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Abstract. The problem of fitting multidimensional reduced data M,
is discussed here. The unknown interpolation knots 7 are replaced by
optimal knots which minimize a highly non-linear multivariable function
Jo. The numerical scheme called Leap-Frog Algorithm is used to compute
such optimal knots for [Jy via the iterative procedure based in each step
on single variable optimization of jo(k’i). The discussion on conditions
enforcing unimodality of each jo(k’i) is also supplemented by illustrative
examples both referring to the generic case of Leap-Frog. The latter forms
a new insight on fitting reduced data and modelling interpolants of M,,.
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1 Introduction

In this work the problem of interpolating n points M,, = {z;}7, in arbitrary
Euclidean space E™ is addressed. The corresponding knots 7T = {t;}1, are
assumed to be unknown. The class of fitting functions (curves) Z considered in
this paper represents piecewise C? curves v : [0,T] — E™ satisfying v(t;) = ¢;
and Y(tg) = 4(T) = 0. It is also assumed that v € T is at least of class C!
over Tt = {t; ;L:_ll and extends to C?([t;,t;41]). Additionally, the unknown
internal knots Tip; are allowed to vary subject to t; < t;41, fori =0,1,...,n—1
(here to = 0 and t, = T'). Such knots are called admissible and choosing them
according to some adopted criterion permits to control and model the trajectory
of «v. One of such criterion might focus on minimizing “average acceleration” of
~. In fact, for a given choice of fixed knots 7, the task of minimizing

T = JRRGIUIR W
i=0 7t

(over T) yields a unique optimal curve 7y, € Z forming a natural cubic spline
vns - see [1] or [8]. Consequently, letting the internal knots 7.+ to change,
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minimizing Jr over Z reduces into searching for an optimal natural spline yyg
with 7;,: treated as free variables. Thus by [1], having recalled that yyg is
uniquely determined by 7, minimizing J7 amounts to optimizing a highly non-
linear function Jy in n — 1 variables T;,; satisfying ¢; < t;11 (see [3]). Due to the
high non-linearity of Jy the majority of numerical schemes applied to optimize Jy
lead to numerical difficulties (see e.g. [3]). Similarly, the analysis of critical points
of Jy forms a complicated task. To alleviate the latter, a Leap-Frog can be applied
to deal with Jy - see [2] or [3]. This scheme minimizes Jy with iterative sequence
of single variable overlapping optimizations of J(()k’l) subject to t; < t;41.

The novelty of this work refers to the generic case of Leap-Frog (recursively
applied over each internal snapshots). The analysis establishing sufficient condi-
tions for unimodality of Jék’l) is conducted here. Numerical tests and illustrative
examples supplement the latter. The discussion covers first a special case of data
(see Section 4) extended next to its perturbation (see Section 5 and Th. 1). More
information on numerical performance of Leap-Frog and comparison tests with
two standard numerical optimization schemes can be found in [2], [3] or recently
published [6]. Some applications of Leap-Frog optimization scheme used also as
a modelling and simulation tool are discussed in [9], [10] or [11].

2 Preliminaries

Recall (see [1]) that a cubic spline interpolant 'y%’ = Y¢{4s.4:,1), for a given
admissible knots T = (to,t1,-..,tn_1,tn) is defined as 77@ (t) =c1i+coi(t —
ti)+637Z‘(t—ti)2+64,i(t—ti)3, (fOI‘ te [ti, ti+2}) to satisfy (fOI‘ 1=0,1,2,...,n—1;
¢ji € R™, where j = 1,2,3,4) 7%‘ (tivk) = ipr and 7$ (tivk) = Vitr, for
k = 0,1 with the velocities vy, v1,...,V,_1,v, € R"™ assumed to be temporarily
free parameters (if unknown). The coefficients ¢;; read (with At; =t,41 — t;):

Ci,i = Ty, Coi = Ui,
) L _9Tip1—® @ip—mi)
c o v; + Vi+1 2 At; ¢ B At; Vs e At (2)
4,9 — 3.4 — T Az T G4 i .
? (Atl)z K ? Atl K2 ?

The latter follows from Newton’s divided differences formula (see e.g. [1, Chap.1]).
Adding n —1 constraints "#“1 (t;) = 770-7 (t;) for continuity of ¥ at @1, ..., Tn_1
(with i =1,2,...,n — 1) leads by (2) (for ’yf,q) to the m tridiagonal linear sys-
tems (strictly diagonally dominant) of n — 1 equations in n + 1 vector unknowns
representing velocities at M i.e. vy, v1,v2,...,Vp_1,0, € R™:

Vi1 Aty + 20 (A1 + Aty) + v 1 Aty = b,

Li —Ti—1 Lit1 — Ly
(i) Both vy and v,, (if unknown) can be e.g. calculated from ag = 5% (0) = a,, =
4£(T.) = 0 combined with (2) (this yields a natural cubic spline interpolant v
- a special ¥%) which supplements (3) with two missing vector linear equations:

1 — Zo Tp — Tp—1
Up_1 + 2v, =3

2 = _. 4
Vo + U1 3 Ato ) Atn—l ( )
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The resulting m linear systems, each of size n+1xn+1, (based on (3) and (4)) as
strictly row diagonally dominant result in one vector solution vg, v1,...,vVp—1,Vp
(solved e.g. by Gauss elimination without pivoting - see [1, Chap. 4]), which when
fed into (2) determines explicitly a natural cubic spline v35 (with fixed 7). A
similar approach follows for arbitrary a¢ and a,,.
(i1) If both vy and v, are given then the so-called complete spline 776:8 can be
found with vy, ...v,_1 determined solely by (3).
(i4i) If one of vy or vy, is unknown it can be compensated by setting the respective
terminal acceleration e.g. to 0. The above scheme relies on solving (3) with one
equation from (4). Such splines are denoted here by 7 or v7°. Two non-generic
cases of Leap-Frog optimizations deal with the latter - omitted in this paper.
By (1) Jr(vF%) = 43070 (lles.i |2 At; + 3]|ca||2(At:)? + 3(cs ilea i) (At:)?)
which ultimately reformulates into (see [2]):

n—1
—1
Tr(7*) =4) (W(—3H$i+1 — ail|® + 3(vi + vipa|zipa — zi) At
1=0
—(losll* + flvig* + <Ui|Ui+1>)(Atz')2) . (5)

As mentioned before for fixed knots T, the natural spline 7S minimizes (1)
(see [1]). Thus upon relaxing the internal knots T, the original infinite di-
mensional optimization (1) reduces itself into finding the corresponding optimal
knots (tP, 5P, .. t%")) for (5) (viewed from now on as a multivariable func-
tion Jo(t1,ta,...,tn_1)) subject to tg = 0 < t5P* <" < ... <t < t, =T.
Such reformulated non-linear optimization task (5) transformed into minimizing
Jo(Tint) (here tg = 0 and t,, = T) forms a difficult task for critical points exam-
ination as well as for the numerical computations. The analysis addressing the
non-linearity of Jy and comparisons between different numerical methods used
to optimize Jy are discussed in [2], [3] or [6]. One of the computationally feasible
schemes handling (5) turns out to be a Leap-Frog (for its 2D analogue for image
noise removal see also [11] or in other contexts see e.g. [9] or [10]). For optimizing
Jo this scheme is based on the sequence of single variable iterative optimization
which in k-th iteration minimizes:

ool
ki T ECS 12
6 = [P ()
t’i‘yfl
over [F=1 =[th || tf;ll}. Here ¢; is set to be a free variable s;. The complete spline
7/?29 : IF71 5 E™ is determined by {tF |, s,tf:ll}, both velocities {vF |, vfﬂfll

and the interpolation points {z;—1, x;, z;+1}. Once sfpt is found one updates tf‘l

with ¥ = 77" and v} " with the vf = 3C¥(s{”"). Next we pass to the shifted

overlapped sub-interval I¥, | = [tF, t¥.}] and repeat the previous step of updating

tf;ll. Note that both cases [0, 5] and [t 1, T] rely on splines discussed in (%),
where the vanishing acceleration replaces one of the velocities v~ or v#~1. Once

k=1 is changed over the last sub-interval I¥=1 = [tk_, T7 the k-th iteration
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is terminated and the next local optimization over I¥ = [0,t5] represents the

beginning of the (k 4 1)-st iteration of Leap-Frog Algorithm. The initialization

of Tint for Leap-Frog can follow normalized cumulative chord parameterization

(see e.g. [8]) which sets tJ = 0,t9,...,tk_, 1% = T according to tJ = 0 and
. - -1

91 = |l@wiy1 — xl||% +t9, fori =0,1,...,n—land T'= 1" |lzis1 — x|

3 Generic Middle Case: Initial and Last Velocities Given

Assume that for internal points x;, z;41, zj40 € E™ (for i = 1,2,...,n — 3 and
n > 3) the interpolation knots ¢; and t;1o with the velocities v;, v;y2 € R™
are somehow given (e.g. by previous Leap-Frog iteration outlined in Section 2).
We construct now a C? piecewise cubic (a complete spline - see Section 2),
depending on varying t;y1 € (t;,ti+2) (temporarily free variable). The curve
¢ [ty tir2] = E™ (i.e. a cubic on each [t;,¢;41] and [t;41,t12]) satisfies:

Vi(tirs) = xiy, §=0,1,25 Fi(tivs) =vigj, j=0,2. (7)

Letting ¢; : [t;, tit2] — [0,1

|, ¢i(t) = (t — t;)(tiza — t;)~ = s the curve 7¢ :
[0,1] — E™ (with ¢ = ¢ o ¢; 1)

by (7) satisfies, for 0 < s;11 = ¢;(ti+1) < 1:
Yi0) =i, A (sit1) = zit1, (1) =>ig2, (8)

with the adjusted initial and the last velocities v;, v;412 € R™ fulfilling:

i = A8 (0) = (tigo — t)v; ,  Diva = 7¢ (1) = (fizo — t:)vita - 9)

To reformulate &; define two cubics 7! Are satisfying (with s;411 € (0,1))

7

7¢ = Fte (over [0, si11]) and 4§ = A7¢ (over [sit1,1]) with ¢;j,d;; € E™:

Ale(s) = cio 4+ cin(s — siv1) + cin(s — sip1) + ciz(s — 5i41)°
Are(s) = dip + din (5 — si41) + dia(s — 5i41)% + diz(s — si41)° (10)

Since 4¢ is a complete spline the following constraints hold:
FEO0) =i, F(si41) = (si41) = Tiz1, (1) = Tiya (11)

VO =0, A1) =Tiga (12)
together with two C! and C? smoothness constraints at s = s;41:

’ "

A (si41) = A7 (841) Y (si41) = (si41) - (13)

As derivative is invariant, upon shifting the coordinates origin in E™ to z;1 we
have for i‘i+1 = 0, JNCZ =T; — Tj41 and ZEH_Q = Tij4+2 — Tj+1 (by (11))2

) =Zi s H(sip1) =F(si41) =0, F(1) = Tiya . (14)

Both (10) and Tit1 = 0 yield ¢;o = djo = 0. Next (13) with ’N}/ZI-C,(S) = ¢j1 +
2¢i2(s — 8i41) + 3cis(s — si41)?, 7€ (8) = dit + 2dia(s — si1) + 3diz(s — si1)?,
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" (s) = 2eia + 6ciz(s — sip1) and 7 (s) = 2dip + 6diz(s — si41), leads to

1
¢;1 = d;1 and ¢;9 = d;o. Hence one obtains:

Fl(s) = cir(s — sit1) + cin(s — sip1)> + ciz(s — si01)?

S rc

F7°(s) = cin(s — siv1) + cia(s — sip1)? + diz(s — si41)> . (15)

The unknown vectors ¢;1, ¢;2, ¢;3, d;3 in (15) follow from four linear vector equa-
tions obtained from (12) and (14) (i.e. with data M; = {Z;, i12, Vi, Viya}):

2 3
Tj = —Ci18i+1 T Ci2Sj41 — Ci3Si11 »
Tipo = cin (1= si41) + cin(1 = si41)* + diz(1 — s341)°
~ 2
Uy = €1 — 2Ci2841 + 3¢i3871 1
- 2
Vi42 = Ci1 + 281'2(1 - 5i+1) + Sdlg(l - $i+1) . (16)

Upon invoking the Mathematica function Solve to handle (16) one arrives at:

~ 2 - 3 - 2 -~ 3 - - -
—8i+10; + 257,‘+1Ui — Si410i — Sip1Vit2 + Sit1Vit2 — 3%; + 65,412

Cil = —
2(81_},.1 — 1)81'_;'_1
2 2 A
=385, 1T + 387, 1Tiq2
- )
2(sit1 — 1)sit1
~ 2 ~ ~ 2 ~ ~ ~ ~
‘ Si+1V; — 8541V — Si+1Vi42 + Sit1Vi+2 + 3.131' — 381‘4_133,‘ + 38i+1l‘i+2
2 = )
(sit1 — 1)sit1
~ ~ 3 ~ ~ 2 ~ ~ ~ ~
. Si+1(’Ui + 21‘1') — Si+1(vi — Ui+2) — Si+1(1}i+2 + 3x; — 3$i+2) +z;
i3 — )
2(sit1 — 1)s74,
g *,+22 5. _ g3 U; + 28;.110; — 352, .. +3 7 — 3%,
d Si41V; Si_t,_lvz Sz'_t,_lvz Si+1Vi42 Sit1Vi+2 Si+1Vi+2 L
i3 = T

2(si41 — 1)38541

7 68;+1%; — 3Si+1$i —48;+1Ti42 + 38i+1$,‘+2
2(si41 — 1)3si41

; (17)

which satisfy (as functions in s;,;) the system (16). Next, since [/ (s)||? =

A|eia]|? + 24(cio]cis) (s — sit1) + 36| cial|? (s — si1)? and 777 ()]|? = 4|es2]? +
24(cio|d;3) (s — sip1) + 36||di3||*(s — s5441)? the formula for & reads as

~ Sit1 " 1 1"
Gl = [ I )P+ [ o) Pds = Bt I
0 s

i+1

where It = 4(||ciz||®sis1 — 3(ciz|ciz)s?q + 3l|cis||?s3, 1) and o = 4(|Jei2 (1 —
SZ‘+1) +3<Ci2|di3>(1 — Si+1>2 +3||d23||2(1 — Si+1>3). Combining the latter with (17)
(upon applying Nintegrate and FullSimplify from Mathematica Package) yields:
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Ei(si41) =
T T IR i = 170+ B) s (605

551 ([Tis2 P (si41 — 4)(si41 — 1)?si41 + 3] Figa [ *si11 (Bsis1 — 4)

Tl (541 — 1)3(si901 4+ 3) — 2(si41 — 1)35541 (4] Dig2)

+6(2+ (sit1 — 2)s71) (BilZs) — 6(sit1 — 1)%si41 (il Faya) — 6(si41 — 1) (Diy2|T2)
+6(si41 — 2)(si41 — D)sipr1 (Digelita) — 18(sip1 — 1)*(Fi[Zi12)))) - (18)
Upon substituting for Z; 15 = x;40 — ;41 and &; = x; — ;41 one can reformulate

(18) (and thus (19)) in terms of each data x;, xi11,zi12 € E™. Mathematica
symbolic differentiation and FullSimplify function applied to &; yields: £/(s;4+1) =

-3

(siv1 — 1)siy,

—lBisal?(sivr — 1)*siq + 3|1 Fir2l®si1 (25501 — 3)

F2(si1 — D2+ i) (3] F0) — 2(si41 — 1)s741 (3] Fig2)

—2(sip1 — 1) sip1(Digal i) + 2(sip1 — 3)(sip1 — 1)s3 1 (DialFira)

—6(si41 — 1?5011 (285401 — 1)(Zi|Zi42))) - (19)
By (19) €/(si+1) = (=1/((si41 — 1)*st 1)) Ni(8i41), where Ni(si41) is a polyno-
mial of degree 6 (use here e.g. Mathematica functions Factor and CoefficientList)
Ni(sit1) = b + bisirr + bhs7yq + Ohs?yy + bisiy + 5s?yy + bgsy, 1, where

b bi

BlIZll* (si41 = 1M1+ 28511) + siga (|10:[1* (si41 = 1) i1

3 = 3 3 = —6]|Z;||” + 4(5;];) |

b B B L B 5 o

32 = [|5l1? = 6[|Z:)1* — 14(0] &) — 2(TigalFs) + 6(F;|Tis2)

b 5 5 o B B o

§3 = —4)|5]|* 4 24| %> + 16(0;|Z:) + 8(Dita|Fs) — 24(T;i|Tis2)

b B B ~ 5 . o

34 = 6|Til1> — [|Bi2ll® — 2L0|E: 1> — I Fipall® — 4(0:|Zs) — 2(0i] Fito)
—12(0i2|%;) + 6(Viv2|Tiv2) + 30(ZTilzit2) |

bt 5 5 5 B o o

55 = —4)5]1> + 2| Tiga|® + 6| [1* + 6]|Zizall® — 4(5:]F;) + 40| Fit2))
+8(Via|Ti) — 8(Uita|Tiva) — 12(Zs|Tit2) ,

b B B o o 5 B B B

§6 = [|Til1? = [|Bipall® + 2(0:|:) — 2(0i|Ziz2) — 2(Tiva|Ti) + 2(TigalTisa) -

In a search for a global optimum of &;, instead of using any optimization scheme
relying on initial guess, one can apply Mathematica Package Solve which finds all
roots (real and complex). Indeed upon computing the roots of N;(s;11) one se-
lects only these from (0, 1). Next we evaluate & on each critical point st e (0,1)
and choose sfff with minimal energy as optimal. This feature is particularly use-
ful in implementation of Leap-Frog as opposed to the optimization of the initial

energy (5) depending on n — 1 unknown knots.
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4 Special Conditions for Leap-Frog Generic Case

Assume Ty, Ti41, Ti42 € E™ with 9;, 0,40 € R™ satisfy now the extra constraints:

U = Viy2 , Tiyo — T = U = Ujg2 - (20)
By (20) we get [[Oi42]® = |0]]> = (0il0ir2) = |Zirall® + |7l — 2(Z:|Ti12),
(Ziloi) = (@i|Oig2) = (EilTive) — 121> and (Ziy2|0i) = (Tiralliya) = [[Tivall® —

(%;|%i42). Substituting the above into (19) (or into &£F) yields EF(si+1) =

C3(1Ea )P (i1 — D 4 siga ([Tl sit1 — 2(si41 — 1) (Ti|Ti12)))
(8i41 — 1)35?+1

(21)

and hence £ (s;11) =
3
(Si41 — 1)45;’:—1
81 (| Zir2lPsiv1 (4si1 — 1) = 4(1 = Bsip1 + 257,1) (Tl Tiy2))) - (22)

(1 l1* (sig1 — 1)*(4si11 — 3)

The numerator of (22) forms now a polynomial of degree 3 (instead of degree 6
as in (19)) Nf(sit1) = by + biesip1 + by s? 4 + biys?, |, where:

bie . bie . L

30 = -3)|* <0, é = 205)|%|* — 2(&:|Fit2)) ,

% = —11|& ||* = [|Zigall® + 12(&:] Fit2) = 5(|Zigal® — 1Z:]1?) — 6] Fir2 — il
bie N N o N N

% = 4] Zi|1* + 4l|Ziv2? — 8(FilFira) = 4| Tive — Ti[* 2 0.

For £f to be unimodal over (0,1) one needs N¢(s;;1) with a single root in (0,1).
(i) Note that if #;1o = &; then Nf(s;41) = —9||%; || + 18s,41|%;||* has exactly
one root §;11 = 1/2 € (0,1). By (20) we have 9;42 = 9; = 0.

(#i) We assume now that &; o # Z; then NF(s;41) becomes a cubic. We find now
the conditions for which Nf has exactly one root over (0,1). For the latter as
NE(0) = —9]|7;]12 < 0 and NF(1) = 9||Zi42* > 0 by Intermediate Value Th. it
suffices to show that either N (s;41) = cif + ciesiy1 + cécstr1 > 0 (over (0,1))
or that the derivative N¢ has exactly one root @;4; € (0,1) (i.e. N¢ has exactly
one max/min/saddle at ;1) and thus Nf(s;41) = 0 yields exactly single root
$i+1 € (0,1) - note that if 8,11 = @;41 then 4,41 is a saddle point of Nf. Here a
quadratic NE€ (si41) (as Zipo # &) has coefficients (cff /6) = 5|Z |2 — 2(%i| s 2),
(c°/6) = 5(|Zi2l1” — |7:]1?) — 6l|Ziv2 — &4l|*, and (c5 /6) = 6]|TFir2 — &4[* > 0.

The discriminant A of the quadratic N¢ (s;41)/6 reads as:
A= |2t + 121" — 98] Foral*N2il|* + 24(Fil Eivo) | Tivo + 2> . (23)
Define now two auziliary parameters (A, pu) € 2= (Ry x [-1,1]) \ {(1,1)}:

1Zill = MZigall s, (@ilTiv2) = pllZll | 2]l - (24)
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Here p stands for cos(«), where « is the angle between vectors Z; and Z;4o -
hence p = A =1 is excluded as then z;12 = Z;. Note, however that as analyzed
in case (i) when Z;;o = Z; there is only one optimal parameter §;,1 = 1/2
- thus (p,A\) = (1,1) is also admissible. We examine various constraints on
(u, A) # (1,1) (with A > 0 and —1 < p < 1) for the existence of either no roots
or one root of N¢ = 0 over [0,1] (yielding single critical point of E¢ over (0,1)).
1. A < 0. Since ¢ > 0, clearly the following N¢ > 0 holds over (0,1).
Substituting (24) into (23) yields (for A = (A/||Zi2l|*)) AN, ) = X*+24p03 +
(4812 — 98)A? + 24 + 1. In order to decompose {2 into sub-regions £2_ (with
A < 0), 24 (with A > 0) and Iy (with A = 0) we resort to Mathematica
functions InequalityPlot, ImplicitPlot and Solve. Fig. 1(a) shows the resulting
decomposition and Fig. 1(b) shows its magnification for A small. The intersection
points of I'y and boundary 942 (found by Solve) read: for = 1 it is a point (1,1)
(already excluded - see dotted point in Fig. 1) and for u = —1 we have two points
(=1, (1/(13 + 2V/42))) ~ (—1,0.0385186) or (—1,13 + 2v/42) ~ (—1, 25.9615).

Fig. 1. Decomposition of {2 into sub-regions: (a) over which A > 0 (i.e. £24), A =0
(i.e. Iv) or A <0 (ie. £2_), (b) only for A small.

The admissible subset 2, C {2 of parameters (u, \) (for which there is one
local minimum of EF) satisfies 2 C 2. The set to 2\ 2_ is a potential
exclusion zone 2., C 2\ {2_. Next we shrink an exclusion zone (2., C {?
(subset of shaded region in Fig. 1).

2. A = 0. There is only one root ad, , € R for N (siy1) = 0. As explained,
irrespectively whether 4, € (0,1) or 49, ; ¢ (0,1) this results in exactly one
root ;41 € (0,1) of Nf(s;1+1) = 0, which in turn yields exactly one local (thus
one global) minimum for gf Hence 2_ U Iy C 2.

3. A > 0. There are two different roots 12?:_1 € R of Nf'(sﬂ_l) = 0. Note that
since ¢y > 0 we have ;. 11 < ﬁ;rH. They are either (in all cases we use Vieta’s
formulas):

(a) of opposite signs: i.e. (cff/céc) <Oor

(b) non-positive: i.e. (ci/cy) >0 and (—cy°/cy) < 0 (as d4;,, < 4f,) or
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(¢) non-negative: i.e. (ci /ck) >0 and (—cl/ck) > 0 - split into:
(c1) af, > 1:ie.
(c2) 0 <@, <1 (as here 4, < @)
Evidently for a), b) and 1) there is up to one root i1 € (0,1) of N (s441) =
0. Therefore as already explained there is only one root §;41 € (0,1) of Nf(sj41) =
0, which is the unique critical point of gf over (0,1). We show now that the in-
equalities from a) or b) or ¢) extend (contract) the admissible (exclusion) zone
01 (£2e) of parameters (i, A) € £2. Indeed:
a) the constraint (cly /ci) < 0 upon using (24) reads (as A > 0):
5A% —2u\ < 0 EA<%“. (25)
Fig. 2 a) shows §2; (over which (25) holds) cut out from the exclusion zone (2,
of parameters (u, A) € §2 (again InequalityPlot is used here).

Fig. 2. Extension of admissible zone 2,5 by cutting out from 2c.: (a) 21, (b) 2.

Thus 2_ U Iy U2y C 24 The intersection It N 92 = {(0,0),(1,0.4)}
(here I = {(u, A) € 2 : 5\ — 2u = 0}). Similarly the intersection Iy NI} =
{(5/(2v/19),1/v19)} ~ (0.573539,0.229416) = p;.

b) the constraints (ci/cy’) > 0 and (—cj*/cy) < 0 combined with (24) yield:

Az%“ and 11\* —12uA+1<0. (26)
Using ImplicitPlot and InequalityPlot we find 25 (cut out from (2.,) as the
intersection of three sets defined by (26) and A > 0 (for {22 see Fig. 2 a-b)).
Thus 2_ UTyU 2 U2 C 2, (see Fig. 2 b)). Note that for I = {(u, ) € £2:
1A% — 12p\ + 1 = 0} the sets Ty N I = {(5/(2v/19),1/v/19), (1, 1)}, 1 N1 =
{(5/(2v/19),1/v/19)}}, and intersection of I'; with the boundary p = 1 yields
{(1,1),(1,1/11)}} (use e.g. Solve in Mathematica).

c1) (c/cy) >0, (—ci¢/c) > 0 and uf,; > 1 with (24) yield

2
)\2%7 TIN2 = 12uA+1>0, VA>A2—12u\+11. (27)
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Fig. 3. Extension of admissible zone (2,5 by cutting out from 2c.: (a) 23, (b) £24.

The last inequality in (27) is clearly satisfied for A2 — 12u\ + 11 < 0.
This holds over 25 = 23 U 24 U I} g’ which is the domain bounded by I35 =
{(p,\) € 2 : A2 — 12p\ + 11 = 0} and the boundary u = 1 (see Fig. 3 a)).
Here I3 N 9N = {(1,1),(1,11)} and I3 N Iy = {(1,1),(5/(2v/19),V19)} =~
{(1,1),(0.573539,4.3589)} - again we resort here to InequalityPlot, Implicit-
Plot and Solve functions in Mathematica. Intersecting {25 with three subsets
defined by the first two inequalities from (27) and A > 0 yields cutting {25
from the exclusion zone (2., (see Fig. 3 a)), where 23 is bounded by I,
undashed I3 and the boundary g = 1. Thus 2_ U Iy U 21 U 25 U 23 C
1. For the opposite case A2 — 12u\ + 11 > 0 (satisfied over §2 \ £25) the
last inequality from (27) yields 25 = 26 U £2; U I's with the bounding curve
Iy = {(g,\) € 2 :A— (A —12u\ + 11)% = 0} (see Fig. 3 b)) - here 2
is bounded by I'}, I't and 92 and (2; is bounded by I', I'} and 942). The
intersection of Iy with boundary p = 1 yields single point {(1,5/2)}. Since
ToNnIsn Ty = {(5/(2v/19),v/19)} ~ {(0.573539,4.3589)} = p, the intersection
of 25 with the regions defined by first two inequalities in (27) (and by A > 0
and A% — 12\ + 11 > 0) leads to the further cut out of 2 U’} UT in the zone
Qi’_ C 2¢;. The inclusion 2_ U Ty U2 U2 U 23U QU UL C 2 follows.

5 Perturbed Special Case

Assume now that for data points {Z;, Z; 11, Z; 2} and velocities {¥;, U;42} condi-
tion (20) is not met. For the perturbation vector § = (1, 3d) € R®*™ we attempt
to extend the results for (20) to its perturbed form (28). Indeed let (d1, 2):

Tiyo — Ti — Vigo = 01, Vipn — Uy = 02, (28)

with £ derived as in (18). Of course, for §; = d2 = 0 € R™ (28) collapses to
(20) (i.e. with the notation £ = £¢ derived for (20)). To obtain formulas for £
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and £ we resort to (by (28)):

[Big2ll® = 1Zirall® + 121 — 2(Fi|Zit2) — 2(Firaldr) + 2(Z:l61) + (|21 ,
(Oigal @) = (il Tiga) — | Zll” — (2i]61)
(UigalTire) = |1Zitall® = (FilTisa) — (Fitaldr)
[9:)1* = Zarall® + 1Z:]1% — 2(F:|Zir2) + [02]1 + 102]1* + 2(61162)

—2(Zi42[01) — 2(Tit2l02) + 2(Ti[01) + 2(Ti[02) ,

(0il0ir2) = 1Zigall® + |1Zl|* — 2(ZilTiva) — 2(Tiraldr) + 2(F:]61) — (Tiya|d2)
+(Z;]02) + [161]|” + (61162

(Ta|03) = (Zil Tiya) — 181> — (F]61) — (Z4]62)
(Tiya|Us) = |Zirall® — (EilZire) — (Firald1) — (Firalba)

leading by (18) to (with FullSimplify, Factor and CoefficientList): £ (si11) =

1 5 -~
P p— BlIEl*(si41 — 1)>(1 + Bsiv1) + si1 (—6((Ti|Tipa)
i+1(Si

—(&il61) = (il 62) — [1Ti]1) + si1 (—18(Zi| Tiga) (541 — 1)°

—6((Zil Tir2) — (Til01) = Zill*)(si1 — 1)° + 6(—(Ti| Tir2) — (Tisalor)

| Zival) (si1 = 2)(si41 = Vi1 — 6(—(Zi|Zisa) — (Fisa|01)

—(Ziyalda) + [[Tigall®) (s41 — 1)%sip1 + (—2(&|Eig2) + 2(%:[61)

—=2(Zit2l61) + |1Z:]” + [[Zi2ll? + [6101) (si41 — 4) (841 — 1)?si11
=2(=2(T;[Tiv2) + 2(Til01) + (Zi[02) — 2(wiz2|01) — (Tit2|d1) + (d1/02)
FNEN? + Zir2ll® + 161017) (si41 = 1)Psip1 + (=2(Zi|Zir2) + 2(F4]01)
+2(%i|00) — 2(Tisal01) — 2(Tigald2) + 2(61[62) + [[Zl|* + |Zival® + (|61
H102)1%) (541 = 1)* (3 + si41) + 3||Zir2l*si41(3si41 — 4)

F6((Ti|Tiva) — (Tal01) — (ld2) — [|1Z:]*) (2 + (si41 — 2)5741)))) (29)

yielding & (si11) = M (si+1)/ (8311 (siz1 — 1)%). Here deg(M{) = 6 with the
coefficients (using Mathematica functions Factor and CoefficientList): af)ﬁ =
=312, ay’ = —6(Fi[di10) + 6(Fil01) + 6(Fild2) + 6]\, ay® = 6(F|Fiq) —
24(%;|01) — 18(%;]02) + 6(Ti12|01) + 6(Tiy2]02) — 6(01]02) — 3[|Z4]1> — 3[|Zit2* —
310112 = 31|21, a5° = 2(15(&:61) +9(:]02) = 9(Fi12101) — 6 (Fi2]62) +9(61|02) +

3[161]12 + 4]162)2), af’® = —12(Z;[61) — 6(Zi|02) + 12(Tiy2[01) + 6(Tiq2|d2) —
18(61182) — 3|61]12 — 6]|62]|2, at® = 6(01]65) and a2® = ||62]|2. The deriva-
tive of £9(s;11) reads as £ (si11) = —N?(si41)/ (st 1(siy1 — 1)), where N?

is the 6-th order polynomial in s;1; with the coefficients (e.g. again upon us-
ing symbolic differentiation in Mathematica and functions Factor and Coeffi-
cientList): by’ = —9||Z;[|%, b7 = —12(F;|F40) + 12(F:]01) + 12(F;|82) + 30|24,
b;’[s = 3(12(Z;|%;42) — 18(F;]61) — 16(_5ci|52) + 2(Zi2|01) + 2(Ti42]02) — 2(01|d2) —
VL& = 12201 = (161112 = 192]12), b5° = 3(—8(&:|Fi2) +32(E:|01) +24(:]62) —
8(&i42(01) — 8(Fiy2l02) + 8(01(00) + 4l : |12 + 4| Fsal|? + 4[1 01|12 + 4]162]1%), b7° =
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3(—26(7;]01) —16(%;]02) +14(Zi12]01) +10(Zi+2[02) —12(01|d2) = 5|01 [|* — 6102 ]|?),
by® = 3(8(i4]01) + 4(E:|02) — 8(Fi12l01) — 4(Fiy2(02) +8(01]02) + 2] 6112 + 4] 6212
and b5 = —6(81]65) — 3]|82]|2 .

The following result merging (20) with (28) holds (proof is omitted):

Theorem 1. Assume that for unperturbed data (20) the corresponding energy
EY has exactly one critical point 39 € (0,1) with Y (39) # 0. Then there exists
sufficiently small g > 0 such that for all ||0]| < eo (where § = (61,d2) € RQm) the
perturbed data (28) yzeld the energy 55 with evactly one critical point 33 € (0,1)
(a global minimum 83 of Ef 18 suﬂciczently close to §).

Ezample 1. Consider the planar points Z; = (0,—1), Z;41 = (0,0) and Z;42 =
(1,1) - we set here i = 0. Here cumulative chord parameterization yields §¢ =
1/(v/2+1) = 0.414214. Assume that given velocities @, s (upon adjustment by
some perturbation § = (3, 8) € R*) satisfy both constraints &5 — Zo = 75 4 6 and
@y = @+ 6. The above interpolation points {Z;, #;41, Fi42} for further testing in
this example are assumed to be fixed. Here ||Z¢]|?> = 1, ||Z2||?> = 2, (Zo|T2) = —1
and (u,\) = (=1/v/2,1/4/2) ~ (—0.707107,0.707107) € 2, (with § = 0). The
unperturbed energy with oo = 99 = (1,2) (see also (21) or (29) with 6 = 0 and
non-perturbed data satisfying (20)) amounts to: £J(s) = —3(1 + 5(5s — 4))((s —
1)35%)~1. which yields a global minimum &g (0. 433436) = 41.6487 (see Fig. 4). As
here (p, \) = (=1/v/2,1/V/2) € (201 and thus £Y has exactly one critical point
30 € (0,1). One can show that )" # 0 at any critical point 3y of ). Hence the
assumptions from Th. 1 are clearly satisfied.
We add now the perturbation § = (2, —3) and § = (—1,2) (for 0o = (0,3)
and 92 = (—1,5)). The corresponding perturbed energy (see (29)) E(s) = (-3+
s(18 + s(—57 + s(34 + 5(45 + s(5s — 48))))))((s — 1)3s®)~1 is plotted in Fig. 5
with the optimal value § 50 ~ 0.390407 (close to 8¢ as perturbation ¢ is sufficiently
small - here (||d]],]16]]) = (v13,v/5)) and £5(3 ) = 149.082 < E5(55¢) = 150.004

- the convexity of &§ is visibly preserved by & (see Fig. 4 and Fig. 5).

1000
2000
40000 200
1500
20000 = s 0E
s00 1000
07 oe s

ZUUUUL m1op0 500

-40000

(a) (b) | (c)

Fig. 4. The graph of & for &) = (0,-1), Z2 = (1,1), 9o = v2 = (1,2) (a) over (0, 1),
(b) close to unique root o &~ 0.433 # §7° = 1/(ﬂ + 1) = 0.414, (c) the graph of &£5.

For a large perturbation § = (16,7) and 6 = (—10,5) (for & = (=5, —10)
and ¥ = (—15,-5)) the corresponding perturbed energy (see (29) and use
Simplify in Mathematica) £3(s) = (=3 + s(—60 + s(—189 + s(—74 + 55(5s —
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0.2 0.4 0.6 0.8 0.35 ~——bt 0.45 0.5

a) (b)

Fig.5. The graHh of ég for 2o = (0,-1), Z2 = (1,1), 90 = (0,3), 92 = (—1,5),
5 =(2,-3) and & = (—1,2) (a) over (0,1), (b) close to its unique min. 5§ = 0.390 #
5§¢=1/(vV2+1) = 0.414.

21)(55—9)))))((s —1)3s%) ! is plotted in Fig. 6 a) with the unique optimal value
30 ~ 0.432069 for which £§(8]) = 3229.81 < ££(55¢) = 3236.5 - the convexity of
g‘g is here visibly also preserved by ég (even for such a quite large perturbation
6 - here (]|3, [|6]]) = (125,305)). Note also that though cumulative chord 8¢ is
now farther away from a global minimum 89, it is still in its potential basin.
We add now very large § = (=25, —17) and 6 = (—6,20) (for 7y = (32, —1)
and @ = (26,19)). The perturbed energy (see (29)) EJ(s) = (=3 + s(—6 +
s(—3141+25(3145 + s(—1221 — 5705+ 21852)))))((s — 1)?s3) 7! is plotted in Fig.
6 b) with the optimal value 53 ~ 0.948503 for which £§(3)) = 11146 < £5(55¢) =
12667.7 and another local minimum at §} ~ 0.563968 for which £§(54) = 11781.
There is also a local maximum at $,,4, =~ 0.879929 > s{¢ = 1/3 - convexity of
ég is here clearly not preserved by 5~§ (6 is here too large for Th. 1 to hold - here

(1811, 16]1) = (914, 436)) - see also Fig. 4 and Fig. 6. Again the cumulative chord

3§¢ &~ 0.414214 is here in the basin of §} (not of 83) - see Fig. 6 b). O
(a) (b)

) for (a) ©o = (—5,—-10),
5) yielding global min. at
6,19) and a very big § =
0.949 and a local min. at

Fig. 6. The graph of & for & = (0,—1) and z2 = (1,1
%a = (=15,-5) and a big 6 = (=16,7) and § = (—10,
50~ 0432 # s5° ~ 0.414, (b) 5o = (32,—1), 2 = (
(=25,—17) and § = (—6,20) with global min. at 5 ~
50 = 0.564 # s{° ~ 0.414.

Ex. 1 hints that § in Th. 1 can in fact be quite substantial. Thus a local
character of Th. 1 seems to be more a semi-global one.
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6 Conclusions

This work discusses the problem of finding the optimal knots to fit reduced data.
The optimization task (1) is reformulated into (5) (and (18)) to minimize a
highly non-linear multivariable function Jy depending on knots 7;,;. A feasible
numerical scheme to handle (5) is a Leap-Frog. It minimizes iteratively single
variable functions from (6). Generic case of Leap-Frog is addressed to establish
sufficient conditions for unimodality of (18). First, its special case (20) is studied.
Next a perturbed analogue (28) of the latter is addressed. The unimodality of
(21) is shown to be preserved by large perturbations (28). The performance of
Leap-Frog in minimizing (5) against Newton’s and Secant Methods is discussed
in [2], [3] and [6]. Other contexts and applications of Leap-Frog can be found in
[9], [10] or [11]. For more work on fitting M, (sparse or dense) see [4], [5] or [7].
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