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Abstract. Understanding of complex stress distributions in lake beds
and river embankments is crucial in many designs in civil and geothecni-
cal engineering. We propose an accurate and efficient computational algo-
rithm for stress analysis in hydro-sediment-morphodynamic models. The
governing equations consists of the linear elasticity in the bed topography
coupled to the shallow water hydro-sediment-morphodynamic equations.
Transfer conditions at the bed interface between the water surface and
the bedload are also developed using frictional forces and hydrostatic
pressures. A hybrid finite volume/finite element method is implemented
for the numerical solution of the proposed model. Well-balanced dis-
cretization of the gradient fluxes and source terms is formulated for the
finite volume and the treatment of dry areas in the model is discussed in
the present study. The finite element method uses quadratic elements on
unstructured meshes and interfacial forces are samples on the common
nodes for finite volume and finite element grids. Numerical results are
presented for a dam-break problem in hydro-sediment-morphodynamic
models and the computed solutions demonstrated the ability of the pro-
posed model in accurately capturing the stress distributions for erosional
and depositional deformations. In addition, the coupled model is accu-
rate, very efficient, well-balanced and it can solve complex geometries.

Keywords: Stress analysis · Finite element method · Finite volume
method · Shallow water flows · Sediment transport · Morphodynamics.

1 Introduction

Water movement over an erodible bed in either steady or unsteady conditions
can scour particles off the bed and transport them some distance [13]. These
particles can either travel as suspended sediment which is immersed in the flow
of water itself or as bedload, where sediment tumbles across of the bed [10].
Understanding the dynamics of sediment transport and erosion-deposition pro-
cesses is important in different applications like road cuts, embankments and
dams designs [6]. Erosion and deposition of soil comprise one of the major con-
cerns in studying soil properties. Spacial and temporal informations of soil ero-
sion processes is required to reflect the pattern of sediment transport during
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different environmental conditions [14]. Indeed, previous knowledge of the fac-
tors affecting soil erosion is very useful in different morphodynamic applications
like dam-break, dam removal and storms [1]. In recent years, the investigations
of soil erosion and deposition through the development of different algorithms
have been rapidly increased [16]. These algorithms depend on different equa-
tions, some of them depends on the fundamental energy transport equations [5],
sediment flux equation [9] and the steady-state continuity equations for deposi-
tion [12]. However, there are still many models and techniques which suffer from
a range of problems, such as over-estimation due to parameters in compliance
with the initial conditions and the assumptions unsuitability to the present case
alongside with the existence of uncertainty in the system parameters [15].

Sediment is continually subjected to physical stress in the environment. These
stresses are of paramount importance to geomorphologists because they are a
driver of geomorphic change. These stresses can describe forces applied to the
soil, that result in sediment deformation or fracture [7]. Many excellent meth-
ods have been developed to quantify these stresses in soil. The most accurate of
these are conducted within the laboratory using specialist equipment. However,
cohesive sediment undergoes significant changes in sediment properties when it
is cored, transported, stored and finally analysed in the laboratory, and these
changes can significantly alter its shear strength [11]. Different techniques have
been using to quantify the stresses in soil. In the current study, a coupled fi-
nite element/finite volume method for solving soil stresses over erodible beds
is proposed. The governing equations consist of the one-dimensional non-linear
shallow water equations for the water flow and a two-dimensional linear elas-
ticity model for the bed deformation. Deformations in the topography can be
caused as a result of the hydrostatic pressure distribution and the frictional force
obtained from the shallow water movement. Coupling conditions at the interface
are also investigated in this study and a well-balanced finite volume method
using non-uniform grids is implemented without the requirements of the inter-
polation procedures at the interface between the finite element and finite volume
nodes. On the other hand, a force is sampled from the hydrostatic pressure and
applied on the bed surface to be used in the stress analysis. Numerical results
for both the bed-load and stress distributions are presented in this study for a
dam-break problem over erodible bed.

This paper is organized as follows. In section 2 we present the governing
equations used for the hydro-sediment-morphodynamic models. Section 3 is de-
voted to the development of an efficient computational algorithm for solving the
coupled system. We formulate the hybrid finite element method/finite volume
method. In this section we also discuss the coupling conditions at the interface.
In section 4, we examine the numerical performance of the proposed method
using several examples of hydro-sediment-morphodynamic problems. Our new
approach is demonstrated to enjoy the expected efficiency as well as the accu-
racy. Concluding remarks are summarized in section 5.
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2 Equations for hydro-sediment-morphodynamic models

In the present study, we assume a longitudinal one-dimensional shallow water-
sediment flow over an erodible bed composed of uniform, non-cohesive sediment
of particle diameter ds. Therefore, the governing shallow water hydro-sediment-
morphodynamic equations can be derived by directly applying the Reynolds
transport theorem in fluid dynamics assuming a hydrostatic pressure and the flow
is almost horizontal with the vertical component of the acceleration is vanishingly
small. The model consists of mass and momentum conservation laws for the
water-sediment mixture and separate mass conservation laws for sediment and
bed material. The resulting system of equations can be expressed in the standard
well-structured conservation form as

∂q

∂t
+
∂F(q)

∂x
= Q(q) + S(q), (1)

where the vector of unknowns q and the flux vector F(q) are

q =


h

hv

hc

Z

 , F(q) =


hv

hv2 +
1

2
gh2

hvc
qb

1−p

 ,

and the source vector S(q) is

S(q) =



E − D
1− p

− (ρ0 − ρ)(E − D)v

ρ(1− p)
− ghn

2
bv |v|
h4/3

E − D

−E − D
1− p


.

The differential source term Q((q) is defined as

Q(q) =


0

−gh∂Z
∂x
− (ρs − ρw)

2ρ
gh2

∂c

∂x
0

0

 .

Here, v is the depth-averaged water velocity, h the water depth, Z the bot-
tom topography, g the gravitational acceleration, p the porosity, ρw the water
density, ρs the sediment density, c is the depth-averaged concentration of the
suspended sediment, nb is the Manning roughness coefficient, E and D represent
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the entrainment and deposition terms in upward and downward directions, re-
spectively. The density of the water-sediment mixture ρ and the density of the
saturated bed ρ0 are defined by

ρ = ρw(1− c) + ρsc, ρ0 = ρwp+ ρs(1− p). (2)

It should be noted that although there are various bedload transport formulae
which were empirically proposed based on laboratory or fieldwork datasets, none
can be universally applied due to the range and varying distribution of grain
sizes. In this study, we consider the Grass formula [8]

qb = Agv
3, (3)

where Ag ∈ [0, 1] is a dimensionless constant usually obtained experimentally
by accounting for the diameter of the particles and the kinematic viscosity. For
values of Ag close to zero, the model shows a weak interaction between the
sediment bottom and the fluid. However, for values of Ag close to one, the
interaction between the sediment bottom and the fluid is strong.

To determine the entrainment and deposition terms in the above equations
we assume a non-cohesive sediment and we use empirical relations reported in
[4]. Thus,

D = wαc(1− αcc)mc, (4)

where w is the settling velocity of a single particle in tranquil water

ω =

√(
13.95ν

d

)2

+ 1.09sgd− 13.95ν

d
, (5)

with ν is the kinematic viscosity of the water, d the averaged diameter of the
sediment particle, m an exponent indicating the effects of hindered settling due
to high sediment concentrations and it is computed using the Reynolds number
of the particle as

m = 4.45Re−0.1, Re =
wd

ν
.

To ensure that the near-bed concentration does not exceed (1−p), the coefficient
αc is computed by [4]

αc = min

(
2,

1− p
c

)
.

For the entrainment of a cohesive material, the following relation is used

E =

ϕ
θ − θc
h

vd−0.2, if θ ≥ θc,

0, otherwise,

(6)

where ϕ is a coefficient to control the erosion forces determined by

ϕ = ϕc
560 (1− p) ν0.8

3 (sg)
0.4
θc

,
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with ϕc is a dimensionless value that depends on the phenomenon to recreate.
Here, θc is a critical value of Shields parameter for the initiation of the sediment
motion and θ is the Shields coefficient defined by

θ =
u2∗
sgd

, (7)

with u∗ is the friction velocity defined as

u∗ =

√
τ

ρ
,

where τ is the threshold stress of bottom computed using

τ =
gρn2bv |v|
h1/3

. (8)

In (7), s is the submerged specific gravity of sediment given by

s =
ρs
ρw
− 1.

In the present study, we are interested in developing a robust analysis of stresses
on the beds generated by sediment transport. There are different models for
describing the bed deformation, due to its complex nature only few theoretical
models exist which use idealized and simplified assumptions. Most of the defor-
mation models, which are used in practice, are static and usually only work in
particular context with no sediment transport included in their formulations and
for this reason there is not yet a universally accepted theory of stress analysis by
sediment transport. However, we can in general describe the stress distribution
in the erodible bed through two processes. The sediment can move in a layer
close to the bottom topography which is known as bed load and is characterized
by a rolling and sliding movement, or the flow can cause the sediment to separate
completely from the bottom in which case it is referred to as suspended load and
in this case the sediment is transported as a concentration of the water column
and will later be deposited in the bottom.

Let us consider a two-dimensional bed domain Ω with smooth boundary ∂Ω,
the equilibrium governing equations of linear elasticity read [2]

∂σx
∂x

+
∂τxz
∂z

= fx,

(9)
∂σz
∂z

+
∂τxz
∂x

= fz,

where σx and σz are the normal stresses in the x- and z-direction, respectively.
Here, τxz is the shear stress, fx and fz are the external forces in the x- and
z-direction, respectively. The displacement vector is denoted by u = (ux, uz)

>

and the infinitesimal strain tensor is defined by

ε =
1

2

(
∇u+ (∇u)>

)
. (10)
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The system has been solved subjected to the following boundary conditions

σ = σs, on Γi,
(11)

u = 0, on Γ,

where σs is the sediment stress on the interfecial boundary Γi. In the current
study, the constitutive relation is defined as

σ = D ε, (12)

where the stress vector σ and the constitutive matrix D are given as

σ =


σx

σz

τxz

 , D =
E

(1 + ν)(1− 2ν)


1− ν ν 0

ν 1− ν 0

0 0
1− 2ν

2

 ,

with E is the Young modulus and ν is the Poisson ratio characterizing the bed
material. Note that other constitutive relations in (12) can also be applied in
the proposed stress analysis in hydro-sediment-morphodynamic without major
modifications in our formulation. It should also be stressed that although the
equations (9) are static, the interface boundary Γi between the water and bed
depends on time.

3 A coupled finite element/finite volume method

To solve the equations for the considered hydro-sediment-morphodynamic model
we proposed a coupled finite element/finite volume method for which transfer
conditions are transmitted at the interface Γi. A well-balanced one-dimensional
finite volume method is used for the sediment transport equations whereas an
unstructured two-dimensional finite element method is used for the elasticity
equations. Coupling conditions at the interface are also discussed in this section.

3.1 Well-balanced finite volume solution of sediment transport

For the time integration of the system (1) we divide the time interval into subin-
tervals [tn, tn+1] with variable size ∆tn such that tn = tn−1 +∆tn, n = 1, 2, . . .
and t0 = 0. We use the notation qn(x) to denote the discrete solution q(tn, x).
In the current work, we use the splitting operator to deal with the differential
source terms Q(q) and the non-differential source term S(q) in (1). The splitting
procedure consists of the following two steps:

Step 1: Solve for q̃
q̃− qn

∆tn
+
∂F(qn)

∂x
= Q (qn) . (13)
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Step 2: Solve for qn+1

qn+1 − q̃

∆tn
= S (q̃) . (14)

For the space discretization we discretize the one-dimensional space domain in

non-uniform control volumes
[
xi− 1

2
, xi+ 1

2

]
with length ∆xi and we use the no-

tation qni to denote the space-averaged of q = q(t, x) in the cell
[
xi− 1

2
, xi+ 1

2

]
at

time tn, and qn
i+ 1

2

are the intermediate solutions at xi+ 1
2

at time tn,

qni =
1

∆xi

∫ x
i+1

2

x
i− 1

2

q(tn, x) dx, qni+ 1
2

= q
(
tn, xi+ 1

2

)
.

Integrating the system (13) over the space-time control domain
[
xi− 1

2
, xi+ 1

2

]
×

[tn, tn+1], one obtains the following fully discrete system

qn+1
i = qi −

∆tn
∆xi

(
Fni+ 1

2
− Fni− 1

2

)
+∆tnQn

i , (15)

where Fn
i± 1

2

= F
(
qn
i± 1

2

)
are the numerical fluxes at x = xi± 1

2
and time t = tn,

and Qn
i is the space-averaged of the source term Q defined as

Qn
i =

1

∆xi

∫ xi+
1
2

xi− 1
2

Q(q) dx. (16)

The spatial discretization (15) is complete when the numerical fluxes Fni±1/2 and
the source term Qn

i are reconstructed. Generally, this step can be carried out
using any finite volume method developed in the literature for solving hyper-
bolic systems of conservation laws, see for example [2]. In the present study, we
consider the Roe reconstruction defined as

Fni+ 1
2

=
1

2

(
F(q̂ni+1) + F(q̂ni )

)
+

1

2
A
(
q̂ni+ 1

2

) (
q̂ni − q̂ni+1

)
, (17)

where the averaged state q̂n
i+ 1

2

is calculated as

q̂ni+ 1
2

=



hni + hni+1

2√
hni u

n
i +

√
hni+1 u

n
i+1√

hni +
√
hi+1

n√
hni c

n
i +

√
hni+1 c

n
i+1√

hni +
√
hni+1

Zni + Zni+1

2


, (18)

ICCS Camera Ready Version 2022
To cite this paper please use the final published version:

DOI: 10.1007/978-3-031-08751-6_21

https://dx.doi.org/10.1007/978-3-031-08751-6_21


8 A. Al-Ghosoun, A. Osman, M. Seaid

and the Roe matrix in (17) is defined as A = RΛR−1 with

R =



1 1 1 1

û λ̂2 λ̂3 λ̂4

ĉ− 2ρ̂

(ρs − ρw)
ĉ ĉ ĉ

0
(λ̂2 − û)2 − gĥ

gĥ

(λ̂3 − û)2 − gĥ
gĥ

(λ̂4 − û)2 − gĥ
gĥ


, (19)

Λ =


λ̂1 0 0 0

0 λ̂2 0 0

0 0 λ̂3 0

0 0 0 λ̂3

 ,

with the four eiegenvalues

λ1 = u, λ2 = 2
√
−Q cos

(
1

3
θ

)
+

2

3
u,

λ3 = 2
√
−Q cos

(
1

3
(θ + 2π)

)
+

2

3
u, (20)

λ4 = 2
√
−Q cos

(
1

3
(θ + 4π)

)
+

2

3
u,

where θ = arcos

(
R√
−Q3

)
, with

Q = −1

9

(
u2 + 3g(h+ hξ)

)
, R =

u

54

(
9g(2h− hξ)− 2u2

)
.

For the discretization of the source term Qn
i we implement a well-balanced re-

construction investigated in [2]. Thus, the well-balanced discretization of Qn
i is

achieved by in splitting the integral in (16) over the two sub-cells
[
xi− 1

2
, xi

]
and[

xi, xi+ 1
2

]
of the control volume

[
xi− 1

2
, xi+ 1

2

]
as

Qn
i =

1

∆xi

(
(xi − xi−1)

2
QL
i− 1

2
+

(xi+1 − xi)
2

QR
i+ 1

2

)
, (21)

where QL
i− 1

2
and QR

i+ 1
2

are the space-averaged of the source term Q in the sub-

cells
[
xi− 1

2
, xi

]
and

[
xi, xi+ 1

2

]
defined as

QL
i− 1

2
=


0

−ghi + hi−1
2

(Zi − Zi−1)

0

0

 , QR
i− 1

2
=


0

−ghi+1 + hi
2

(Zi+1 − Zi)

0

0

 .
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It is evident that for small water depths, the bed friction term dominates the
other terms in the momentum equation. This is mainly due to the presence of
the term h

4
3 in the dominator of τ in (8). To overcome this drawback we use a

semi-implicit time integration of the source term S in (14) as

hn+1 − h̃
∆tn

= 0,

(22)

(hv)
n+1 −

(
h̃ṽ
)

∆tn
= −gn2b

(hv)
n+1 |ṽ|(
h̃
) 4

3

,

where h̃ and ṽ are the water height and velocity obtained from the first step
(13) of the splitting procedure. Solving the second equation in (22) for (hv)n+1

yields

(hv)
n+1

=

(
h̃ṽ
)

1 +∆tngn2b |ṽ| /
(
h̃
) 4

3

. (23)

As in most explicit time integration schemes, the time step in our finite volume
method is selected using a Courant-Friedrichs-Lewy (CFL) condition. In our
simulations, the Courant number Cr is fixed and ∆tn is chosen at each time
step according to the following CFL condition

∆tn = Cr
min
i

(∆xi)

max
k=1,2,3,4

(∣∣∣λ̂+k ∣∣∣ , ∣∣∣λ̂−k ∣∣∣) , (24)

where λ̂±k are the eignevalues (20) computed using the space-averaged solutions

in the control volume
[
xi− 1

2
, xi+ 1

2

]
and its two neighbouring cells.

3.2 Unstructured finite element solution of elasticity

The starting point for the finite element method is the variational formulation
of the strain energy in the domain Ω. Thus, multiplying the strong form of x-
direction equation in (9) by an arbitrary weight function φx and integrate over
the domain yields∫

Ω

∂σx
∂x

φx dx+

∫
Ω

∂τxz
∂z

φx dx−
∫
Ω

fxφx dx = 0.

Using the Green-Gauss theorem, the above equation becomes∮
∂Ω

σxnxφx dx−
∫
Ω

∂φx
∂x

σx dx+

∮
∂Ω

τxznzφx dx−
∫
Ω

∂φx
∂z

τxz dx−
∫
Ω

fxφx dx = 0,
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where x = (x, z)> and n = (nx, nz)
> is the outward unit normal on ∂Ω with

∂Ω = Γ ∪ Γi. Using the x-component of the traction Tx = σxnx + τxznz, the
above equation can be written as∮

∂Ω

Txφx dx−
∫
Ω

(
∂φx
∂x

σx +
∂φx
∂z

τxz

)
dx−

∫
Ω

fxφx dx = 0. (25)

Similar steps applied to the z-direction equation in (9) give∮
∂Ω

Tzφz dx−
∫
Ω

(
∂φz
∂x

τxz +
∂φz
∂z

σz

)
dx−

∫
Ω

fzφz dx = 0, (26)

where Tz = σznz + τxznx. Adding the two equations (25) and (26) yields∮
∂Ω

(Txφx + Tzφz) dx−
∫
Ω

(fxφx + fzφz) dx−∫
Ω

(
∂φx
∂x

σx +
∂φx
∂z

τxz +
∂φz
∂z

σz +
∂φz
∂x

τxz

)
dx = 0,

which can be reformulated in a vector form as∫
Ω

φ̂ · σ dx =

∮
∂Ω

φ> · T dx+

∫
Ω

φ> · f dx, (27)

where φ = (φx, φz)
>

, T = (Tx, Tz)> and φ̂ =
(
∂φx

∂x ,
∂φz

∂z ,
∂φx

∂z + ∂φz

∂x

)>
. To solve

the weak form (27) with the finite element method, the domain Ω is discretized
into a set of elements where the solution is approximated in terms of the nodal
values Uj and the polynomial basis functions Nj(x, z) as

u(x, z) =

Nd∑
j=1

UjNj(x, z), (28)

whereNd is the number of mesh nodes. In the present work, we consider quadratic
triangular elements with six nodes for which the elementary matrices are assem-
bled into a global system of equations

Ku = b, (29)

where K is the global stiffness matrix, u is the nodal displacement vector and b is
the force vector. In our simulations, the matrix K is decomposed into an LUL>

factorization, then the solution is reduced to backward/forward substitutions
after updating the right-hand side vector b at every time step.

3.3 Implementation of coupling conditions at the interface

One of the advantages in using non-uniform grids in the finite volume solution
is to avoid interpolations at the interface for interchange coupling conditions.
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Fig. 1. An illustration of finite element and finite volume nodes at the interface.

Here, the selected control volumes in the finite volume methods coincide with
the finite element nodes on the interface as shown in Figure 1. At each time step
coupling conditions are transferred on the interface for both models to update
the solutions for the displacement u, water height h and water velocity v. In
the present work, the deformed finite element nodes on the interface are used to
reconstruct the bed Z(x, t) for the shallow water equations (1). Here, a triangular
finite element with three nodes on the interface yields two non-uniform control
volumes the edges of which are the three nodes and their centers are obtained
by averaging the coordinates of these nodes, compare Figure 1. We also assume
that once the deformation occurs, the time variation in these coordinates is
negligible and therefore no need for interpolation procedures to reconstruct the
bed topography in the finite volume method. This bed profile is used in the
finite volume solution of the flow system to obtain the water height hn+1 and
the water velocity vn+1 at the next time level tn+1. For coupling conditions from
the water flow to the bed on the interface, the forces fx and fz in the elasticity
equations (9) are reconstructed at each time step. Here, the horizontal force fx
in the x-direction is updated using the friction term as

fx = −gn2bhn+1 v
n+1

∣∣vn+1
∣∣

(hn+1)
4
3

. (30)

The vertical force fz in the z-direction is reconstructed at each time step using
the change in the hydrostatic pressure as

pn+1 = −ρgh
n+1 − hn

∆t n
,

and at each node of the three finite element nodes located on the interface, the
force fz is distributed using the integral form as

f (1)z =

∫ 1

−1
−1

2
ξ (1− ξ) pn+1 ~

2
dξ =

1

6
pn+1~,

f (2)z =

∫ 1

−1

(
1− ξ2

)
pn+1 ~

2
dξ =

2

3
pn+1~, (31)

f (3)z =

∫ 1

−1

1

2
ξ (1 + ξ) pn+1 ~

2
dξ =

1

6
pn+1~,

where ~ is the edge length of the considered element on the interface. It is easy

to verify that f
(1)
z + f

(2)
z + f

(3)
z = pn+1~. The total force fz in the z-direction
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Table 1. Parameters used in simulations for the dam-break problem.

Quantity Reference value Quantity Reference value
ρw 1000 kg/m3 ν 1.2 × 10−6 m2/s
ρs 2650 kg/m3 nb 0.03 s/m1/3

g 9.81 m/s2 p 0.4
ϕ 0.015 m1.2 θc 0.045

Fig. 2. Time evolution of the time step ∆t using the CFL condition (24).

is obtained by accumulating the elemental forces on the overlapping nodes, see
Figure 1 for an illustration.

4 Numerical results

We solve the problem of a dam-break over erodible bed studied in [3] using the
parameters listed in Table 1. All the simulations are performed using a mesh
with 100 gridpoints (unless stated) and numerical results are displayed at time
t = 10 min using a time step adjusted according to the CFL condition (24)
with Cr = 0.75. The obtained time evolution of the time step ∆t is presented in
Figure 2 confirming that it does not overpass 3× 10−3 for this problem. Figure
3 depicts the mesh used in our simulations before and after deformation. Based
on a mesh convergence study not reported here for brevity, an unstructured
triangular mesh with 1749 quadratic elements and 3763 nodes is used in our
simulations as it offers a compromise between accuracy and efficiency in the
numerical method.

To validate our results to experiment data for this example, we present in
Figure 4 the results obtained at time t = 10. The agreement between the nu-
merical simulations and experimental measurements in this figure is fairly good.
The water free-surface and the erodible bed are well predicted by the proposed
numerical approach. Obviously, the computed results for both water height and
bed profile verify the stability and the shock capturing properties of the numer-
ical method for this dam-break problem over a wet bed. Figure 5 depicts the
distribution of the normal stress component σz and the shear stress τxz. It is
clear that maximum values of stresses are located on the bed surface where the
erosion has taken place. The deformed bed has also been accurately resolved
using our finite element method. Under the considered conditions, stress dis-
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Fig. 3. Initial mesh (left) and deformed mesh at time t = 10 s (right).

Fig. 4. Comparison between the numerical results and experiments at time t = 10 s.

Fig. 5. Normal stress σz (left) and shear stress τxz at time t = 10 s (right).

tributions exhibit symmetrical features in both stresses. Furthermore, no mesh
distortion has been detected in all results obtained for this dam-break problem.
It should be stressed that results from the proposed coupled model should be
compared with observations of laboratory free-surface flows and bed deforma-
tions for this problem. However, as of now, no data is available to carry out
this comparison study. Thus, at the moment we can only perform numerical
simulations and verify that results are plausible and consistent.

5 Concluding remarks

An accurate and efficient computational algorithm is presented in this study
for stress analysis in hydro-sediment-morphodynamic models. The linear elas-
ticity equations for the bed topography are coupled to the shallow water hydro-
sediment-morphodynamic equations to form a consistent model for the consid-
ered problems. At the bed interface between the water surface and the bedload,
transfer conditions are also developed using frictional forces and hydrostatic
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pressures. As a numerical solver we implement a hybrid finite volume/finite el-
ement method. The method is well-balanced for solutions of the shallow water
equations and uses quadratic elements on unstructured meshes for the elastic-
ity equations. Numerical results are presented for the problem of a dam-break
over erodible bed and the computed solutions demonstrated the ability of the
proposed model to accurately capture the stress distributions for erosional and
depositional deformations.
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