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Abstract. In 2020, cancer was responsible for almost 10 million deaths
around the world. There are many treatments to fight against it, such as
chemotherapy, radiation therapy, immunotherapy, and stem cell trans-
plant. Hyperthermia is a new treatment that is under study in clinical
trials. The idea is to raise the tumour temperature to reach its necroses.
Since this is a new treatment, some questions are open, which can be
addressed via computational models. Bioheat porous media models have
been used to simulate this treatment, but each work adopts distinct val-
ues for some parameters, such as the blood velocity, which may impact
the results obtained. In this paper, we carefully perform an uncertainty
quantification analysis due to the uncertainties associated with estimat-
ing blood velocity parameters. The results of the in silico experiments
have shown that considering the uncertainties presented in blood veloc-
ity, it is possible to plan the hyperthermia treatment to ensure that the
entire tumour site reaches the target temperature that kills it.

Keywords: Hyperthermia · Uncertainty Quantification · Porous Media
· Mathematical Modeling · Computational Physiology

1 Introduction

According to the National Cancer Institute (NCI), in 2018, there were 18,1 mil-
lion new cases of cancer registered and 9,5 million deaths worldwide caused by
cancer [3]. As projected in early 2020 by a Brazilian non-governmental organi-
sation, Oncoguia Institute, between 2020 and 2022 Brazil will register a total of
625,000 new cases of cancer per year. Considering all types of cancers, the most
frequents in Brazil are non-melanoma skin cancer (177 thousand cases), breast
and prostate cancer (66 thousand cases each), colon and rectum (41 thousand
cases), lung (30 thousand cases), and stomach (21 thousand cases)[1]. Accord-
ing to the NCI, numerous treatments were created to treat cancer, for example,
chemotherapy, radiation therapy, bone marrow transplant, and hyperthermia
treatment [2].
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The hyperthermia treatment is considered a non-invasive method [16]. The
basic idea of this technique is to increase the temperature of the target above
a threshold aiming to destroy tumour cells. Besides, it is desired to minimise
the damage to healthy tissue. Therefore, a consolidated technique to heat liv-
ing tissues is based on the properties of magnetic nanoparticles. These particles
produce heat when submitted to an alternating magnetic field through Néel
relaxation and/or Brownian motion [17]. Due to biocompatibility, iron oxides
Fe3O4 (magnetite) and γ − Fe2O3 (maghemite) are normally employed to hy-
perthermia treatment [18]. Furthermore, the nanoparticles can reach the target
by the bloodstream or directly in the tumour site [16]. This study focuses on
direct injection due to the facility to handle different tumour sizes and shapes.

In the context of this study, a mathematical model is employed to describe the
behaviour of the tumour temperature over time due to hyperthermia treatment.
Several models were developed and applied to describe the dynamics of heat
in living tissues [14, 13, 21, 26, 25]. Among them, this work employed a porous
media approach described in [14]. This model describes bioheat according to the
properties of the living tissue such as density, specific heat, thermal conductivity,
metabolism, blood temperature and velocity. Concerning blood velocity, the sci-
entific literature describes that cancer growth can stimulate the angiogenesis of
capillaries in the tumour site [9, 33]. Furthermore, it depends on the cancer type,
stage, location and other specificities [12, 33]. So, this study chooses to describe
the blood velocity as a density probability function based on the velocities found
in the scientific literature intending to quantifying their influence on the bioheat
dynamics.

To approach the employed mathematical model, this study uses an explicit
strategy of the finite volume method (FVM) to obtain the numerical solution
of the time-dependent partial differential equation [30, 6]. Moreover, the uncer-
tainty quantification (UQ) technique was employed to quantify the blood velocity
influence in the numerical output. UQ is a technique used to quantify uncertain-
ties in real and computational systems. To incorporate the real variability and
stochastic behaviour in systems, it is used statistical distributions as model in-
puts, with the goal validate and reduce the uncertainties of those parameters.
Besisdes, UQ aims to quantify the influence of the variability in the parameter
to the model output [29, 28, 32]

Several studies adopt the uncertainty quantification technique to propagate
uncertainties of model parameters on both ordinary [4, 24, 22, 15, 23] and par-
tial differential equations [31, 19, 5, 10, 20]. Concerning bioheat models, Fahren-
holtz [7] employed generalised polynomial chaos to quantify the influence of
model parameters of Pennes Bioheat model for planning MR-guided laser-induced
thermal therapies (MRgLITT). Iero [11] also analyse the influence of uncertain-
ties in hyperthermia treatment in patient-specific breast cancer using a modified
version of Pennes model. In our study, we consider the propagation of the un-
certainties related to the blood velocity in porous media and their impacts on a
cancer hyperthermia treatment via magnetic nanoparticles.
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We organise this paper as follows. Section 2 describes the mathematical model
and numerical techniques employed in this study. The results are presented in
section 3 and discussed in section 4. Finally, section 5 presents the conclusions
and plans for future work.

2 Material and Methods

In this study, the porous media equation is used in the representation of bioheat
transference over the tumour cells [14, 25]. Uncertainties in the blood velocity in
the tumour/healthy tissues were considered due to the study presented in [12]
which calculates the velocity of the blood on tumour and healthy tissues. The
values of this parameter are based on a uniform distribution, which randomly
chooses a value in a given interval. The interval used for the blood velocity in
tumour and healthy tissues was defined by the velocity presented in [12].

2.1 Mathematical Model

Let’s consider that the modelled tissue containing the tumour is represented by
an open bounded domain Ω ⊂ R2 and I ∈ (0, tf ] ⊂ R+ is the simulated time.
So, the bioheat model considering a medium porous approach can be defined as:


σ ∂T∂t = ∇ · κ∇T + β

ρbubεcpb
δ (Tb − T ) + (1− ε) (Qm +Qr) , in Ω × I,

κ∇T · ~n = 0, on ∂Ω × I,
T (·, 0) = 37, in Ω,

(1)
where σ = [ρcp(1− ε) + ρbcpbε], κ = (1 − ε)kt + εkb. ρ, cp and kt are density,
specific heat and thermal conductivity of the tissue, respectively. ρb, cpb, kb and
ub are density, specific heat, thermal conductivity and average velocity of the
blood, respectively. ε, δ, β are porosity of the medium, average distance between
the transverse blood vessels and a correction factor, respectively. Tb is the blood
temperature. Qm is the metabolic heat source, Qr heat generated from the hy-
perthermia treatment, T0 is the initial temperature, and the heat generated from
hyperthermia treatment is given by:

Qr(~x) =

n∑
i=1

Aie
−r(~x2

i )/r
2
0,i , (2)

where n is the number of injections, A is maximum heat generation rate, r
(
~x2i
)

is the distance from the injection point and r0 is the radius of coverage of hy-
perthermia. The mathematical model of bioheat transference used was based on
a previous study [25].
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2.2 Numerical Method

The finite volume method was employed to solve Eq. (1) [30]. The domain Ω
∪ ∂Ω is discretized into a set of nodal points defined by S = {(xi, yj); i =
0, .., Nx; j = 0, ..., Ny} with Nx and Ny being the total number of points spaced
with length ∆x and ∆y, respectively. Moreover, the time domain I is partitioned
into N equal time intervals of length ∆t, i.e. tn = n∆t for n ∈ [0, N ]. Finally,
the fluxes at the volumes surfaces for each nodal point were approximated by
a central difference, and, to obtain an explicit method, the forward difference
was employed for the time stepping. These numerical approaches ensure the first-
order accuracy for time and a second-order for space. Thus, Eq. (1) is numerically
computed by:

Tn+1
i,j =

∆t

ρccbε+ ρc(1− ε)
{

[κi+ 1
2 ,j

(Tni+1,j − Tni,j)− κi− 1
2 ,j

(Tni,j − Tni−1,j)]

∆x2
+

[κi,j+ 1
2
(Tni,j+1 − Tni,j)− ki,j− 1

2
(Tni,j − Tni,j−1)]

∆y2

+βi,j
pbubεcb
δi,j

(Tb − T ) + (1− ε)(Qmi,j +Qr)}+ Tni,j

(3)

where the thermal conductivity function is discontinuous, therefor the harmonic
mean κi+ 1

2 ,j
=

2κi,jκi+1,j

κi,j+κi+1,j
is adopted to ensure the flux continuity.

2.3 Uncertainty Quantification

In real-world, uncountable uncertainties are intrinsic to nature. In view of this,
the uncertainty quantification (UQ) is employed for quantitative characterisa-
tion and uncertainties reduction on computational and real world applications,
with the goal to determine how likely outcomes of models which uses stochas-
tic behaviour. With the objective of including stochastic behaviour we employ
UQ via Monte Carlo (MC) simulation [27]. The deterministic model described
in Eq. (1) is solved several times considering the ub parameter as a probability
density function (PDF) to stochastic responses. MC draws samples of the ub and
evaluates the model for each of them. The results are used to provide statistical
properties for the quantities of interest (QoI).

Consider that Y is the model solution for all space and time points. Fur-
thermore, consider one or more uncertain input parameter Q and the known
parameters K:

Y = f(x, y, t, Q,K). (4)

Both Q and K are treated as sets of model parameters, and Y is computed
using FVM described in the prior section. The uncertainty in this problem comes
from the parameters inQ, which are assumed to have a known probability density
function φQ. So, several samples are evaluated considering different values of Q
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according to φQ. Finally, the set of model results Y are used to evaluate the
statistical properties of each QoI.

In this study, we perform the MC simulation aided by Chaospy library [8].
Chaospy is an open-source library designed to be used in the Python program-
ming language, which provides functions for performing uncertainty quantifica-
tion. Through this library, it is possible to create probabilistic distribution and
samples variables to approach numerically the uncertainty quantification [8].

3 Results

This section presents the UQ analysis of temperature dynamics and tissue dam-
age considering ub as a PDF. To perform the UQ analysis we consider 10, 000
Monte Carlo iteration employing ub as a uniform distribution. So, it was evalu-
ated the mean and confidence interval (CI) in two different points on the domain,
(one inside the tumour and another outside) over all time steps. Moreover, we
present the mean of the final temperature distribution in the entire domain.
Finally, it was estimated the amount of necrosis.

The values of parameters used in Eq. (1) to perform the Monte Carlo simu-
lation are given by Table 1, where X ∼ F−1(a, b) is a uniform distribution that
generate a random value between a and b. The values of other parameters were
based on a previous work [25].

Table 1. Model parameters values employed in Eq. (1).

Parameter Description Unit Muscle Tumour

cp Specific heat (J/KgoC) 4200.0 4200.0
cpb Specific heat of blood (J/KgoC) 4200.0 4200.0
kt Thermal conductivity of tissue (W/moC) 0.51 0.56
kb Thermal conductivity of blood (W/moC) 0.64 0.64
p Density (Kg/m) 1000.0 1000.0
pb Density of blood (Kg/m) 1000.0 1000.0
ub Blood velocity (mm/w) X ∼ F−1(1.5, 2.5) X ∼ F−1(1.5, 4)
δ Average distance between blood vessels (mm) 6.0 4.0
ε porosity of the medium - 0.02 0.02
β Correction factor - 0.1 0.1
Qm Metabolic heat source W/m 420.0 4200.0

Two distinct scenarios were considered. The first one (Scenario 1) considers
that magnetic nanoparticles are applied in a single point inside the tumour. The
second scenario (Scenario 2) considers the application of magnetic nanoparticles
in four distinct points. The domain is x ∈ [0.0, 0.1]m and y ∈ [0.0, 0.1]m, with
the tumour located in (x, y) ∈ [0.04, 0.06]× [0.04, 0.06].
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3.1 Scenario 1

In the first scenario, we consider only one injection site in the middle of the
tumour, using the injection parameters given by Table 2.

Table 2. Parameters values for hyperthermia treatment with one injection site.

Position (m) A r0

(0.05, 0.05) 1.9× 106W/m3 3.1× 10−3

0.00 0.02 0.04 0.06 0.08 0.10
x(m)

0.00

0.02

0.04

0.06

0.08

0.10

y(
m
)

37.5

40.0

42.5

45.0

47.5

50.0

52.5

55.0

57.5

Fig. 1. Temperature distribution at t = 5, 000s employing Eq. (3) with a tumour
located in (x, y) ∈ [0.04, 0.06]×[0.04, 0.06] and one injection of nanoparticles as specified
in Table 2. The solid black contour represents the temperature of 43oC, highlighting
the necrosis area.

The solution of Eq. (1) at t = 5, 000s, using the method described by Eq. (3),
is shown in Fig 2. This result shows the steady state temperature distribution.
It is possible to observe an exponential decay in the temperature as the distance
to the injection site increases.
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Fig. 2. Evolution of temperature determined by the Eq. (3) with one injection of
nanoparticles located in the position presented in Table 2. The solid lines represents
the mean temperature, shaded regions represents the 95% confidence interval and the
red dashed line represents the temperature where the necroses occurs. The blue line and
blue shaded represent the temperature of the tumour tissue located on the point x =
0.05m and y = 0.05m. The orange line and orange shaded represent the temperature
of a healthy tissue located on the point x = 0.065m and y = 0.065m.

Fig. 2 presents the temperature evolution in both health and tumour tis-
sues. For health tissue we consider the point seated in (0.065m; 0.065m) and
for tumour tissue a point located at (0.05m; 0.05m). It can be observed that
the temperature inside the tumour is much higher than 43oC, which causes its
necrosis, while the temperature on the health point does not reaches 43oC.

Fig. 3A represents the evolution of tumour tissue necrosis over time. The
percentage of tumour tissue killed due to the hyperthermia was computed con-
sidering all tumour points whose temperature was above 43oC. This figure shows
that up to 100% of the tumour is destroyed by the end of the simulation.

Fig. 3B represents the evolution of healthy tissue necrosis over time. This
value was computed counting the number of healthy cell destroyed by a elevation
of temperature above 43oC. This figure shows that a small number of health
tissue, 3.5%, were damaged due to the hyperthermia treatment.
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A

B

Fig. 3. (A) Percentage of tumour tissue killed by hyperthermia, and (B) Percentage of
healthy tissue killed by hyperthermia. In both cases, one injection of nanoparticles was
administered in the position given by Table 2. The percentage of tumour tissue killed
by hyperthermia was computed at each time step considering all tumour cells whose
temperature was above 43oC. The solid line represents the mean and shaded regions
represents the 95% confidence interval. The same method was applied to the healthy
tissue.

3.2 Scenario 2

For the second scenario, we assume four injection sites in distinct positions.
Table 3 presents the parameters values for this scenario.

The temperature distribution presented on Fig. 4 shows the solution of
Eq. (3) on the final time step, i.e. 5, 000s.

Fig. 5 shows the evolution of temperature on a point inside the tumour
(0.05m,0.05m) and one point outside it (0.065m,0.065m) in a simulation using
four injection sites as described in Table 3. This figure shows that the tempera-

ICCS Camera Ready Version 2021
To cite this paper please use the final published version:

DOI: 10.1007/978-3-030-77964-1_39

https://dx.doi.org/10.1007/978-3-030-77964-1_39


Uncertainty Quantification of Tissue Damage... 9

Table 3. Parameters values for hyperthermia treatment with four injection sites.

Position (m) A r0

(0.045, 0.045) 0.425× 106W/m3 3.1× 10−3

(0.045, 0.055) 0.425× 106W/m3 3.1× 10−3

(0.055, 0.045) 0.425× 106W/m3 3.1× 10−3

(0.055, 0.055) 0.425× 106W/m3 3.1× 10−3

0.00 0.02 0.04 0.06 0.08 0.10
x(m)

0.00

0.02

0.04

0.06

0.08

0.10

y(
m
)

38

39

40

41

42

43

44

Fig. 4. Temperature distribution at t = 5, 000s employing Eq. (3) with a tumour lo-
cated in (x, y) ∈ [0.04, 0.06]×[0.04, 0.06] and four injections of nanoparticles as specified
in Table 3. The solid black contour represents the temperature of 43oC, highlighting
the necrosis area.

ture inside the tumour rises above 43oC, causing the tumour tissue to necrosis,
while the temperature outside the tumour does not. Therefore, the healthy tissue
located on the point outside the tumour does not reach 43oC.

The percentage of tumour tissue killed due to hyperthermia with four injec-
tion site locations is shown in Fig. 6A. This result presents the percentage of
tumour tissue killed over time, showing that at the end of the simulation, the
expected value of tumour necrosis reaches 100%.

ICCS Camera Ready Version 2021
To cite this paper please use the final published version:

DOI: 10.1007/978-3-030-77964-1_39

https://dx.doi.org/10.1007/978-3-030-77964-1_39


10 B. R. Guedes et al.

T
e
m

p
e
ra

tu
re

 
(°

C
) 

Temperature  
 

50 
 

48 
 

46 
 

44 
 

42 
 

40 
 

38 Tumor Cell 

                                                                                Healthy Cell 
 

0 1000 2000 3000 4000 5000 

Time (s) 

Fig. 5. Evolution of temperature determined by Eq. (3) with four injections of nanopar-
ticles located in the positions presented in Table 3. The solid lines represents the mean
temperature, shaded regions the 95% confidence interval and the red dashed line rep-
resents the temperature where the necroses occurs. The blue solid line and blue shaded
represent a tumour tissue located at x = 0.05m and y = 0.05m. The orange line and
orange shaded represent a healthy tissue located at x = 0.065m and y = 0.065m.

The consequences of hyperthermia treatment on healthy tissue are shown
in Fig. 6B, which presents the percentage of healthy tissue killed due to the
elevation of temperature above 43oC. Only 3% of healthy tissue suffered necrosis
at the end of the simulation of the hyperthermia treatment.
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A

B

Fig. 6. (A) Percentage of tumour tissue killed by hyperthermia, and (B) Percentage
of healthy tissue killed by hyperthermia. In both cases, four injection of nanoparticles
was administered in the position given by Table 3. The percentage of tumour tissue
killed by hyperthermia was computed at each time step considering all tumour cells
whose temperature was above 43oC. The solid line represents the mean and shaded
regions represents the 95% confidence interval. The same method was applied to the
healthy tissue.

4 Discussion

From the numerical results, it is possible to conclude that in both cases, with
one and four injections sites on the tumour, the temperature rises above 43oC
at the tumour site which leads to its necrosis. Particularly Figs. 3A and 6A
shows that the tumour is destroyed by the treatment. Comparing the different
strategies for application points, one can observe that using one injection points
leads to higher temperatures than four injection points. Besides, Figs. 3B and 6B
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show that using one injection point may cause around 0.5% more health tissue
necrosis than four injection points.

5 Conclusions and Future Works

This work presents a two-dimensional simulation of hyperthermia cancer treat-
ment in a heterogeneous tissue along with UQ analysis via MC. The simulation
revealed that blood velocity influences the model outputs. Moreover, this study
also demonstrates that the percentage of tumour necrosis is influenced by the
variation of the blood velocity parameter. Also, this study shows that the per-
centage of healthy tissue damaged by the hyperthermia treatment is influenced
by the uncertainties of the blood velocity parameter.

The results of simulations have shown that a hyperthermia treatment with
four injections sites of nanoparticles on the tumour is more efficient, once the
mean and CI of the tumour necrosis amount is higher than the case with only
one injection. Besides, the results showed lower healthy tissue necrosis on the
hyperthermia with four injections sites, in contrast with hyperthermia treatment
with one injection site.

Furthermore, the simulation results show that the analysis of the uncertain-
ties can provide important information for planning hyperthermia treatments.
Additionally, this study demonstrates that uncertainty analysis can be an im-
portant tool for in silico medicine, mainly decreasing the need of clinical trial
with animals as well as cohort studies with humans.

Although the goal of this paper is to analyse the blood velocity parameter
from the mathematical model, it is possible to employ different types of prob-
abilistic distribution, such as Normal distribution and LogNormal distribution.
Further studies are needed to determine the best PDF to be employed to blood
velocity. Different parameters can also be analyzed to determine their impact on
the results of the mathematical model simulation. Furthermore, we intend to use
real data from hyperthermia treatment and compare it with the in silico trials
along with parameters of real patients to perform patient-specific experiments.
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