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Abstract. There are several Toffoli gate designs for quantum computers
in the literature. Each of these designs is focused on a specific technology
or on optimising one or several metrics (T-count, number of qubits, etc.),
and therefore has its advantages and disadvantages. While there is some
consensus in the state of the art on the best implementations for the Tof-
foli gate, scaling this gate for use with three or more control qubits is not
trivial. In this paper, we analyse the known techniques for constructing
an n-qubit Toffoli gate, as well as the existing state-of-the-art designs
for the 2-qubit version, which is an indispensable building block for the
larger gates. In particular, we are interested in a construction of the tem-
porary logical-AND gate with more than two control qubits. This gate
is widely used in the literature due to the T-count and qubit reduction
it provides. However, its use with more than two control qubits has not
been analysed in detail in any work. The resulting information is offered
in the form of comparative tables that will facilitate its consultation for
researchers and people interested in the subject, so that they can easily
choose the design that best suits their interests. As part of this work,
the studied implementations have been reproduced and tested on both
quantum simulators and real quantum devices.
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1 Introduction

The circuit paradigm is the most widely used paradigm for programming a quan-
tum computer [11]. This paradigm consists of using quantum gates (unitary
operations) to manipulate the information contained in qubits. In the classical
world, it is possible to limit the number of existing logic gates. For example,
there are only two classical gates that act on a bit: the NOT gate and the iden-
tity. However, in the quantum case, there are infinitely many gates that can act
on 1 qubit, given their special nature [4]. Although it is impossible to have a uni-
versal set of gates that generate the rest of the infinite quantum gates (although
there is a set that allows us to approximate them), there are certain gates that
are well known in the community and widely used due to the operation they
perform. This is the case of the Toffoli gate, which, given three values ¢y, co,
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and ¢, performs the operation ¢ & ¢y cs. Using the correct notation, the operation
can be expressed as Tof foli(|c1) |ca) |t)) = |c1) |e2) |t & c1c2). By convention, c¢;
and co are usually called control qubits, and ¢ target qubit. A simple example of
the usefulness of this operation is to operate on ¢ = 0 and considering only the
standard bases as possible values for ¢; and cs. In such a case, the result ¢;co co-
incides with the classical AND operation. The Toffoli gate is useful in operations
as varied as adders [12], cryptography [17], image processing [13], etc.

When designing a quantum circuit, one should try to make it as small as
possible in order to optimise the use of resources. In fact, a small circuit is a
very valuable resource even if it has no quantum properties, since it can be used
as part of major circuits [15]. However, it is not always easy to measure the cost
of a circuit in order to determine if it is “smaller” than other. Two metrics are
particularly important in today’s NISQ devices: the number of ancilla qubits, and
the so-called T-count. Regarding the ancilla qubits, it is necessary to minimise
them as current quantum devices have a low number of qubits, [10]. The second
metric, the T-count, is the number of T-gates used by a circuit. NISQ devices are
very sensitive to external and internal noise. The use of T-gates allows the use of
error detection and correction codes to reduce the effects of noise. However, the
cost of the T-gate is much higher than the cost of other gates (in the order of
100 times more), so it is important and necessary to keep the number of T-gates
small [14].

In this paper, we focus on studying the use of the Toffoli gate using more
than two control qubits, formally labeled as n-qubit Toffoli gates for the general
n case (being n the number of involved qubits). As will be demonstrated later,
implementing Toffoli gates with n control qubits will require the use of Toffoli
gates with two control qubits (that is, the normal Toffoli gate). Therefore, it
is necessary to study the implementations of the Toffoli gate available in the
state of the art. It is worth mentioning that some implementations are focused
on a particular technology. For example, there are Toffoli gate designs focused
exclusively on reducing the number of controlled gates required for its implemen-
tation [8]. These gates have this objective as in linear optics is only possible to
implement controlled quantum gates probabilistically. In this work we will not
consider gates dependent on the physical technologies of the quantum computer,
but we will consider those focused on reducing the T-count and the number of
ancilla qubits.

2 Decomposition of n-qubit controlled gates

Controlled operations are operations that are only executed when all control
qubits are set to one. Let be U a unitary operation that acts on a single qubit.
For every unitary operation U there exist unitary operators A, B and C such that
ABC = I,U = ¢"*Ax B x C, being a some overall phase factor [1]. Note that, in
case the qubit control is |0), only the operations ABC = I will be performed. In
case it is |1), the operation e’®A x B x C' = U will be computed [11]. If we now
focus on the case of a 2-qubit controlled operation U, the approach is different.
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It is necessary to find an operator V such that U = V2. For instance, in the
case of the Toffoli gate the operation U would be X. Then, if V is defined as
(1 —4)(I +iX)/2, we see how the equality X = ((1 —4)(I +iX)/2)? is satisfied.

Note that for the construction of a gate with n control qubits, gates with
n — 1 control qubits are used. Therefore, methodologies are proposed to design
gates controlled by n qubits using iterative processes based on gates controlled
by 1 or 2 qubits, using auxiliary qubits to store intermediate results. Nielsen
and Chuag [11] presented a procedure to implement C"(U) gates consisting of
computing the product c¢ics...c, using Toffoli gates. The idea is to first compute
c1co on an auxiliary qubit, then to compute the product of this value with ¢3 on
another auxiliary qubit, and so on. The operation will therefore require n — 1
auxiliary qubits. Finally, to avoid rubbish outputs the circuit must be reversed.

Since order does not matter in a product, He et al. proposed to parallelise
the computation c¢jcs...c,, so that the result can be obtained more quickly [6].
This product is computed as follows:

1. Step 1: p; = cico is computed and stored in the first ancilla qubit. At the
same time, po = c3c¢4 is also computed and stored in the second ancilla qubit.
Since both operations does not share any qubit, they can be computed in
parallel.

. Step 2: p3 = p1p2 is computed.

. Step 3: ps = pzcs is computed.

. Step 4: py is “copied” into the target qubit.

. Step 5—7: The circuit is reverted using Bennett’s garbage removal scheme [3].

T W N

Barenco et al. proposed another scheme to build a multiple control Toffoli
gate [2]. This work takes into account factors such as the possibility of working
directly with negated controls and error correction. The main advantage obtained
is that it manages to implement the gate using one less qubit. On the downside,
the cost is much higher than previous schemes, going from needing n — 1 Toffoli
gates with two control qubits to needing 4n — 8.

Although we have found other schemes in the literature, they contain one
or more gates that are theoretically defined but whose implementation is not
addressed. This is why we do not include them in this paper. As a summary of
this section, the information on the analysed schemes is compiled in Table 1.

Design Number of Toffoli gates| Delay |Ancilla qubits
Nielsen and Chuang [11] n—1 O(n) n—1
He et al. [6] n—1 O(Log(n)) n—1
Barenco et al [9] dn —8 O(n) n—2

Table 1. Existing schemes to build a n-qubit Toffoli gates. The number of ancilla
qubits may be increased due to the implementation of the 2-qubit Toffoli gates.
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3 Implementations of the Toffoli gate

In the previous subsection, has been demonstrated the need to use 2-qubit Toffoli
gates in order to build the n-qubit versions. It is therefore essential to consider
existing versions of the 2-qubit Toffoli gate. There are designs in the literature
that allow an approximation of the result. That is, they do not guarantee the
correct result even in a noise-free device. This kind of gates has not been included
in this work.

A Toffoli gate design has already been presented in the previous section. To
make this design effective, it is necessary to specify an implementation for the
controlled-V gate, such that V? = X is satisfied. Amy et al. proposed a design
for this gate, consisting of two CNOT gates, two Hadamard gates, two T gates,
and one T” gate [1]. The T-count of this version of the V gate (as well as the V'
gate) is 3. Since the Toffoli gate contains three V' gates, its T-count is 9. It also
requires 3 qubits for its implementation. Although this may seem obvious, some
later implementations use extra qubits for their implementation. This is why it
is important to keep this count.

From the previous Toffoli gate, some operations can be reorganised and sim-
plified, as explained in Amy et al [1]. This new version reduces the T-count
by 2 with respect to the previous design, keeping the same number of qubits.
Likewise, the number of CNOT and Hadamard gates is also reduced.

Jones proposed a new implementation [7] which allows the T-count to be
reduced to 4. At the cost, however, of using an ancilla qubit to hold the inter-
mediate result before being transferred to the target qubit. This Toffoli gate is
based on an implementation of the iX gate proposed by Selinger [16], which
has a T-count of 4. Jones’ Toffoli gate has no T gates beyond those contained in
Selinger’s ¢.X gate, so its quantum cost is also 4. Jones’ contribution is not only
limited to this reduction of the T-count, as explained below.

In quantum computing, reversing qubits after use to make them available for
future operations is considered a good practice. In fact, in NISQ devices, it is a
necessity due to the limited number of available qubits. After applying a Toffoli
gate, two possibilities can occur:

— The value contained in the target qubit must be retained, since it will be
one of the values measured and used at the end of the circuit.

— The value contained in the target qubit is only used temporarily or as an
auxiliary operation and, once used, is no longer needed.

In the latter case, the operation performed by the Toffoli gate must be re-
versed. For this, it is necessary to apply a second Toffoli gate, which will then
be focused only on returning the qubits involved to the value they had prior to
the application of the first Toffoli gate [3]. Note that this operation will increase
the total T-count (but not the number of qubits).

Returning to Jones’ circuit, the cco operation is computed using the ¢ X gate
and a S’ gate. Subsequently, the operation ¢ & cics is performed on the target
qubit, and the cjco operation contained in the ancilla qubit is uncomputed.
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However, instead of applying the inverse circuit to reverse the operation, Jones
resorts to a measure-and-fixup approach. Specifically, a Hadamard gate is applied
to then measure and classically control the obtained value to correct the phase
(which will be 1 if the measurement is 0, and (—1)%9% if it is 1). The cost of
applying the inverse circuit would be, in terms of T-count, 4 (and the global
T-count 8). Using this approximation, the T-count is 0 (and the global T-count
4).

Despite the obvious improvements it offers, the Toffoli gate proposed by
Jones has two points to bear in mind. First, it uses an auxiliary qubit, i.e., one
more qubit than the other implementations. Second, although the ¢ o operation
is reversed, the same is not true for the t & cicy operation. Aware of these
points, Gidney [5] separated Jones’ Toffoli gate into two parts. A first gate,
called temporary logical-AND gate, computes the c;cp operation on an ancilla
qubit prepared in state %UO) + e |1)). And a second gate whose function is
to reverse the operation carried out by the previous one using the described
measure-and-fixup approach. By this simple idea of delaying the uncomputation
of the AND operation until such time as it is no longer needed, Gidney saves
the extra qubit used by the previous circuit, and reverses the gate operations
altogether.

As a summary, the information on the possible implementations of the Toffoli
gate is compiled in Table 2.

Design T-count|T-count with uncomputation|Ancilla inputs
Amy et al (1). [1]] 9 18 0
Amy et al (2). [1] 7 14 0
Jones [7] 4 4 1
Gidney [5] 4 4 0

Table 2. Comparison in terms of T-count in terms of computation, T-count in terms of
computation and uncomputation, and number of ancilla inputs between our proposal
and the best designs in the literature.

4 Analysis and Comparison

To test the correct operation of the circuits and to reinforce the metrics used, all
the gates have been tested and measured using the IBM Q Experience platform,
with the circuits being written in Python and tested on real devices and, when
not possible due to circuit size, on a simulator. The measurement methodology
described in Orts et al. [12].

The possible implementations of m-qubit Toffoli gates arise from the com-
bination of the schemes listed in Table 1 with the Toffoli gate implementations
studied in Table2. Table 3 shows the obtained metrics for each scheme-design
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combination, in terms of ancilla inputs and T-count. Since this information is
trivial, the delay is not indicated in the table. For the sake of clarity, we again
clarify that the fastest scheme is the He et al. one (logarithmic order) [7], followed
by the Nielsen and Chuang scheme (linear order) [11], and finally the Barenco
scheme (linear order, but slower than the Nielsen scheme because it performs a
higher number of operations, as discussed in Section 2) [2].

Nielsen and Chuang [11]| He et al. [6] Barenco [2]
Design Ancilla Ancilla Ancilla
T-count inputs T-count | inputs | T-count |inputs

Amy et al. (1) [1]{18n — 18 n—1 18n — 18| n— 1 |64n — 144| n — 2
Amy et al. (2) [1]{14n — 14 n—1 14n — 14| n—1 |56n — 112| n — 2

Jones [7] dn —4 2n — 2 dn —4 [2n—2|16n —32 |2n —3

Gidney [5] dn —4 n—1 dn—4 |n—1[16n—-32|n—2
Table 3. Comparison in terms of T-count (including uncomputation) and ancilla inputs
of m-qubit Toffoli gates created according to existing schemes using the most efficient
Toffoli gates (of 2 control qubits) available in the literature. It is important to note
that, although the Nielsen and Chuang and He et al. schemes share the same values,
the Nielsen scheme has a linear delay and the He et al. scheme has a logarithmic delay.
Regardless of the chosen scheme, the most appropriate uncomputation technique is
adopted for each gate.

In terms of T-count, the best implementations are given by the Nielsen and
Chuan [11] and He et al. [7] schemes using the Jones gates or the Gidney tempo-
rary, with a final value of 4n — 4. Since the logical-AND temporary gate allows
to reduce the number of ancilla inputs (it needs n — 1 versus 2n — 2 using the
Jones gate), it becomes the best option in these terms. Note also that the num-
ber of n — 1 ancilla qubits is the best possible for these two schemes, and is
also achieved by the designs of Amy et al. However, using Barenco’s scheme, the
number of ancilla inputs needed can be reduced by one. At the cost, however, of
a large increase in the T-count. The best value obtained in this scheme is again
obtained using the temporary, achieving a T-count of 161 — 32 with n — 2 ancilla
inputs. That is, a 12n — 28 increase in the T-count to save a single qubit.

5 Conclusions

In this paper we provide a review of the existing techniques for constructing n-
qubit Toffoli gates. These gates has been analized (and reproduced) in terms of
noise tolerance and ancilla qubits. Their design is provided using only Clifford+T
gates. Moreover, a revision on the state-of-the-art reversible Toffoli gates has
been carried out. Appropriate metrics have been considered for the measurement
and comparison of quantum gates and circuits. The analysis has been carried
out with two essential goals in mind: first, to find all the procedures to build a
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n-qubit Toffoli gate, and second to dispose of the best implementations of the
Toffoli gates to, in combination with the mentioned procedures, to build the
most optimized n-qubit Toffoli gate possible in terms of T-count and number
of ancilla qubits. Special attention has been paid to the temporary logical-AND
gate, whose design to act with more than two control qubits had not yet been
analyzed in the literature. Finally, the possibilities has been compared in such
terms, highlighting the advantages and the drawbacks of each candidate.
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