ U(a, b) is a uniform distribution that generates a random value between a
and b.

In the second part of the first scenario, the influence of the capillaries angles,
we drew terminal points and base angles (using the proportion of 50% to healthy
tissue and 70% to the tumor one). For each MC simulation, we use the following
expression to determine the angle of capillaries:

θc = θ ×X ∼ U(0.7, 1.3),

where θ is the base angle of the capillary and θc is the value considering the
uncertainties of 30% in the capillary angles.

In the second scenario, the influence of the blood velocity magnitude, we
drew terminal points and base angles (using the proportion of 50% to healthy
tissue and 70% to the tumor one). We consider 50% of the uncertainty in the
magnitude for each MC sample using the following expression:

|ubc |= |ub|×X ∼ U(0.5, 1.5),

where |ub| is the magnitude of blood velocity (see Table 1) and |ubc | is the value
considering the uncertainty.

Finally, the Algorithm 1 illustrates the implementation of uncertainty quan-
tification via Monte Carlo using OpenMP used in this study. It is worthwhile to
notice that omp parallel command creates the threads and omp for divides the
workload among the created threads. Moreover, the time loop has no workload
division once data dependence exists between successive time steps.

3 Numerical Results

This section presents the results of the two scenarios evaluated in this work.
Both simulation scenarios consider a two-dimensional domain with the tissue
consisting only of healthy and tumor cells. The healthy cells represent a piece of
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Algorithm 1: Pseudocode of Monte Carlo implementation using
OpenMP

1 begin
2 # pragma omp parallel
3 foreach Monte Carlo Sample do
4 foreach tn;n = 0, 1, · · · , Nt do
5 #pragma omp for
6 foreach (xi, yj); i = 0, 1, · · · , Nx; j = 0, 1, · · · , Ny do
7 evaluate Tn+1

ij using Equation (4)

8 end

9 end

10 end

11 end

muscle tissue. Also, we performed 10, 000 MC simulations of cancer treatment
with hyperthermia using magnetic nanoparticles, considering a square domain of
length 0.1m and a tumor seated in (x, y) ∈ [0.04, 0.06]× [0.04, 0.06]. The model
parameters used for solving Equation 3 are specified in Table 1. Furthermore,
we consider a single nanoparticles injection point seated at (0.50m, 0.50m).

Table 1. Model parameters values employed in Equation (3).

Symbol Unit Muscle Tumor

c (J/Kg°C) 4,000 4,000
cpb (J/Kg°C) 4,000 4,000
k (W/m°C) 0.50 0.55
p (Kg/m3) 1,000 1,200
ρb (Kg/m3) 1,000 1,000
ε - 0.02 0.01
qm (W/m3) 420 4,200
|ub| (mm/s) 2.0 3.0
A W/m3 0.9× 106

r0 m 3.1× 10−3

The numerical model presented in Section 2 was implemented using the C++
programming language and the OpenMP API. The code was compiled using gcc
version 11.3.1 with the optimization flag −O3 enabled. The code was executed
in a 2.90 GHz Intel® CoreTM i7-10700 CPU. Although this CPU has 16 hy-
perthreading cores, the number of physical cores available is 8, which is the
number of threads used during simulations. Finally, the post-processing of the
simulations was performed using matplotlib library [10] and ParaView version
5.10.1 [4].
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3.1 Influence of the capillaries architecture

The uncertainty quantification simulation results considering the influence of
the capillary bed architecture are divided into two scenarios, presented in the
following subsections.

The number of capillaries Figure 1A shows the base distribution of the
velocity field for the capillary bed considering the uncertainties described in
Section 2.3, i.e., considering 30% of uncertainty in the number of capillaries
terminals.

Figure 1B shows the average temperature obtained after 10,000 MC simu-
lations at t = 50min. It is worth noting that the white isoline of 43oC covers
the entire tumor (the solid black line), i.e., the tumor tissue reaches the target
temperature that causes necrosis.

Fig. 1. Simulation of the number of capillaries’ influence in the hyperthermia treat-
ment. A) Base velocity field considering 100% of capillaries; B) Average temperature
distribution for 10,000 Monte Carlo simulations at t = 50min employing Equation (4)
with a tumor located in (x, y) ∈ [0.04, 0.06]× [0.04, 0.06] and considering the parame-
ters present in Table 1. The solid white contour represents the temperature of 43oC,
highlighting the damaged area, and the solid black contour is the tumor tissue location.

Figure 2A presents the evolution of the average temperature of the tumor
tissue and healthy tissue. It is worthwhile to notice that the temperature inside
the tumor is higher than that of the healthy portion. Moreover, even considering
the 95% confidence interval (CI), the average temperature of the tumor is higher
than 43oC. On the other hand, Figure 2B shows that only 5.2% of the healthy
tissue reached a temperature of 43oC or higher while the tumor tissue reached
the target temperature with a mean value close to the 95% CI limits.

Angles of capillaries This section presents the simulation results obtained
after using the uncertainties described in Section 2.3 for analyzing the influence
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Fig. 2. Uncertainty quantification of the influence of the number of capillaries in the
hyperthermia treatment. In both figures, the solid lines represent the mean temper-
ature, and shade regions represent the 95% confidence interval obtained after 10,000
Monte Carlo simulations. A) Evolution of temperature obtained by Eq. (4) considering
the parameters present in Table 1. The blue line and blue shade represent the average
temperature of the tumor, and the yellow line and yellow shade represent the average
temperature of healthy tissue; B) Percentage of tumor and healthy tissues killed by
hyperthermia. The red line and red shaded represent tumor tissue necrosis, and the
green line and green shade represent healthy tissue necrosis.

of the capillary terminals’ angles, i.e., considering 30% of uncertainty in the
capillary terminals’ angles. Figure 3A shows the base distribution of the velocity
field of the capillary bed, considering 70% of blood vessels in cancerous tissue
and 50% in healthy tissue.

Figure 3B shows the average temperature obtained after 10,000 MC simu-
lations at t = 50min. The tumor reaches the target temperature that causes
necrosis once the white isoline of 43oC covers the entire tumor (the solid black
line).

Figure 4A presents the evolution of the average tumor and healthy tissues
temperature. Again, the temperature inside the tumor is higher than that of
the healthy portion. Moreover, even considering the 95% confidence interval, the
average temperature of the tumor tissue is higher than 43oC. On the other hand,
Figure 4B shows that only 5.3% of healthy tissue reached a temperature of 43oC
or higher while the tumor tissue reached the target temperature with 95% CI in
[99.5, 100].

3.2 Influence of the blood velocity

This section presents the simulation results obtained after using the uncertain-
ties described in Section 2.3 for the analysis of the blood velocity magnitude
influence, i.e., considering 50% of uncertainty in the magnitude of the blood ve-
locity. Figure 5A shows the base distribution of the velocity field of the capillary
bed considering 70% of blood vessels in cancerous tissue and 50% in healthy
tissue as well as the blood velocity given by Table 1.
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Fig. 3. Simulation of the influence of the capillaries angles in the hyperthermia treat-
ment. A) Base velocity field considering 70% of capillaries in the tumor tissue and 50%
of capillaries in the healthy tissue; B) Average temperature distribution obtained after
10,000 Monte Carlo simulations at t = 50min employing Equation (4) with a tumor
located in (x, y) ∈ [0.04, 0.06] × [0.04, 0.06] and considering the parameters present in
Table 1. The solid white contour represents the temperature of 43oC, highlighting the
damaged area, and the solid black contour is the tumor location.
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Fig. 4. Uncertainty quantification of the influence of the capillaries angles in the hy-
perthermia treatment. In both figures, the solid lines represent the mean temperature,
and shade regions represent the 95% confidence interval for 10,000 Monte Carlo simula-
tions. A) Evolution of temperature determined by Eq. (4) considering the parameters
present in Table 1. The blue line and blue shade represent the average temperature
of the tumor, and the yellow line and yellow shade represent the average temperature
of healthy tissue; B) Percentage of tumor and healthy tissues killed by hyperthermia.
The red line and red shaded represent tumor tissue necrosis, and the green line and
green shade represent healthy tissue necrosis.

Figure 5B shows the average temperature obtained after 10,000 MC simula-
tions at t = 50min. The tumor tissue reaches the target temperature that causes
necrosis once the white isoline of 43oC covers the entire tumor (the solid black
line).
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