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Abstract. In this paper, an arbitrary Lagrangian–Eulerian (ALE) finite
element method in the monolithic approach is developed for a multi-
domain blood flow–aortic wall interaction problem with multiple moving
interfaces. An advanced fully discrete ALE-mixed finite element approx-
imation is defined to solve the present fluid–structure interaction (FSI)
problem in the cardiovascular environment, in which two fields of struc-
tures are involved with two fields of fluid flow, inducing three moving
interfaces in between for the interactions. Numerical experiments are
carried out for a realistic cardiovascular problem with the implantation
of vascular stent graft to demonstrate the strength of our developed
ALE-mixed finite element method.
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1 Introduction

In this paper, we consider the problem of interactions between the incompress-
ible free viscous fluid flow and the deformable elastic structure of multiple fields.
This problem is of great importance in a wide range of applications, such as in
the cardiovascular area of physiology, where a significant example of this type of
problem can be described as the blood fluid–vessel interaction problem. During a
cardiovascular cycle, any abnormal mechanical change on the elastic property of
the aortic vessel could induce some severe cardiovascular diseases (CVDs), such
as the vascular stenosis, the vascular rupture, the aneurysm, the aortic dissec-
tion, and etc. Hence, a comprehensive modeling study and an accurate numerical
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simulation on the interactions between the blood fluid flow and the elastic aor-
tic wall become extremely important and urgent to help medical professionals
understand how the CVDs occur, grow, and fatally affect the patients, as well
as to help cardiovascular physicians to find out the best medical treatment.

In the past several decades, the vascular stent graft has become one of the
most popular fixation devices to carry out surgery for endovascular aortic repair
(EVAR) in order to rescue CVD patients. For instance, without the need for an
open surgery, the implanted vascular stent graft may cure the vascular stenosis
by expanding the constrictive aortic lumen back to normal and then supporting
therein as the backbone of the aorta; can treat the aortic dissection (see the
left of Fig. 1) by substituting for the dissected aortic wall that is induced by
an intima tear; and can remedy the abdominal aortic aneurysm (AAA) (see the
middle of Fig. 1) by replacing the bulgy part of the aortic wall that is caused
by a lack of elasticity in the aorta. In all cases, because of the elastic expansion

Fig. 1. The CT-scanned data of CVD patients. Left: The aortic dissection, where the
green part illustrates the false aortic lumen. Middle: The abdominal aortic aneurysm.
Right: Different aortic dissection cases treated by the implanted vascular stent graft.

of the vascular stent and the residual elasticity energy remained in the diseased
aortic wall, most of the blood fluid that is trapped in the void space between
the stent graft and the pathologically changed aortic wall are supposed to be
squeezed back to the blood vessel lumen through the stent graft. But, there
might be still a small amount of blood fluid remaining in the corner of aorta
and will be eventually solidified as the thrombi. Thus, all extra blood fluids that
are trapped in the shrinking void spaces are supposed to be expelled. Then the
diseased blood vessel would be gradually cured to a great extent, demonstrated
as either bouncing back for the aortic aneurysm case, or no longer deteriorated
and then eventually normalized in an improving cardiovascular environment for
the aortic dissection case (see Fig. 1, right).

However, the EVAR surgery has been long lacking a quantitative study about
how and under what circumstance the CVDs are given rise to and then grow,
as well as how they are changed after the implantation of a vascular stent graft,
i.e., an accurate and efficient mathematical modeling and numerical simulation
of the hemodynamic FSI are still largely missing in the investigations before and
after the EVAR surgery in the modern medical field of CVDs. Moreover, it has
been increasingly recognized that a personalized vascular stent graft is crucially
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needed for CVD patients, which cannot be done either without a quantitative
numerical study of the hemodynamic FSI on the feasibility of the vascular stent
graft in the cardiovascular environment.

In this paper, we study the effect of using an elastic material model to de-
scribe the deformable aortic wall and stent graft, and their interactions with the
blood fluid flow, where, due to the loss of elasticity of the aortic wall, which
is however still within the range of linear elasticity, the blood vessel lumen is
inflated to form an abdominal aortic aneurysm, and the vascular stent graft is
implanted into the aneurysm to separate the blood fluid into two parts. Thus
four domains, i.e., two fluid domains and two structure domains, are separated
by three interfaces. To model the blood fluid, we consider the Navier–Stokes
equations, under the assumptions of incompressibility and Newtonian rheology,
which is conventionally defined in Eulerian description. The elastic structure
equation, which is conventionally defined in Lagrangian description, can be gen-
erally defined by various elastic materials such as the classical Hookean-type
material model. In addition, in such a set of governing equations of FSI prob-
lem, the time and space dependence of the primary unknowns and of the moving
interfaces between the fluid and the elastic structure play a significant role for
the dynamic interactions in between, where, the well defined interface conditions
among four domains are crucial as well.

Regarding the numerical methodology to be studied in this paper, we develop
an advanced numerical method based upon the arbitrary Lagrangian–Eulerian
(ALE) mapping within a monolithic approach to solve the present FSI prob-
lem. In the first place, we prefer the monolithic approach [10], in view of its
unconditional stability and the immunity of any systematic error in the im-
plementation of interface conditions for any kind of FSI problem. Moreover, a
high-performance preconditioning linear algebraic solver can also be developed
and parallelized for the monolithic system without doing an alternating iteration
by subdomains [1]. In contrast, the partitioned approach [2], which decouples the
FSI system and iteratively solves the fluid and the structure equations via an
iteration-by-subdomain, is conditionally stable and conditionally convergent un-
der a particular range of the physical parameters of FSI model, e.g., when fluid
and structural densities are of the same order. This is called the added-mass
effect [4] specifically induced by the partitioned approach. Unfortunately, the
hemodynamic FSI problems are within the particular range of the added-mass
effect, making the partitioned approach very difficult to use. Hence again, the
monolithic approach is the primarily reliable method to be studied in this paper.

On the top of the monolithic approach, we develop an ALE method for
the present FSI problem. As a type of body-fitted mesh method, ALE technique
[10]has become the most accurate and also the most popular approach for solving
FSI problems and other general interface problems [8, 6], where the mesh on the
interface is accommodated to be shared by both the fluid and the structure, and
thus to automatically satisfy the interface conditions across the interface.

The structure of the paper is the following: in Section 2 we define a type of
dynamic FSI model. The ALE mapping and the weak form in ALE description
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are defined in Section 3. We further develop the monolithic ALE finite element
method for the present FSI model in semi- and fully discrete schemes in Sec-
tion 4. Numerical experiments for a realistic cardiovascular problem with the
implantation of vascular stent graft are carried out in Section 5.

2 A model of fluid-structure interaction (FSI) problem

Let Ω be an open bounded domain in Rd (d = 2, 3) with a convex polygonal
boundary ∂Ω, I = (0, T ] (T > 0). Four subdomains, Ωkt := Ωi(t) ⊂ Ω (k =

f1, f2, s1, s2) (0 ≤ t ≤ T ), satisfying Ωf1t ∪ Ω
f2
t ∪ Ω

s1
t ∪ Ω

s2
t = Ω, Ωfit ∩ Ω

sj
t =

∅ (i, j = 1, 2), respectively represent two fluid domains: Ωf1t is embraced by the

implanted stent graft whileΩf2t occupies the interior of the aortic aneurysm, both
of which are filled with an incompressible and viscous blood fluid, and, two elastic
structure domains: Ωs1t is the aortic wall while Ωs2t is formed by the implanted
vascular stent graft. As illustrated in Fig. 2, four subdomains are separated by

Fig. 2. Two schematic domains of multi-domain FSI for the CVD case of aneurysm,
where, Ωf1t : the blood vessel lumen, Ωf2t : the blood fluid squeezed inside the aneurysm,
Ωs1t : the aortic wall, Ωs2t : the vascular graft, and three interfaces Γ 12

t := ∂Ωf1t ∩ ∂Ω
s2
t ,

Γ 21
t := ∂Ωf2t ∩ ∂Ω

s1
t , Γ 22

t := ∂Ωf2t ∩ ∂Ω
s2
t .

three interfaces: Γ 12
t := ∂Ωf1t ∩ ∂Ω

s2
t , Γ 21

t := ∂Ωf2t ∩ ∂Ω
s1
t , Γ 22

t := ∂Ωf2t ∩ ∂Ω
s2
t ,

which may move/deform along with t ∈ I, resulting that Ωkt (k = f1, f2, s1, s2)
also change with t ∈ I and are termed as the current (Eulerian) domains with
respect to xk, in contrast to their initial (reference/Lagrangian) domains, Ω̂k :=
Ωk0 (k = f1, f2, s1, s2) with respect to x̂k, where, a flow map is defined from
Ω̂k to Ωkt (k = f1, f2, s1, s2), as: x̂k 7→ xk(x̂k, t) such that xk(x̂k, t) = x̂k +
ûk(x̂k, t),∀t ∈ I, where ûk is the displacement field in the Lagrangian frame.

In what follows, we set ψ̂ = ψ̂(x̂k, t) which equals ψ(xk(x̂k, t), t), and ∇̂ =

∇x̂k
(k = s1, s2). Let Ωft = Ωf1t ∪Ω

f2
t , Ω̂s = Ω̂s1 ∪ Ω̂s2 , Γt = Γ 12

t ∪ Γ 21
t ∪ Γ 22

t .

In this paper, we are interested in studying a pressure-driven flow through the
deformable channel with a two-way coupling between the incompressible fluid
and the elastic material, where the fluid motion is defined in Eulerian description
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and the structure motion is defined in Lagrangian description as follows

Fluid motion:
ρf

Dvf

Dt −∇ · σf = ρfff ,
∇ · vf = 0,

vf = vbf ,

σfnf = 0,
vf = v0f ,

in Ωft × I,
in Ωft × I,
on [∂Ωft \Γt]D × I,
on [∂Ωft \Γt]N × I,
in Ω̂f ,

(a)
(b)
(c)
(d)
(e)

Elastic structure motion:
ρ̂s

∂2ûs

∂t2 − ∇̂ · σ̂s = ρ̂sf̂s,
ûs = ûbs,

σ̂sn̂s = 0,

ûs = û0
s,

∂ûs

∂t = v̂0s ,

in Ω̂s × I,
on [∂Ω̂s\Γ̂ ]D × I,
on [∂Ω̂s\Γ̂ ]N × I,
in Ω̂s,

(f)
(g)
(h)
(i)

Interface conditions:{
vf = vs,

σfnf = σsnf ,
on Γt × I,
on Γt × I,

(j)
(k)

(1)

where, vf is the velocity of the free fluid defined in Ωft , ûs is the displacement
of elastic structure that leads to ∂ûs

∂t = v̂s(x̂s, t) = vs(xs(x̂s, t), t), ρf and
ρ̂s are the constant densities of the incompressible free fluid and the elastic
structure, respectively. D·Dt denotes the classical concept of material derivative as
Dψ
Dt = ∂ψ

∂t + (ψ · ∇)ψ. The stress tensor of each phase is defined as

σf := σf (vf ) = 2µfD(vf )− pfI, D(vf ) := (∇vf + (∇vf )
T

)/2,

σ̂s := σ̂s(ûs) = 2µsε(ûs) + λs∇̂ · ûsI, ε(ûs) := (∇̂ûs + (∇̂ûs)T )/2,
(2)

where, pf denotes the fluid pressure, µf , µs and λs are constant physical parame-
ters representing the fluid viscosity, the shear modulus, and the Lamé constant of
elastic structures, respectively. Here different elastic structures may have differ-
ent elastic parameters, i.e., µs

∣∣
Ω̂sk

= µsk , λs
∣∣
Ω̂sk

= λsk , ρ̂s
∣∣
Ω̂sk

= ρ̂sk (k = 1, 2),

inducing different structure displacements ûs
∣∣
Ω̂sk

= ûsk (k = 1, 2).

Remark 1. The equation of elastic structure can be also reformulated in terms
of the structure velocity, vs, as follows by substituting ∂ûs

∂t = v̂s and ûs =

û0
s +

∫ t
0
v̂sdτ into 1(f))[10]

ρ̂s
∂v̂s

∂t − ∇̂ · σ̂s(v̂s) = ρ̂sf̂s + ∇̂ · σ̂s(û0
s),

v̂s(x̂, t) = v̂bs,
σ̂sn̂s = 0,

v̂s(x̂, 0) = û0
s,

in Ω̂s × I,
on [∂Ω̂s\Γ̂ ]D × I,
on [∂Ω̂s\Γ̂ ]N × I,
in Ω̂s,

(a)
(b)
(c)
(d)

(3)

where σ̂s(v̂s) = 2µsε
(∫ t

0
v̂sdτ

)
+ λs∇̂ ·

(∫ t
0
v̂sdτ

)
I.

3 ALE mapping and the weak form in ALE description

The core of ALE method is the introduction of ALE mapping, which is essentially
a type of time-dependent bijective affine mapping, Xt ∈ (W 1,∞(Ω̂f ))d, defined
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from the initial (Lagrangian) domain Ω̂f ⊂ Rd to the current (Eulerian) domain

Ωft ⊂ Rd, as follows [8, 9]

Xt : Ω̂f → Ωft ,
x̂f 7→ xf (x̂f , t),

(4)

and X−1t ∈ (W 1,∞(Ωft ))d. The key reason why this mapping works well for
FSI problems and other standard interface problems is because the following
Proposition 1 holds for any v = v(xf (x̂f , t), t) and its ALE time derivative,
dv
dt

∣∣
x̂f

= ∂v
∂t (xf , t) + wf (xf , t) · ∇v(xf , t), where wf is the domain velocity of

Ωt and wf = ∂Xt

∂t ◦ (Xt)
−1(xf ).

Proposition 1 [9] v ∈ H1(Ωt) and dv
dt

∣∣
x̂f
∈ H1(Ωt) if and only if v̂ = v̂(x̂f , t) =

v ◦Xt ∈ H1(Ω̂), and vice versa.

Only the current (Eulerian) domain that involves a moving boundary/interface
needs the ALE mapping to produce a moving mesh therein which can accommo-
date the motion of the boundary/interface without breaking the mesh connectiv-
ity along the time. In practice, one way to define the affine-type ALE mapping,
Xt : Ω̂f → Ωft , is the harmonic extension technique. For instance, to compute
the ALE mapping for the fluid mesh, Xt, in the present FSI problem, we solve
the following Laplace equation

∆x̂f
Xt = 0, in Ω̂f , (a)

Xt = ûs, on Γ̂ , (b)

Xt = 0, on ∂Ω̂f\Γ̂ . (c)

(5)

Once the ALE mapping Xt is computed, then the fluid mesh and its moving
velocity, wf , can be updated, accordingly, as: xf = x̂f + Xt, ŵf = ∂Xt

∂t and
wf = ŵf ◦ (Xt)

−1. Due to Proposition 1, such defined ALE mapping, Xt,

can guarantee that vf ∈ (H1(Ωft ))d and
dvf

dt

∣∣
x̂f
∈ (H1(Ωft ))d if and only if

v̂f = vf ◦Xt ∈ (H1(Ω̂f ))d, and vice versa, which is a sufficient and necessary
condition for definitions of the following functional spaces

V f
t := {ψf : Ωft → Rd,ψf = ψ̂f ◦ (Xt)

−1, ψ̂f ∈ (H1(Ω̂f ))d},
V f
t,0 := {ψf ∈ V f

t : ψf = 0 on [∂Ωft \Γt]D},
V f
t,b := {ψf ∈ V f

t : ψf = vbf on [∂Ωft \Γt]D},
V̂ s := {ψ̂s ∈ (H1(Ω̂s))d : ψ̂s = ψf ◦Xt on Γ̂ ,ψf ∈ V f

t ∩ L2(Γt)},
V̂ s
0 := {ψ̂s ∈ V̂ s : ψ̂s = 0 on [∂Ω̂s\Γ̂ ]D},
V̂ s
b := {ψ̂s ∈ V̂ s : ψ̂s = v̂bs on [∂Ω̂s\Γ̂ ]D},
Qft := {qf : Ωft → R, qf = q̂f ◦ (Xt)

−1, q̂f ∈ L2
0(Ω̂f )},

Ŵ f
b := {ξ̂ ∈ (H1(Ω̂f ))d : ξ̂ = 0 on ∂Ω̂f\Γ̂ ; ξ̂ = ψ̂s on Γ̂ , ψ̂s ∈ V̂ s ∩ L2(Γ̂ )},

Ŵ f
0 := {ξ̂ ∈ (H1(Ω̂f ))d : ξ̂ = 0 on ∂Ω̂f},

(6)
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which make vf ∈ V f
t,b ⊂ (H1(Ωft ))d, pf ∈ Qft ⊂ L2

0(Ωft ) = {q̂f ∈ L2(Ω̂f ) :∫
Ω̂f q̂fdx̂f = 0}, and v̂s ∈ V̂ s

b ⊂ (H1(Ω̂s))d.

In view of the definition of ALE time derivative
dvf

dt

∣∣
x̂

, the interface condition
(1(k)) and the time differentiation of the harmonic ALE equation (5), the weak
form of FSI problem (1)-(3) can be defined as follows.

Weak Form 1 Find (vf , v̂s, pf , ŵf ) ∈ (H2 ∩ L∞)(0, T ;V f
t,b × V̂ s

b ×Q
f
t × Ŵ

f
b )

such that

ρf (
dvf
dt

∣∣
x̂f
,ψf )Ωf

t
+ ρf

(
(vf − ŵf ◦X−1t ) · ∇vf ,ψf

)
Ωf

t

+2µf (D(vf ),D(ψf ))Ωf
t
− (pf ,∇ ·ψf )Ωf

t
+ (∇ · vf , qf )Ωf

t

+ρ̂s(
∂v̂s
∂t

, ψ̂s)Ω̂s
+ 2µs

(
ε

(∫ t

0

v̂sdτ

)
, ε(ψ̂s)

)
Ω̂s

+λs

(
∇̂ ·
(∫ t

0

v̂sdτ

)
, ∇̂ · ψ̂s

)
Ω̂s

+ (∇̂ŵf , ∇̂ξ̂f )Ω̂f
= ρf (ff ,ψf )Ωf

t

+ρ̂s(f̂s, ψ̂s)Ω̂s − 2µs

(
ε(û0

s), ε(ψ̂s)
)
Ω̂s
− λs

(
∇̂ · û0

s, ∇̂ · ψ̂s
)
Ω̂s
,

∀(ψf , ψ̂s, qf , ξ̂f ) ∈ V f
t,0 × V̂ s

0 ×Q
f
t × Ŵ

f
0 .

(7)

Introduce the following trilinear function

β(u,v,w) =
1

2

(
(u · ∇v,w)Ωf

t
− (u · ∇w,v)Ωf

t

)
. (8)

Applying the Green’s theorem, the incompressibility (1(b)), the interface condi-
tions (1(j)) and (5(b)), we obtain

((vf −wf ) · ∇vf ,ψf )Ωf
t

= β(vf ,vf ,ψf )Ωf
t
−β(wf ,vf ,ψf )Ωf

t
+

1

2
(vf∇ ·wf ,ψf )Ωf

t
.

Then (7) can be reformulated as

ρf

[(
dvf
dt

∣∣
x̂f
,ψf

)
Ωf

t

+ β(vf ,vf ,ψf )Ωf
t
− β(ŵf ◦X−1t ,vf ,ψf )Ωf

t

+
1

2

(
vf∇ · (ŵf ◦X−1t ),ψf

)
Ωf

t

]
+ 2µf (D(vf ),D(ψf ))Ωf

t

−(pf ,∇ ·ψf )Ωf
t

+ (∇ · vf , qf )Ωf
t

+ (∇̂ŵf , ∇̂ξ̂f )Ω̂f

+ρ̂s(
∂v̂s
∂t

, ψ̂s)Ω̂s
+ 2µs

(
ε

(∫ t

0

v̂sdτ

)
, ε(ψ̂s)

)
Ω̂s

+λs

(
∇̂ ·
(∫ t

0

v̂sdτ

)
, ∇̂ · ψ̂s

)
Ω̂s

= ρf (ff ,ψf )Ωf
t

+ ρ̂s(f̂s, ψ̂s)Ω̂s

−2µs

(
ε(û0

s), ε(ψ̂s)
)
Ω̂s
− λs

(
∇̂ · û0

s, ∇̂ · ψ̂s
)
Ω̂s
,

∀(ψf , ψ̂s, qf , ξ̂f ) ∈ V f
t,0 × V̂ s

0 ×Q
f
t × Ŵ

f
0 .

(9)
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4 The monolithic ALE finite element approximation

We first introduce finite element spaces to discretize the functinal spaces defined
in (6). Conventionally, the finite element approximation to the linear elasticity
equation is defined in a Lagrange-type piecewise polynomial (finite element)

space, V̂ s
h ⊂ V̂ s

b , to accommodate its numerical solution v̂s,h. In order to satisfy

the interface condition (1(j)), we need not only the meshes in Ωft and Ωst are
conforming through Γt, but also the finite element space of fluid (Navier-Stokes)

equations, V f
t,h × Qft,h ⊂ V f

t × Qft , matches the finite element space of the

structure equation, V̂ s, through Γ̂ , i.e., a Lagrange-type finite element space
shall be adopted to accommodate (vf,h, pf,h) as well. So in this paper, we use
the stable Stokes-pair, i.e., (H1)d-type mixed element, to discretize the Navier-
Stokes equations, e.g., the Taylor-Hood (P 2P 1) element, where the quadratic

piecewise polynomials, P 2, form the finite element V f
t,h ⊂ V

f
t to hold vf,h, and

the linear piecewise polynomials, P 1, form Qft,h ⊂ Qft to hold pf,h. To match

V f
t,h, we choose the same quadratic piecewise polynomial set P 2 to form V̂ s

h ⊂ V s
b

that holds v̂s,h as the finite element solution to the linear elasticity equation. In

addition, V f
t,h,0 ⊂ V

f
t,0, V̂

s
h,0 ⊂ V̂ s

0 , Ŵ
f
h ⊂ Ŵ

f
b , Ŵ

f
h,0 ⊂ Ŵ

f
0 .

For any t ∈ [0, T ], we consider a discretization of the mapping Xt by means

of piecewise linear Lagrangian finite elements, denoted by Xh,t : Ω̂f → Ωft . We

assume that Xh,t is smooth and invertible, Xh,t ∈ (W 1,∞(Ω̂f ))d and X−1h,t ∈
(W 1,∞(Ωft ))d. Then, we have the discrete mesh velocity wf,h = ŵf,h ◦X−1h,t =
∂Xh,t

∂t ◦ (Xh,t)
−1(xf ), and the discrete ALE time derivative

dvf

dt

∣∣h
x̂f

(xf , t) =
∂vf

∂t (xf , t) +wf,h(xf , t) · ∇vf (xf , t). Clearly, ŵf,h = wf,h ◦Xh,t = v̂s,h on Γ̂ .
So, differentiating (5) with time, we can similarly define a discrete ALE mapping
for ŵf,h as follows


∆x̂f

ŵf,h = 0, in Ω̂f , (a)

ŵf,h = v̂s, on Γ̂ , (b)

ŵf,h = 0, on ∂Ω̂f\Γ̂ . (c)

(10)

4.1 The semi-discrete scheme of ALE finite element method

Choosing P 2P 1 mixed element, P 2 element and P 1 element to construct the
finite element spaces V f

t,h×Q
f
t,h, V̂ s

h and Ŵ f
h , respectively, we define the following

semi-discrete ALE finite element approximation to FSI problem (1)-(3) based on
the weak form (9).
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ALE-FEM 1 Find (vf,h, v̂s,h, pf,h, ŵf,h) ∈ (H2∩L∞)(0, T ;V f
t,h× V̂ s

h ×Q
f
t,h×

Ŵ f
h ) such that

ρf

[(
∂vf,h
∂t

∣∣∣∣h
x̂f

,ψf,h

)
Ωf

t

+ β(vf,h,vf,h,ψf,h)Ωf
t
− β(ŵf,h ◦X−1h,t ,vf,h,ψf,h)Ωf

t

+
1

2

(
vf,h∇ · (ŵf,h ◦X−1h,t ),ψf,h

)
Ωf

t

]
+ 2µf (D(vf,h),D(ψf,h))Ωf

t

−(pf,h,∇ ·ψf,h)Ωf
t

+ (∇ · vf,h, qf,h)Ωf
t

+ (∇̂ŵf,h, ∇̂ξ̂f,h)Ω̂f

+ρ̂s(
∂v̂s,h
∂t

, ψ̂s,h)Ω̂s
+ 2µs

(
ε

(∫ t

0

v̂s,hdτ

)
, ε(ψ̂s,h)

)
Ω̂s

+λs

(
∇̂ ·
(∫ t

0

v̂s,hdτ

)
, ∇̂ · ψ̂s,h

)
Ω̂s

= ρf (ff ,ψf,h)Ωf
t

+ ρ̂s(f̂s, ψ̂s,h)Ω̂s

−2µs

(
ε(û0

s), ε(ψ̂s,h)
)
Ω̂s
− λs

(
∇̂ · û0

s, ∇̂ · ψ̂s,h
)
Ω̂s
,

∀(ψf,h, ψ̂s,h, qf,h, ξ̂f,h) ∈ V f
t,h,0 × V̂

s
h,0 ×Q

f
t,h × Ŵ

f
h,0.

(11)

4.2 The fully discrete scheme of ALE finite element method

Now we develop the fully discrete monolithic ALE finite element approximation
for the FSI model (1). Introduce a uniform partition 0 = t0 < t1 < · · · <
tN = T with the time-step size ∆t = T/N . Set tn = n∆t, ϕn = ϕ(xn, tn) for
n = 0, 1, · · · , N . Define the following backward Euler time differences based on
the discrete ALE mapping Xh,t:

(
du
dt

∣∣
x̂f

)n+1

≈ dXt
t un+1 = 1

∆t

(
un+1 − un ◦Xn+1,n

)
, (a)(

∂u
∂t

)n+1 ≈ dtun+1 = 1
∆t

(
un+1 − un

)
, (b)

(12)

where, Xm,n = Xh,tn ◦ (Xh,tm)−1. By the Taylor’s expansion in a subtle way,
we can obtain the first-order convergence with respect to ∆t for (12a) [5].

Based on the semi-discrete scheme (11), now we can define a fully discrete
ALE finite element method (FEM) for (1) as follows.
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ALE-FEM 2 Find (vn+1
f,h , v̂

n+1
s,h , pn+1

f,h , ŵ
n+1
f,h ) ∈ V f

n+1,h × V̂ s
h × Q

f
n+1,h × Ŵ

f
h

such that for n = 0, 1, · · · , N − 1,

ρf

[(
dXt
t vn+1

f,h ,ψf,h

)
Ωf

n+1

+ β(vn+1
f,h ,v

n+1
f,h ,ψf,h)Ωf

n+1

−β(ŵn+1
f,h ◦X

−1
h,tn+1

,vn+1
f,h ,ψf,h)Ωf

n+1
+

1

2

(
vn+1
f,h ∇ · (ŵ

n+1
f,h ◦X

−1
h,tn+1

),ψf,h

)
Ωf

n+1

]
+2µf

(
D(vn+1

f,h ),D(ψf,h)
)
Ωf

n+1

− (pn+1
f,h ,∇ ·ψf,h)Ωf

n+1
+ (∇ · vn+1

f,h , qf,h)Ωf
n+1

+ρ̂s(dtv̂
n+1
s,h , ψ̂s,h)Ω̂s

+ µs∆t
(
ε
(
v̂n+1
s,h

)
, ε(ψ̂s,h)

)
Ω̂s

+
λs∆t

2

(
∇̂ · v̂n+1

s,h , ∇̂ · ψ̂s,h
)
Ω̂s

+ (∇̂ŵn+1
f,h , ∇̂ξ̂f,h)Ω̂f

= ρf (fn+1
f ,ψf,h)Ωf

t

+ρ̂s(f̂
n+1
s , ψ̂s,h)Ω̂s − µs∆t

(
ε(v̂ns,h), ε(ψ̂s,h)

)
Ω̂s
− λs∆t

2

(
∇̂ · v̂ns,h, ∇̂ · ψ̂s,h

)
Ω̂s

−2µs

(
ε(ûns ), ε(ψ̂s,h)

)
Ω̂s
− λs

(
∇̂ · ûns , ∇̂ · ψ̂s,h

)
Ω̂s
,

∀(ψf,h, ψ̂s,h, qf,h, ξ̂f,h) ∈ V f
n+1,h,0 × V̂

s
h,0 ×Q

f
n+1,h × Ŵ

f
h,0.

(13)

4.3 Nonlinear iteration algorithm

Assume that the mesh at the time step tn is denoted by Tnh = Tnf,h ∪ T̂s,h,

where T̂s,h is the Lagrangian structural mesh in Ω̂s which is always fixed, Tf,h
is the ALE fluid mesh in Ωft which needs to be updated all the time through the
discrete ALE mapping, i.e., Tnf,h = T̂f,h+Xh,tn , where, Xh,tn is only subject to

the structure displacement ûns,h = ∆t
2 (v̂ns,h + v̂n−1s,h ) + ûn−1s,h on Γ̂ for the sake of

a conforming mesh across Γt, or, Xh,tn = ∆t
2 (ŵn

f,h + ŵn−1
f,h ) +Xh,tn−1

. Due to
a small deformation displacement of the structure, such specific ALE mapping
always guarantees a shape-regular fluid mesh in Ωft .

Suppose all the necessary solution variables at the time step tn are given as:

χn :=
(
vnf,h, v̂

n
s,h, p

n
f,h, ŵ

n
f,h,Xh,tn

)
.

In the following, we define an implicit iterative scheme for the FSI simulation at
the current (n+ 1)-th time step.

Algorithm 1 Nonlinear iteration at the (n+1)-th time step for FSI.

1. Let j = 1, χn+1,0 = χn, and Tn+1,0
f,h = Tnf,h which partitions Ωfn+1,0 = Ωfn.

2. Solve the following linearized mixed finite element equation for χn+1,j with
χn+1,j−1 given at the j − 1 iteration:

Find (vn+1,j
f,h , v̂n+1,j

s,h , pn+1,j
f,h , ŵn+1,j

f,h ) ∈ V f
n+1,j,h × V̂ s

h ×Q
f
n+1,j,h × Ŵ

f
h such

that
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ρf

[(
dXt
t vn+1,j

f,h ,ψf,h
)
Ω

f
n+1,j−1

+ β(vn+1,j−1
f,h ,vn+1,j

f,h ,ψf,h)
Ω

f
n+1,j−1

−β(ŵn+1,j−1
f,h ◦X−1

h,tn+1,j−1,v
n+1,j
f,h ,ψf,h)

Ω
f
n+1,j−1

+
1

2

(
∇ · (ŵn+1,j−1

f,h ◦X−1
h,tn+1,j−1)vn+1,j

f,h ,ψf,h
)
Ω

f
n+1,j−1

]
+2µf

(
D(vn+1,j

f,h ),D(ψf,h)
)
Ω

f
n+1,j−1

− (pn+1,j
f,h ,∇ ·ψf,h)

Ω
f
n+1,j−1

+(∇ · vn+1,j
f,h , qf,h)

Ω
f
n+1,j−1

+ ρ̂s(dtv̂
n+1,j
s,h , ψ̂s,h)Ω̂s

+µs∆t
(
ε
(
v̂n+1,j
s,h

)
, ε(ψ̂s,h)

)
Ω̂s

+
λs∆t

2

(
∇̂ · v̂n+1,j

s,h , ∇̂ · ψ̂s,h
)
Ω̂s

+(∇̂ŵn+1,j
f,h , ∇̂ξ̂f,h)Ω̂f

= ρf (fn+1,j
f ,ψf,h)

Ω
f
n+1,j−1

+ ρ̂s(f̂
n+1,j
s , ψ̂s,h)Ω̂s

−µs∆t
(
ε(v̂ns,h), ε(ψ̂s,h)

)
Ω̂s
− λs∆t

2

(
∇̂ · v̂ns,h, ∇̂ · ψ̂s,h

)
Ω̂s

−2µs
(
ε(ûns ), ε(ψ̂s,h)

)
Ω̂s
− λs

(
∇̂ · ûns , ∇̂ · ψ̂s,h

)
Ω̂s
,

∀(ψf,h, ψ̂s,h, qf,h, ξ̂f,h) ∈ V f
n+1,j,h,0 × V̂

s
h,0 ×Qfn+1,j,h × Ŵ

f
h,0.

(14)

3. Let Xh,tn+1,j = ∆t
2 (ŵn+1,j

f,h + ŵn
f,h) +Xh,tn , and update the ALE fluid mesh

Tn+1,j
f,h = T̂f,h +Xh,tn+1,j which partitions Ωfn+1,j.

4. For a given tolerance ε, determine whether or not the following stopping
criteria hold for the relatively iterative errors:

‖vn+1,j
f,h − vn+1,j−1

f,h ‖
(H1(Ω

f
t ))d

‖vn+1,j−1
f,h ‖

(H1(Ω
f
t ))d

+
‖v̂n+1,j

s,h − v̂n+1,j−1
s,h ‖(H1(Ω̂s))d

‖v̂n+1,j−1
s,h ‖(H1(Ω̂s))d

+
‖pn+1,j
f,h − pn+1,j−1

f,h ‖
L2(Ω

f
t )

‖pn+1,j−1
f,h ‖

L2(Ω
f
t )

+
‖ŵn+1,j

f,h − ŵn+1,j−1
f,h ‖(H1(Ω̂f ))d

‖ŵn+1,j−1
f,h ‖(H1(Ω̂f ))d

≤ ε.

(15)

If yes, go to Step 5; otherwise, let j ← j+1 and go back to Step 2 to continue
the nonlinear iteration.

5. Let χn+1 = χn+1,j, and update the ALE fluid mesh Tn+1
f,h = Tn+1,j

f,h which

partitions Ωfn+1.

5 Numerical experiments

A hypothetical CVD patient with a growing aneurysm is used as an illustration
example. The patient’s CT imaging data (See Fig. 3) are collected to construct a
geometrical model (See the right of Fig. 2). The cardiovascular parameters of this
patient are estimated based on the patient’s routine test results such as blood
work, blood pressure, diabetes. Usually, if an aneurysm becomes about 2 inches
in diameter and continues to grow, or begins to cause symptoms, the patient may
need surgery to repair the artery before the aneurysm bursts. An endovascular
aortic repair (EVAR) surgery involves replacing the weakened section of the
vessel with an artificial tube, called a vascular stent graft. A computational mesh
for an aneurysm CVD patient implanted with a stent graft is shown in Fig. 4,
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Fig. 3. The computational domain (Right) is generated from a patient’s CT data (Left).

where the vascular stent graft, that is represented by an artificial blood vessel,
expands inside the artery and eventually sticks to the inlet end of the aortic wall.
Hence, a large blood fluid cavity is formed between the aortic aneurysm and the
stent graft. Note that the blood fluid is thus separated by the stent graft into

Fig. 4. Left: the overall computational mesh. Right: the cross section in flow direction
from the left to the right, where a stent graft separates the blood fluid to two fields.

two parts: one inside the stent graft lumen driven by the incoming blood flow,
while the other part is squeezed into the aneurismal cavity, waiting for being
expelled due to the residual elasticity energy that remains in the diseased aorta.

To numerically model this multi-domain cardiovascular FSI problem in an
accurate and effective fashion, an important technical issue needs to be clarified
as follows. As shown on the right of Fig. 4, we extend the outlet end of the
aortic wall further in order to connect two blood fluid fields together through
the gap between the aortic wall and the stent graft. Thus, two blood fluid fields
which respectively flow through the stent graft lumen and the aneurysm cavity,
are eventually contained in one single connected fluid body and share the same
inlet and outlet. This is crucial for the success of our FSI simulation, since the
blood fluid that is contained inside the aneurysm cavity no longer owns an inlet
thus no more incoming flow after the stent graft expands and squeezes onto the
inlet end of the aortic wall, therefore the incompressible fluid equations that is
adopted to model the blood fluid flow will be violated in this fluid part if it is
not connected with the main blood flow stream through the stent graft lumen.

Another important technical issue is that, to make ALE method successfully
work for this multi-domain FSI simulation all the time, we need to avoid two
structure parts, the aortic wall and the stent graft, to come into contact with each
other. Otherwise, there is no space left for the blood fluid to flow through the
contacting places of these two structure parts, which will induce a failure of ALE
method since the ALE fluid mesh in these contacting area will lose many fluid
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mesh cells due to the physical contact of two structure parts, recalling that the
preservation of mesh connectivity all the time is a unique feature and a warrant
for success of ALE method. To deal with such a possible situation during the
multi-domain FSI simulation, we set up a threshold for the distance in the normal
direction between the aortic wall and the stent graft, namely, we do not let them
physically get in touch with each other but just treat they “contact” at a pseudo
zero distance in the normal direction once the threshold is reached. In addition,
they also do not make any relative shift in the tangential direction since they are
merged together on the inlet end of the blood vessel, as shown in Fig. 4. By that
way, we do not have to handle the complicated contacting problem occurring
between two structures at this time. Simultaneously, the ALE fluid mesh is still
feasible within the threshold gap, thus our developed ALE mixed finite element
method still works well for the multi-domain cardiovascular FSI problem. Such
idea to avoid the contact between multiple structures is also similarly adopted in
[3] where a thin layer of fluid is introduced around structures, such that there is
no real “contact” between both phases. In the realistic numerical simulation, the
forces are still transferred via the remaining small layer of fluid. Our approach is
stable under refinement of the temporal and spatial discretization. We will carry
out a more comprehensive study in the future for this approach by comparing
with experiments and numerical benchmarks, in depth.

In this work, for the first time we successfully apply our monolithic ALE
FEM [10, 7] and FSI codes to this multi-domain (artery, stent graft, blood fluid
in the vessel lumen and the aneurysmal cavity) FSI problem with three moving
interfaces in a much subtle fashion. Given a time-dependent incoming velocity
profile on the inlet to simulate the pulsatile blood flow, some numerical results
are gained for the velocity field of this multi-domain FSI problem in its early
stage in forms of magnitude contour, vector and streamline, as shown in Fig. 5.

We can clearly see that the larger velocity magnitudes occur in the stent
graft lumen rather than in the aneurysm cavity, which is because the incoming
blood fluid continues to flow through the inlet to the blood vessel lumen while
the contained blood fluid inside the aneurysm cavity is less active due to the
lack of residual elasticity inside the diseased aortic wall, but after a realistically
long term run, the aortic wall of the aneurysm, driven by the residual elasticity,
shall be able to be shrunk back to some extent, and then squeeze the remaining
blood out of the aneurysm cavity through the small gap, as illustrated in Fig. 5
after 0.05 seconds in the computation.
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