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Abstract. This work presents a mathematical model to describe perfu-
sion dynamics in cardiac tissue. The new model extends a previous one
and can reproduce clinical exams of contrast-enhanced cardiac magnetic
resonance imaging (MRI) of the left ventricle obtained from patients with
cardiovascular diseases, such as myocardial infarct. The model treats
the extra- and intravascular domains as different porous media where
Darcy’s law is adopted. Reaction-diffusion-advection equations are used
to capture the dynamics of contrast agents that are typically used in
MRI perfusion exams. The identification of the myocardial infarct re-
gion is modeled via adsorption of the contrast agent on the extracellular
matrix. Different scenarios were simulated and compared with clinical
images: normal perfusion, endocardial ischemia due to stenosis, and my-
ocardial infarct. Altogether, the results obtained suggest that the models
can support the process of non-invasive cardiac perfusion quantification.

Keywords: Myocardial perfusion · Adsorption · Ischemia · Left Ventri-
cle Dynamics.

1 Introduction

Cardiovascular diseases are one of the major causes of death worldwide [14].
These conditions include coronary atherosclerosis, aortic valve regurgitation,
and left ventricle hypertrophy, which affect the myocardium perfusion (MP),
reduce oxygen delivery (ischemia), cause tissue damage, and lead to infarct.
Contrast-enhanced Magnetic Resonance Imaging (MRI) is an exam that seeks
to characterize myocardial perfusion and detect scars or infarct regions by con-
ducting a contrasting agent (CA) to the patient. On the images generated by a
specific protocol, the CA assumes a specific contrast on poorly perfused regions,
which allows its identification. The most used protocol is the Late Gadolinium
Enhancement (LGE), a technique used in heart MRI for cardiac tissue charac-
terization. Particularly, LGE allows the assessment of myocardial scar formation
and regional myocardial fibrosis when the gadolinium, the CA, is perfused for
about 600 seconds and is adsorbed in areas of excess of extracellular matrix.
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Blood-tissue exchange investigation is a topic of long-standing interest to
physiologists and was first modeled mathematically as a set of reaction-diffusion-
advection equations by [4]. More recently, [16] has proposed a framework for
the simulation of cardiac perfusion using Darcy’s law within the idea of multi-
compartment to represent the different blood vessel’s spatial scale. In the field
of medical image analysis, [7] has proposed to quantify the behavior of con-
trast agents in MR perfusion imaging. This work has used a simplified model
of contrast agent transport and provided interesting insights on the design and
selection of the appropriate CA for specific imaging protocol and post-processing
method. Finally, [2, 1] proposed similar tools that also uses mathematical models
based on PDEs (Partial Differential Equations) and images, in this case, from
contrast-enhanced MRI exams. In particular, the previous work presented in [1]
evaluated the CA dynamics for three different scenarios: healthy, ischemic, and
infarct in a 2D mesh slice from an MRI exam and performed a comparison with
experimental data for the LGE protocol.

In this work, we present an extended model for describing the perfusion of
the contrasting agent in cardiac tissue based on porous media flow, which is
suitable for 3D geometries and patient-specific models generated through image
segmentation from MRI [1, 18]. The mathematical model uses Darcy’s law for the
extra- and intravascular regions and is coupled to a reaction-diffusion-advection
equation for the CA dynamics. Through a series of numerical experiments, we
show that the model can correctly reproduce clinical exams via computer sim-
ulations during normal perfusion and in the presence of ischemia or myocardial
infarct. In addition, we also present the pipeline used for generating patient-
specific finite element meshes appropriate for the simulations of the perfusion
model. This study has a potential high impact since it combines information
from two different exams: Fractional Flow Reserve (FFR) Measurement of the
heart coronaries from CT and heart perfusion and topology from MRI scan [3,
19].

2 Methods

2.1 Mathematical Modeling

There are many different ways to represent and deal with circulatory models in
the literature [4, 16, 7]. In this work, the perfusion is modeled through a reaction-
diffusion-advection equation in porous media. Even knowing that blood vessels
have non-trivial topological features, a simplified representation of the domain
can provide useful insights in many aspects and can be used to reproduce clinical
exams of contrast-enhanced cardiac MRI of the whole heart.

A porous medium is a solid filled and connected by voids, where the ratio
between the volume of void space and the total volume is called porosity, which
is given by:

ϕ =
Vp

Vt
, (1)

where Vp is the volume of the void (or porous) space and Vt is the total volume.
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Porous Media Flow in the Intravascular Domain Darcy’s law is used
to describe flow in porous media, and can be expressed through the following
equations for an incompressible fluid low:

v = −K∇p, inΩ, (2)

∇ · v = α, inΩ, (3)

where v is the velocity, p is the pressure, K is the permeability tensor, α is a
source term, and Ω is the left ventricular domain (LV).

The tensor K must represent the anisotropy and heterogeneity of the in-
travascular domain due to the fibers presents in cardiac microstructure, as de-
scribed in [1, 7]. The heterogeneity is first represented by a transmural gradient
of permeability (w) by solving the Laplace equation (∇2w = 0), using Dirich-
let boundary condition at the epicardial (w = 1) and endocardial (w = 0)
boundaries, respectively. The permeability tensor including anisotropy and het-
erogeneity can be described as:

K = KtI+ (Kl −Kt)f ⊗ f (4)

where f is the unit vector that represents the preferential direction of perme-
ability which follows the myocardial fiber orientation, Kl is the permeability
value along the fiber direction f , and Kt is the permeability in the transversal
direction. The values of these permeabilities are given by:

Kl = K1(1− w) + 2K1w, Kt = K2(1− w) + 2K2w (5)

where K1 and K2 are the permeabilities in outer boundary, with K1 approxi-
mately 10.8 times higher than K2 [7].

Contrast Agent Dynamics in the Intra- and Extravascular Domains
Contrast agent dynamics can be described by a system of diffusion-advection
equations in a bidomain composed of the intra- and extravascular regions. The
intravascular represents the combination of arteries and capillaries, whereas the
extravascular represents the interstitial space, and possibly a region with fibrosis,
when it is considered. The equations governing the dynamics of the concentra-
tions of CA in the intra- and extravascular regions, denoted by Ci and Ce,
respectively, are given by:

∂(ϕCi)

∂t
+∇ · (vCi)− ϕ∇ · (Di∇Ci) + f = 0, inΩi, (6)

∂((1− ϕ)λCe)

∂t
− (1− ϕ)λ∇ · (De∇Ce)− f + (1− ϕ)λkeCe + g = 0, inΩe, (7)

where Di and De are diffusion tensors for the intra- and extravascular regions,
respectively, f represents the communication between the domains which is given
by:

f =

{
P (Ci − Ce), if Ci > Ce,

0, otherwise,
(8)
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where P is the endothelial permeability. The term (1−ϕ)λkeCe models the flow
from the interstitial space to the venous system, and λ represents the fraction
of the extravascular domain that is occupied by the interstitial space.

Contrast Agent Adsorption In addition, another equation and variable is
needed to capture how the CA is trapped in the excess of extracellular matrix,
which is the case of fibrosis or scar. This phenomenon, fluid (CA) attaching to
a solid phase (extracellular matrix), is called adsorption, and is modeled by:

∂((1− ϕ)λλfCf )

∂t
+ (1− ϕ)λλfkfCf − g = 0, em Ωf , (9)

where Cf is the concentration of CA in the fibrosis network domain Ωf , g is a
exchange term between the fibrotic and extravascular domains, and the kfCf

term describes the flow from the fibrotic network to the venous system. The
exchange term g is given by:

g = (1− ϕ)λλfkefCe, (10)

where kef is the rate at which the contrast moves from the interstitium to the
fibrosis, and λf is the fraction of the interstitium occupied by the region with
fibrosis.

Recirculation of the Contrast Agent During MRI or CT scan, the cyclic
behavior of the CA is captured. Part of the CA is retained by the kidneys for
elimination, but a certain amount, after a while, returns by the blood flow itself
and is infused into the cardiac tissue again by the coronary arteries, i.e., the
intravascular domain.

To represent this behavior of the CA, a reaction-diffusion-advection equation
in a one dimensional domain (of size L) is used. The total amount of CA in the
intravascular domain of the myocardium is imposed as an inflow into the 1D
domain. The parameters of the equation were defined so that the time and
the amount of flux at the output of the 1D domain represent the physiological
behavior. Therefore, the amount of flow at the exit of the 1D domain is imposed
as a recirculation parameter X(x, t) for the boundary condition of the CA flow
in the intravascular domain.

The recirculation is therefore described by the following equation:

∂Cout

∂t
+∇ · voutCout −∇ · (Dout∇Cout) + kCout = 0, in [0, L], (11)

where vout and Dout represents the velocity or convection term and the diffu-
sion respectively of this re-circulatory system, discussed numerically in [1]. This
equation is subject to the following conditions:

C(0, t) =

∫
Ωi

Ci dΩi

|Ωi|
, X(x, t) = C(L, t). (12)
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Initial and boundary conditions The boundary conditions for the Darcy
equation (2) are of the Dirichlet type, and are given by:

p = po, on Γepi, (13)

p = pi, on Γendo. (14)

For CA dynamics subsystem, a convective and diffusive flow of CA inflow
into the intravascular domain through the epicardium is imposed, controlled by
a transient Gaussian function, which is given by:

vCi −Di∇Ci = vQ(t), on Γepi, (15)

with Q(t) given by

Q(t) =
1

σ
√
2π

e
−
1

2

(
t− tpeak

σ

)
+X(t, x⃗), (16)

where σ2 reflects the variance of the CA infusion, tpeak is the Gaussian mean
which is the peak value of the function, and X(t, x⃗) is the additional term gen-
erated by CA recirculation due to the cyclic behavior of the blood system.

No-flux boundary conditions are used for the other boundaries, as follows:

Di∇Ci · n = 0 on Γendo, (17)

De∇Ce · n = 0 on Γendo, (18)

De∇Ce · n = 0 on Γepi. (19)

2.2 Left Ventricular Geometry Models

In this work, two geometries for representing the left ventricle were used. The
first one is the simplified representation of the LV as a family of truncated ellip-
soids. Parametric equations were used to allow better geometric control, ideal for
defining contours (endocardium and epicardium) and well-defined positioning of
subdomains (fibrosis), as shown in Figure 1A.

There are also heterogeneity and anisotropy in the properties of the models.
Heterogeneity occurs since the subendocardial permeability is, on average, twice
as high as the subepicardial permeability. Moreover, anisotropy is due to the
fiber direction being the preferred direction of the microvascular system, that is,
the preferential direction for perfusion. These characteristics are translated to
the permeability tensor K.

To generate the fibers, the Laplace-Dirichlet Rule-Based (LDRB) algorithm [5]
was used. The algorithm requires as inputs the helical angles for the fibers on
endocardium and epicardium surfaces, marked subdomains (left ventricle (LV)
and right ventricle (RV)), and contours (base, epicardium, and endocardium). It
generates vectors describing the fiber direction, sheet direction, and normal di-
rection as outputs. An illustrative example of the result of the LDRB algorithm
for generating the fiber orientation field is shown in Figure 1B.
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Fig. 1. (A) Parametric representation of the LV geometry: d,e = 1.0 cm, c = 6.0 cm,
a = 2.0 cm. (B) Finite element mesh. (C) Fiber orientation field generated by the
LDRB algorithm on a simplified LV mesh.

The study considers a patient-specific geometric model. For this study case,
the following pipeline was considered. First, image segmentation of the LV from
MRI is performed as described in [8]. This method produces a finite element mesh
with a high spatial resolution. Second, scar regions are marked, which is required
for the numerical studies carried out in this work (see Figure 2B). The next
step consists in generating a coarser mesh since the initial one is highly refined
and would result in a huge computational effort for numerical simulation. Mesh
processing techniques were used to get a coarser mesh keeping the same topology
and reducing by about 90% the number of elements (see Figure 2C). This step
was carried out using the meshtool software [17]. Finally, the geometrical model
is complemented with fiber and sheet orientation fields (see Figure 2A and C).

Fig. 2. Patient-specific meshes. (A) Fibers orientation, used in perfusion permeability
tensor. (B) Mesh with marked scars and huge number of elements. (C) Used mesh for
numerical simulations.

2.3 Numerical methods

The differential equations presented in the mathematical modeling part were
solved using the finite element method. In comparison with [1], where the reduced
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Darcy approximation was used, in this work, Darcy’s problem is solved by using
a mixed formulation [11] in terms of both pressure and velocity fields. For this
goal, two discrete function spaces are needed to form a mixed function space
and a stable choice of finite element spaces is the H(div) Brezzi-Douglas-Marini
elements of polynomial order 1 and the discontinuous Lagrange elements L2 of
order 0. In addition to ensuring the consistency of mass conservation at the
macro scale level, this method is more suitable to impose flux as a boundary
condition besides only pressure. More details about the numerical formulation
may be found in [13].

The transient CA transport equations (6),(7), and (11) were discretized with
the Crank-Nicolson scheme, which is unconditionally stable and second-order
accurate. The transport problem was discretized in space with the finite element
method using first-order continuous Lagrange elements. Due to the presence of
convective terms in the intravascular Eq. (6) and the recirculation Eq. (11), stabi-
lization terms from the Streamline upwind Petrov–Galerkin (SUPG) method [6]
were added for these equations.

3 Results and Discussion

In this section, we first present some numerical results with a simplified 3D
model based on an idealized ellipsoid for comparisons and validation. Then, after
a proper calibration of the mathematical model [1], we perform simulations on
a patient-specific model constructed after image segmentation and processing.

All computer simulations were performed in a personal computer equipped
with an 8th generation i7 3200GHz processor and 16 GB of memory. The ex-
ecution time to simulate a mesh with 47, 662 tetrahedral elements and 10, 232
nodes was around 3 hours.

3.1 Simplified LV Model Study

The parameters used for the simulations are presented in Table 1 and were
based on those reported in [1]. The ellipsoid simulation involves three different
scenarios. The first is the Normal scenario which considers a healthy ventricle,
represented by a uniform gradient pressure from epicardium (2kPa) to endo-
cardium (0kPa). The second scenario represents an Ischemic case by assuming
a restriction in blood supply from the coronaries, which was modeled here by a
30% of pressure drop (1.4kPa) in a small region of the epicardium. Both Normal
and Ischemic cases share the same physical tissue parameters. The third scenario
represents an Infarct where a more significant pressure drop of 50% (1kPa) is
considered in the same region of the ischemic case. This case has an additional
small infarcted region next to the endocardium at the same side where the pres-
sure drop is applied. It is represented by a subdomain of dead tissue, which
is modeled using parameters representing the infarct (see Table 1). The main
differences between Healthy, Ischemic, and Infarct cases are the addition of this
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Table 1. Parameters used for the numerical simulations.

Parameter (unity) Healthy/Ischemic Infarct

ke (s−1) 0.007 0.002

P (s−1) 1.0 1.0

kf (s
−1) 0 0.001

kef (s
−1) 0 0.01

ϕ 0.10 0.10

λ 0.25 1.0

λf 0 0.5

D(mm2s−1) 0.01 0.01

σ 6.0 6.0

tpeak(s) 25 25

vout(mm.s−1) 0.06 0.06

Dout(mm2s−1) 0.05 0.05

k(s−1) 0.01 0.01

new subdomain and reducing the ke parameter to represent the difficulty of flow
from the interstitial space back to the venous system in a fibrotic region.

Figure 3 shows the results of the LGE simulation obtained using the simpli-
fied LV geometry for the three cases: normal, ischemic, and infarct. This exam is
used to reveal dead tissue by the absorption phenomena. Therefore, as expected,
the results show that only the infarct case presents CA adsorption. These sce-
narios reproduced characteristics usually observed by clinicians. It is important
to remark here that this preliminary study using 3D left ventricular meshes
conforms with the one presented in [1], where simpler 2D cases were studied.

Figures 4 and 5 shows a quantitative comparison between the 3D idealized
geometry and experimental clinical data with respect to the signal intensity (SI)
of the contrast agent (sum of the CA concentration) for specific regions of interest
(ROI) of the first pass (50s) and LGE, respectively. In order to compare the CA
dynamics, two ROIs were marked: one represents the injured region and the
other represents a remote and healthy region. In addition, a linear relationship
between the concentration of CA and its SI was considered [9]. The comparative
curves between the simulated scenarios and the experimental data show that
these results are in agreement with those found in the literature [10, 20] for the
first pass (Figure 4), as well as for the LGE [12, 3] (Figure 5). The results are
also in consonance to the results previously found by [1].

Figure 6(a) shows pressure field results of Darcy’s problem for the idealized
LV problem. The pressure gradient is imposed as boundary values and a smaller
pressure (see Figure 6(a), right of epicardium) is used to simulate pathologies
(coronary artery diseases (CAD) or ischemic heart diseases (IHD)). Panel (b)
from Figure 6 presents the adsorption of CA in the ROI, which is characterized
by a region with high contrast values as a result of the trapped gadolinium,
revealing dead tissue.
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Fig. 3. Computer simulations of the LGE (600 s) for normal, ischemic, and infarcted
left ventricles. After some time, the CA reveals adsorption in the infarcted region, as
observed in the region with high contrast values on the right panel.

Fig. 4. First pass comparison of healthy and ischemic cases between this numerical
study and experimental data reported in [10].

3.2 Patient Specific LV Study

The following study case explored a simulation using a patient-specific LV mesh.
The same procedure was carried out here, but now with the difficulties of han-
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Fig. 5. Late-enhancement time evolution of CA in the fibrosis region (infarct) and a
remote (healthy) one. Comparison of cases between this numerical study and clinical
data from [12].

Fig. 6. Simulation results for idealized model. (a) Perfusion of CA flux induced by
pressure gradient. (b) CA adsorbed at the fibrosis region (black wired) represented
over the domain (dots).

dling a realistic and complex geometry. The LV mesh used for this case was
processed from the geometries available at a database from Kings College Lon-
don (more information is available in [15]). The parameters used were those
presented in Table 1, except for D = 0.05, P = 0.1, ke = 0.0009 and λ = 0.75.

Figure 7A shows the result of Darcy’s problem for the patient-specific prob-
lem. The pressure gradient is imposed as boundary values and a pressure drop
was used to simulate coronary artery disease. The arrows in the figure repre-

ICCS Camera Ready Version 2022
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-08754-7_52

https://dx.doi.org/10.1007/978-3-031-08754-7_52


Modeling contrast perfusion and adsorption in the left ventricle 11

sent Darcy’s flux, which is used in the convection term of the CA. Figure 7B
presents the adsorption of CA in the fibrosis region (black wired). As expected,
these results are similar to the ones presented in Figure 6 for the simplified LV
geometry.

Fig. 7. Simulation results for the patient specific LV model. (a) Perfusion of CA flux
induced by the pressure gradient. (b) CA adsorbed at the fibrosis region (black wired)
represented over the domain.

Results for the LGE protocol are shown in Figure 8, where we observe an
accumulation of trapped CA in the fibrotic region. The results agree with the lit-
erature, demonstrating the validity of this numerical study for a patient-specific
case.

Figure 9 presents a comparison between the results obtained with the sim-
plified ellipsoidal model, the patient-specific model, and clinical data. One can
observe qualitative similar dynamics. In addition, we observe that the amount
of trapped CA in the infarct region is higher in the patient-specific model than
in the other experiments. This is expected since the infarct region of the patient
was observed to be larger than the one used in the ellipsoid-based model.

4 Conclusions

The main contribution of this study was to advance the computational models
of cardiac perfusion and, more specifically, to apply them in realistic scenarios,
such as clinical studies involving patient-specific models. For this goal, the math-
ematical model presented in [1] was used since it was able to reproduce clinical
data.

Numerical experiments using a simplified 3D LV model were first performed
to validate the mathematical model and the numerical approach since they were
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Fig. 8. Late-enhancement time evolution of CA for patient specific model with fibro-
sis. Blue and red line represents the intravascular and extravascular average quantity
respectively in the healthy medium. The yellow line represents the average of total CA
at the fibrosis domain.

Fig. 9. Comparison of the late enhancement time evolution of CA between the simpli-
fied ellipsoidal model, the patient-specific LV model, and clinical data.

only tested in 2D cases before. The obtained results reproduced with great accu-
racy the clinical data. Therefore, our mathematical model and numerical meth-
ods are suitable for 3D realistic simulations of cardiac perfusion under different
pathological conditions, such as ischemia and infarct.

Finally, we developed a patient-specific LV model for the description of car-
diac perfusion. The precise shapes of the left ventricle and of the scar of the
patient were obtained from MRI data. Distance and scars were evaluated and
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marked, and mesh operations were performed for the numerical optimization
of the presented studies. The simulations of the 3D patient-specific model were
performed and the results were found to be in agreement with the literature and
with the available experimental data.

In the near future, we expect to extend the presented framework for the
modeling of cardiac perfusion to other patients and to other cardiac diseases.
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