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Abstract. In this paper, we present a numerical solution of a multi-
phase compressible Darcy’s flow of a multi-component mixture in a
porous medium. The mathematical model consists of mass conservation
equation of each component, extended Darcy’s law for each phase, and
an appropriate set of the initial and boundary conditions. The phase
split is computed using the phase equilibrium computation in the VT'N-
specification (known as VITN-flash). The transport equations are solved
numerically using the mixed-hybrid finite element method and a novel
iterative IMPEC scheme [1]. We provide two examples showing the per-
formance of the numerical scheme.
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1 Introduction

The mathematical modeling of compositional flow in a porous medium is an im-
portant topic in chemical engineering and has many applications in the industry,
e.g., CO2 sequestration or enhanced oil recovery. The mathematical model has
to include a transport equation for each component in the mixture and a ther-
modynamical model describing the local equilibrium behavior.

In literature, two main approaches for solving the transport equations are
common. The first approach, known as IMPEC [2], solves the equations in two
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steps. First, the pressure equation is solved implicitly to get the pressure field.
Then, the concentrations of the first n — 1 components are updated explicitly us-
ing the pressure from the previous step. The concentration of the last component
is updated using the previous ones, the total concentration, and the equation of
state. The conservation of mass holds for the n —1 components. However, for the
last n-th component, the conservation of mass does not hold [1]. Chen et al. [1]
presented a novel iterative IMPEC scheme where the conservation of mass of all
components is guaranteed. An alternative to the IMPEC approach is the one
of Young and Stephenson [3], where a method based on the Newton-Raphson
iterations is used.

Concerning the thermodynamical model, traditionally, the PT' N approach
(constant pressure, temperature, and moles) [4, 5] is used to determine the com-
position of equilibrium phases. No matter how wide-spread the PT N-specification
is, the approach has some limitations [6,7], e.g., the equilibrium state of the
system is not always determined uniquely. Alternatively, the VTN approach
(constant volume, temperature, and moles) [6, 8, 9] can be used to determine the
equilibrium state. Since most equations of state are given explicitly in pressure,
ie, p=p(T,V,Ny,...,N,), the VT N-approach has some benefits, e.g., the in-
version of the equation of state does not have be performed, and the equilibrium
states are uniquely determined.

In this work, we are interested in modeling of the compositional flow with the
use of the phase equilibrium computation. One approach, is using the IMPEC
method with PT'N approach, e.g., [10-12]. Alternatively, the VI'N approach
can be used. In our previous work [7], we use a fully implicit scheme, which gives
the pressure field directly. However, this approach is computationally intensive.
Therefore, we are proposing an alternative method based on the IMPEC strategy
using the VT N-specification.

In this paper, we present a new numerical solution of the multi-phase com-
positional model. The solution is based on a novel iterative IMPEC scheme [1]
that was originally developed for the single-phase compositional flow. In this
paper, we extend this method to multi-phase problems. The stabilization of the
numerical scheme is ensured by an upwind technique. The chemical equilibrium
is computed locally on each finite element using the V'I'N-phase stability test-
ing and VT N-phase equilibrium computation. In this approach, the Helmholtz
free energy density of the system is minimized to obtain the equilibrium state.
We are using the Newton-Raphson method with line-search and the modified
Cholesky decomposition to find the minimum [8, 13].

The structure of this paper is as follows. In Section 2, the physical and math-
ematical model describing compressible multi-phase multi-component composi-
tional flow will be presented. In Section 3, the numerical solution will be given.
In Section 4, examples showing the performance will be presented. In Section 5,
the results are discussed, and some conclusions are drawn.
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2 Physical and Mathematical model

2.1 Physical model

In this paper, the studied system is a fixed porous medium filled with a multi-
component fluid. The porous medium in our interests are the hydrocarbon reser-
voirs. Based on the injection and the boundary condition, we study the flow of
this multi-component multi-phase fluid through the fixed porous medium.

2.2 Transport equations

Consider a mixture of n components with a constant temperature 7. The mass
balance equation for component i € 7 (the symbol 72 represents a set of positive
integers not exceeding n) is

9(¢ci)
ot

+V-.q=fi (1)

where ¢ [-] is the porosity, ¢; [mol m~3] is the molar concentration (density) of
the i-th component, q; [mol m~2 s71] is the flux of the i-th component, and
fi [mol m~3 s71] is the source/sink of the i-th component. For a multi-phase

system without diffusion, the flux q; can be expressed as

7
qi = (Z ca,iuoz) ; (2)

where ¢, ; [mol m~?] is the concentration of the i-th component in phase «,
II is the number of phases presented in the phase split, and u, [m s™!] is the
velocity of phase «.. The relation between concentrations ¢; and ¢, ; is presented
in Section 2.4. The velocity of each phase is model using Darcy’s law

’]

U, = - A K (Vp —pag), (3)

where A\, [kg™! m s is the mobility of phase o, K [m?] is the intrinsic perme-

ability tensor, p [Pa] is the pressure, p, [kg m~2] is the mass density of phase
a, and g [m s2] is the gravity acceleration. The mobility and the density are
calculated using

Fra(Sa) n
)\a = ) [ = Ca iMi? 4
N (Ta Ca,l,---,ca,n) ’ ZZZI , ( )

where k., [-] is the relative permeability, S, [-] is the saturation, 7, [kg m™!

s~ 1] is the dynamic viscosity, and M; [kg mol~!] is the molar weight of the i-th
component. In this work, we are using a linear model to compute the relative
permeability:

kroc(Sa) - Soc- (5)
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The dynamic viscosity 7, is calculated using the Lohrenz, Bray and Clark
model [14]. The mathematical model has to be supplemented with an equation
which connects the concentrations and the pressure:

p:p(eq) (c1y...yCn). (6)

Details are in Section 2.4. Using equation (6), the mass conservation (1), and
the chain rule

o " 9ped) e,
PN (7)
8t =1 661' 675
the equation known-as pressure equation can be derived. In the V'T'N-formulation
the pressure equation reads as

n

dp B

(eq)
where ©; = 8’5C_ )

2.3 Fluxes definition

In this section, we define fluxes needed for the description of the numerical
scheme. Let

Qa,i = Ca,ila (9)

be the flux of the i-component of phase «. Then, the flux of phase « is
qo = an,i = CaqUq;, (10)
i=1

where ¢, = Y| ¢q,; is the total concentration of phase a. Lastly, the total flux
q is defined as

and the total velocity u as

u=Zua. (12)

Inserting equation (3) into previous equation results in

u= K (Vp - p<“”9>g) : (13)
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where the total mobility A and the average density p(?*9) are defined as

7 7
)\a «
A= ha, p9) = Eaz%_ (14)
a=1

As the tensor K is positive definite, its inversion exists, and the gradient Vp
can be expressed from equation (13) as

Vp=-A"1K tu+ plavdg, (15)
Inserting previous equation into Darcy’s law (3) results in

I

u, =21\ [u-— Z As(pg — pa)Kg | - (16)
p=1

Therefore, the flux of the i-th component in phase « is

7
Qa,i = Ca,z}\il/\a u-— Z )‘ﬂ(pﬂ - pa)Kg . (17)
B=1

2.4 Phase stability testing and phase equilibrium calculation

Depending on the mixture’s temperature and concentrations, the state can be
in one or more phases. The phase stability testing [6] and phase equilibrium
computation [8] is used to determine the number of phases and the composition
of each phase described by ¢y, ..., ¢, and T. In the VT N-phase stability testing
the goal is to predict whether a given state is stable or if this state is unstable
and splitting will occur. The VT N-phase equilibrium computation is used to
determine the composition of the equilibrium state. The problem can be defined
as an optimization task minimizing the objective function

big
a/(n) (C(l)a A C(H)7 S) = Z Saa (Ca,la tee 7Ca,n) (18)
a=1
subject to
m big
> Sa=1 Y Satai=c}, i€n, (19)
a=1 a=1

where a is the Helmholtz free energy density (for details see, e.g., [15,16]), S =
(S1,..., S’H)T and ¢(®) = (cats--- 7ca,n)T for o € II. The necessary equilibrium
conditions are [8]
p(CaJ,...,Ca,n):p(65,1,-.-,65,n), vaaﬁeﬁaa#ﬁa (20)
Wi(Cay---sCam) = Hilcga,---,c8n), Va,B¢€ ,a+ B,Vien, (21)
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where p; is the chemical potential of the i-th component. If the state is in one
phase (IT = 1), the equilibrium pressure p(¢? (6) is given by the equation of
state

PD(er, . en) = pFO(er, . en). (22)

In this work, we use the Peng-Robinson equation of state [17] in the following
form

n
p TyeeesCpn) = Zz;l ¢ RT Zi,jzl QijCiCj

(FOS) (C - _ n L n n 2
1 Zi:l bic; 1+2 Zi:l bic; — (Zizl blcl)

where a;;, b; are parameters. See [15,17] for details. On the other hand, if the
equilibrium state is in I7 > 1 phases, the equilibrium pressure p(¢? is given by

p(eq) (Clv ey CTL) = p(EOS) (Ca,l; ey CO&,TL) ) (24)

for an arbitrary a € 1T since the pressures of each phase in the phase equilibrium
are equal (see equation (20)).

2.5 Initial and boundary conditions

Now, let us summarize the equations and define the initial and boundary con-
ditions. Let 2 C R? is a bounded domain and J is a time interval. In J x 2 ,
we solve equations (1) and (8) for p = p(t,x) and ¢; = ¢;(¢,x), € n. The fluxes
q; are given by equation (2), and the velocities u, are computed using Darcy’s
law (3). The composition of the multi-phase state is determined by solving the
optimization problem given by (18) and (19). The mathematical model has to be
equipped with initial conditions and an appropriate set of boundary conditions.
The initial conditions read as

¢i(0,x) = cEini), Vx € £2,Vi € n, (25)
p(0,x) = plc? (c(lini), cee cﬁj“D) , Vxen. (26)
Moreover, we impose the following boundary conditions
p(t,x) = p P (t,x),x € Ty, t € J, (27)
qi(t,x) -n(x)=0,xe€ I,,teJ, (28)

where n is the unit outward normal vector to the boundary 02,1, U I, = 012,
and I, NI, = 0.

3 Numerical solution

In this work, we assume that the computation domain (2 is a 2D rectangular
domain. We use a triangulation 7 = {Kz,z S Nel} , where Ng; is the number

of elements. Moreover, we denote Ng; the number of sides.
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3.1 Disretization of Darcy’s law

On each element K € 7¢, we shall approximate u in the lowest order Raviar-
Thomas space RT((K) [18,19]

u(t,x) = Z ur,g(t)Wk E(X), (29)
EcdK

where wg g are the basis functions and ug, g is the velocity across the side E in
the outward direction with respect to K. Multiplying equation (15) with function
Wk, E/, integrating over element K € 7g, and using the Gauss-Ostrogradski
theorem results in the weak formulation of Darcy’s law

PrE — DK = A Z uK,E(t)/ (K 'wg g) - wg gdx (30)
EcoK K

+P§?vg)/ g WK,E’dX7
K

where we have denoted the average pressures on element K by px, average traces
of the pressures on side E by pk g, and the average density on element K by

p(lgvg ). Denoting

BE g :/ (K 'wkp) wi pdx, Cf :/ g wg prdx, (31)
K K

equation (30) reads as

Z uk,5(t)BE g = Ak (PK - Pr,E + p&?vg)C,ﬂf,) . (32)
E€oK

This equation can be inverted and the velocities ux g are expressed

ur, B(t) = Ak (Dng - Z (BK);E, P, + ng(;vg)> , (33)
E'0K
where
1 1
DE =Y (BY)pp. Fi= ) (BY),,Ch (34)
E'cdK E'cdK

Now, we will use continuity assumptions. If side E' is not on the boundary, then,

ug/ g +urg g =0, (35)
Dk.E = PKk'.E = PE, (36)
where K’ N K = E. If side E is on the boundary, then

P =p), for E €T, (37)

UK E = 0, for £ € Fq. (38)
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Therefore, in equation (33), the velocities ug g(t) can be eliminated and the
only unknowns are pg,pg. If E & 02, equation (35) implies

-1 ~ av
D RV (I o R B
KDOF E'€e0K
On the other hand, if £ € 942, then
pe=py ), if E€ T, (40)
-1 ~ av .
Ak DEpk + > Ak (BX) B = AcFEp?, i E€ T, (41)

E'c0K

Previous equations (39)—(41) form a system of linear equation for the unknowns
ﬁEa PK:

Rip+Rep =1Ly, (42)

where R4 € RNS“NEZ, R, € RNS“NS'L, L, € RNsi,

3.2 Discretization of pressure equation

Integrating the pressure equation (8) over an element K € 7, and using the
divergence theorem results in

d
0= ¢k|K]| pK+Z(—) > ke - Z@/fzdx (43)
i=1 EcOK

Using ¢i x5 = 25:1 Qa.i K,E, €quation (17), and the backwards Euler scheme,
the previous equation can be approximated by

Pt - &
|K| K Y K Z anJrl / fim+1dx + ernJrlX;?Jrl
i=1 (44)
+ Z Nm+1Ym+1 Z;{n-&-l’
E'€0K

where
n II(K)

Xg=Y_ > > OicairraxDy (45)

i=1 E€OK a=1
n II(K)

Ypr = Z Z Z —0iCa,i, KA, K (BK);E/, (46)

i=1 E€OK a=1

n (K
=3 > ZA @cMKAaK<AK Fi py?

i=1 E€OK a=1

(K)
— Y Asxlpsx— pa,K)F§>7
B=1
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where ¢, ; ik is the average concentration of the i-th component in phase o on

element K. Equation (44) forms a system of linear equation for the unknown

P! and

Rsp + Ryp = Lo, (48)

where R3 € RVet:Ner Ry € RVe0Nsiand Ly € RV2, To conclude, combining
equations (42) and (48) gives final system for the pressure field

(Rh) () - (1) (49)

The matrix Rs3 is diagonal, therefore, its inversion Ry 1is readily available.
Multiplying equation (48) with R ! gives
p=R;'L, - R;'R4p (50)

Therefore, the unknowns p can be eliminated from the system (49), and only
the pressure traces p are computed using

(R; — RiR;'Ry)p =L; — RR;'Ly. (51)

In this work, we use the C++ numerical library Armadillo [20, 21] to solve system
(51). Having the pressure traces p, the pressures p and consequently, the discrete
velocities uk, g are computed using equations (50) and (33), respectively.

3.3 Solution of transport equations

Having the pressure field, the concentrations are updated using the explicit finite-
volume method. Integrating equation (1) over K € 7, using the divergence
theorem, and the Euler scheme results with an approximation of equation (1):

C,L.’El = Ci,K —|— 4¢|K*| <|K| ’i,K - E qi,K,E) 3 (52)
EcoK

where ¢; g and f; x are the average concentration and source/sink of the i-th
component on element K, respectively. The fluxes ¢; x g are calculated using
the upwind scheme

D e (i) Yot KB = D2 pe i (i) 96K, B VE & 092,

G, KB =\ 2t (k) Qi K. Bs VE € I, (53)
0, VE €I,

where I/Y:(K,E) = {oz € IAY(K);q%LK,E > 0} for £ € 0K and

(K)
Goi KB = Cai kA Aok | ukE— 3 Ak (05— pa) From | (54)
g=1

where uk g is given by equation (33).
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3.4 Algorithm for one time step At

Now, we present the full numerical algorithm. This iterative IMPEC algorithm
is based on numerical scheme presented in [1]. Having solution on time-level ¢,,,
the solution on time level ¢,,41 is computed using the following algorithm.

m+1,0 _ m+1,0 _ m+1,0 _ 9p°®
1. Set [ =0 and py i Ci g sz@ 5e; (E”K,...,c;'fK)

for K € 7,1 € N.

2. Setl=1+1.

3. On each element K € 7q, compute chj}(l ! and SmHl ! by solving the
phase equilibrium computation given by equations (18) (19) with initial con-

centration c’f?}tl = 1, e ,c::'}}ll ! In this work, we are using numerical so-
lution presented in [13].

4. On each element K € 7, update A?H’l_l and ,o(avg) mLi- using equa-
tions (4) and (14) with values ¢”7 1!~ and S"Hl ' computed in the pre-
vious step.

5. Find pm+1l and u m+“ by solving system (49) with the concentrations
cglﬁ(l ! coefﬁaentb @Zlfgll ' total mobility A"~ and average den-
sity p(avg) m+1,1— 1

6. On each element K € 70, for all i € n update chKl’l explicitly by

At
+1,0 _ +1,1-1
EcoK
where the flux qlm; E’lil is evaluated using the velocity u K+ Ll and concen-
m+1,1—1
trations ¢, ; g .
7. On each element K € 70, for all i € n update QmH ! by
omLl _ p(eq)(c(l)) — p(eq)(c(2)) .
1, K - m+1,1 ) ( )
c, . —ch
i, K i, K
where
(1) m+1,1 m+1,0 m m T
c :(1K N 7Ci+1,K7~-~an,K) , (57)
T
2 +1,0 +1,1
c():(cTK ,...,clle, Z”K,...,c;’fK) . (58)

To compute the pressures, the phase equilibrium computation is used to
determine the number of phases and the equilibrium pressure.
8. Check convergence. If the convergence criteria are met, set

1 +1,0 1 +1,0 PN
pRtt =pith c:”;g =c'x, VK E€ETg,Vien, (59)
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and terminate the Algorithm. Otherwise, go to step 2. In this work, we
terminate the algorithm if the maximum number of iterations I}, is reached
or the criterion

+1,0 +1,0-1
e ) i
) )
[pm 1| Pt ‘CTH,I
(60)
n H@imHJ _ @Zn—i-l,l—l
> <e
= fer
- K2
is fullfilled. In previous equation [|-]| is the L?({2) norm and ¢ is a given

tolerance.

4 Numerical results

In this section, we provide two numerical examples. In both examples, the com-
putation domain {2 is a square domain of size 50 x50 meters with porosity ¢ = 0.2
and isotropic permeability K = k£ = 9.87 x 10~!® m?, i.e., 10 mD. Moreover,
we use a triangular mesh with 2 x 20 x 20 elements, i.e., total 400 elements are
used. The final time in both examples is g, = 150 days. The € tolerance is set
to e = 1078, and the maximum number of inner iterations is set to lmax = 30.
For the computation, a computer with Intel(R) Core(TM) i7-8700 (3.20GHz)
processor was used.

4.1 Example 1: C; injection

In the first example, we simulate the injection of methane (C;) into a horizontal
(i.e., no gravity) reservoir. The reservoir is initially filled with with a mixture
of 95 % propane and 5 % methane at a constant pressure p = 6.9 MPa and
temperature T = 311 K. The mixture with 95 % of the methane is injected
at the right bottom corner. The rate of the injection is 125.33 m? per day at
atmospheric pressure and temperature 293 K. In Table 1, the parameters for the
Peng-Robinson equation of state are presented. The binary interaction coefficient
is ¢, —c, = 0.0365. The boundary of the domain is impermeable except for the
outflow corner where pressure p = 6.9 MPa is maintained. The time step was
set to At = 3000 seconds. In Figure 1, the iso-lines of methane mole fraction at
different times are depicted. The values are from 0.05 to 0.95 with a step size
0.1. Moreover, in Figure 1, the two-phase region is depicted in the black color.
The total computation time was 2.5 hours.

4.2 Example 2: CO; injection

In the second example, we simulate the injection of carbon dioxide (COs) into
a vertical (i.e., with gravity) reservoir. The reservoir is initially filled with pure
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propane at a constant pressure p = 5 MPa and temperature T'= 311 K. The CO»
is injected at the right bottom corner. The rate of the injection is 125.33 m? per
day at atmospheric pressure and temperature 293 K. In Table 1, the parameters
for the Peng-Robinson equation of state are presented. The binary interaction
coeflicient is d¢,—c, = 0.15. The boundary of the domain is impermeable ex-
cept for the outflow corner where pressure p = 5 MPa is maintained. To reach
convergence, the time step had to be decreased to At = 500 seconds and the
maximum number of iteration increased to l,.x = 50. In Figure 2, the iso-lines
of carbon dioxide mole fraction at different times are depicted. The values are
from 0.05 to 0.95 with step size 0.1. Moreover, in Figure 2, the two-phase region
is depicted in the black color. The total computation time was approximately
24 hours.

component|Terit [K]|Perst [MPa]|w [-] [M [g mol™']|Vers [m® kg™

Cy 190.56 4.599  ]0.011 16.0 6.10639 x 10~3

Cs 369.83 4.248 |0.153| 44.096 |4.53554 x 1073

COy 304.14 | 7.375 |0.239]  44.0  [2.13589 x 107
Table 1. Component properties.

30
y (m)
201

0 40 50

) 50 0 10

W y
20 30 20 3
x (m) ® x (m) x (m)

d) 100 days e) 125 days f) 150 days

Fig. 1. The iso-lines of methane mole fraction in different times. The values are from
0.05 to 0.95 with step size 0.1. The two-phase area is depicted in the black color.
Example 1: C; injection.
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Fig. 2. The iso-lines of carbon dioxide mole fraction in different times. The values are
from 0.05 to 0.95 with step size 0.1. The two-phase area is depicted in the black color.
Example 2: CO2 injection.

5 Conclusion

In this paper, we presented a new numerical solution of multi-phase composi-
tional flow in a porous medium. The numerical solution is based on mixed-hybrid
finite element method and a novel iterative IMPEC scheme. Unlike in tradition
solvers, the local thermodynamical behaviour is determined by the phase equilib-
rium computation in the VT'N-specification. Using this specification, unpleasant
properties such as non-uniqueness of the equilibrium states are avoided. We pro-
vided two examples showing the performance of the numerical scheme. In the
second example, the time step has to be significantly decreased to reach conver-
gence. Investigation of this phenomenon is our current research.
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