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Abstract. We extend Merton’s framework by adopting stochastic volatil-
ity to propose an early warning indicator for banks’ credit risk. Bayesian

inference is employed to estimate the parameters of Heston model. We

provide empirical evidence and demonstrate the comparative strength of

our risk measure over others.
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1 Introduction

Monitoring the risk borne by the banking sector and detecting early warning
signals were propelled to the forefront of regulation after the catastrophic finan-
cial crisis of 2007-08 much of which was attributable to banks such as Lehman
Brothers. In finance, Merton’s probability of default (PoD) is regarded as an
informative and reliable credit risk measure [1]E| Under this model, the firm’s
equity is considered as a call option with a strike price equal to the face value of
the firm’s debt [TI2J3J[4]. Merton model assumes that the value of the firm’s assets
follows a lognormal diffusion process that has a constant volatility; however, it
is restricted in terms of being able to adequately describe the real world [5].
Hence, we adopt the concept of time-varying volatility, specifically Heston
model [6I7I8/9/T0] in which volatility is driven by its own mean-reverting stochas-
tic process where log-returns of an asset exhibit heavy tails. Bu and Liao em-
ployed stochastic volatility and jumps to explain the time variation in credit
default swaps, a proxy for credit risk [11]. Fulop and Li suggested a simulation-
based parameter learning methodology to estimate parameters, and applied their
approach to stochastic volatility and jump models [I2]. Based on these studies,

4 Network approach is also applied to assess the credit risk of banks. Angelini et al.
and Khashman employed neural network using the real-world credit approval data
of Italy and Germany to evaluate banks’ credit risk [I3[14]. Gonzélez-Avella et al.
adopted network topology, i.e., loans are interpreted as links between banks (nodes),
to examine the interbank credit risk with financial contagion [15].
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we propose an indicator that delivers early warning signals for banks’ credit risk,
and compare the performance of our measure with others.

This paper is organized as follows. In the second section, we adopt stochastic
volatility to probability of undercapitalization (PoU) and propose an early warn-
ing indicator. The third section explains the parameter estimation strategy, and
we discuss the application of our risk indicator for two US banks in the fourth
section. Finally, the fifth section concludes.

2 Stochastic volatility and the effect of capital buffer

Among the pool of stochastic volatility models, we pick out Heston model due to
its semi-closed form solution and realistic assumptions such as mean-reversion
of variance and statistical dependence between an asset and its volatility. The
value of a firm at time ¢, V;, is assumed to evolve with a stochastic variance, o2,
that follows a Cox, Ingersoll and Ross process [T6/17]

AV, = pVidt + o, VidWh and do? = k(0 — of)dt + UUO'thWQ)t,

where p is the growth rate of firm value, k is the mean reversion speed for the
variance, 6 is the mean reversion level for the variance, o, is the volatility of
the variance, and W, (for ¢ = 1,2) is a standard Brownian motion. The Feller
condition, 2k0 > 02, is imposed to ensure that the variance is strictly positive
[18]. It is further assumed that the asset value and its variance are driven by a
correlated stochastic component of d(W1 ;, Wa ;) = pdt. When the asset return
and the variance are positively correlated (p > 0), the distribution of return has
a fat right tail [7].

A firm’s asset consists of equity and debt. In particular, a bank’s equity is
considered as an European call option with a strike price equal to the obligated
debt payment L at the maturity T as Ep = max{Vp — L,0}. Thus, the calcula-
tion of PoD with Heston model is as follows. For the simplicity of notation, all
subscripts are suppressed, and the proof is provided in the Appendix.

Proposition: Let z; = logV; and v, = o2. PoD admits a semi-analytical ex-
pression

o0 —iulog L .
PoD=P(Vp < L) = % _ l/ Re {6 @(12,1?796(0),11(0)) du.
™ Jo

where p(u;t,z,v) takes an exponential linear form as

o(ust,z,v) = exp(A(T — t,u) + B(T — t,u)v + iuzx) for 0<t<T,

. KOAa K0 1-1 Ao 1 —edt
The terms are defined as
1 1
a= 503, b= iuo,p — K, cz—i(uz—l-iu),
b—d b—d
d= b2—4ac, AQZT and l:m
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Unlike general firms, banks are subject to capital adequacy requirement,
however PoD simply focuses on a firm’s debt-paying ability. Hence, Chan-Lau
and Sy proposed distance-to-capital (DC) to address banks’ undercapitalization
risk [I9]. PoU and DC are considered as more conservative measures than PoD
and distance-to-default [2002T]. A bank is regarded as undercapitalized once
Vi — L < c¢-Vp holds at time T after debt payment and PoU of a bank can be
computed as

L L
PoU=P|Vr<— | =PoD+P L Vp < — ).
1—c¢ 1—c

We further propose an early warning indicator, namely the effect of capital
buffer (ECB). When bank failure looms, the elevated possibility of insolvency
risk eats up the capital buffer, and the regulation on a bank’s capital plays a
lesser role in governing risk. Hence, the ECB drops to small numbers, which can
be interpreted as warning signals,

PoU — PoD
ECB= ——.
PoU

3 Estimation strategy

A firm’s value and its variance are not directly observable, thus, we need to
estimate these variables from equity prices. However, the observed equity prices
may be contaminated by the microstructure of noise [22]

log S; = log Sy(V;, 02) + by, (1)

where 14 is i.i.d. standard normal random variable. Thus, the fundamental com-
ponent of equity price is a function of V; and o? [7]

Si(Vi,02) = VP, — Le "=V Py,

0o .

P = % + %/ Re {exp(wzuL) x exp(Cj + Djof +iulnV;)| du,
0

where u € R is the characteristic index, and C; and D; are known functions of

the model parameters for j =1, 2.

The estimation can be simplified as the input of observed equity prices
y1.¢ = {log S1,--- ,1log S;}, the output of a parameter set © = {u, 0, k, 04, p, 6},
and the latent states zi.; = {(Vl,af) S ,(V},af)}. Then, we apply the se-
quential Bayesian inference to estimate the parameters and hidden states [12],
hence, our objective is to find the joint posterior distribution p(z:, ©|yi.t) of
states and parameters at each time ¢. Since there is no analytical solution of the
joint posterior distribution, we need to draw samples from this distribution. The
underlying idea of sampling is to break up the interdependence of hidden states
and fixed parameters

p(xtv @‘ylzt) = p($t|y1:t7 @)p(@‘ylt)
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Thus, the procedure of sampling from the posterior distribution can be di-
vided into: (i) state filtering p(x+|y1., ©); and (ii) parameter learning p(©|y1.¢).
State filtering estimates the probability of latent state variables for a given static
parameter set, and we can derive the recursion of the filtering density (the pa-
rameter set © is suppressed in this step)

P(xelyie) o< p(yelae) /P(33t|33t71)10($t71\Z/Ltfl)da?tfb

where p(z¢|y1:e—1) = [ p(xe|zi—1)p(@i—1|y1:4—1)dxs—1. Suppose that we have a
weighted sample to represent the target distribution p(x¢_1|y1.4—1) at time ¢ —
1, ie., {(:cgl)l,wt(l)l) i=1,--- ,M} where wi )1 = p(yi— 1‘$§Z)1 Then, a new
weighted sample {(sc,gz),w,g ))7 j - M} ~ p(xt|y1+) can be drawn by a
recursive approach: (i ) obtaln a new sample xi " from p(xt\mt )1) and (ii) assign
a weight wgl) = p(yt|xt ) for each xg ).

Parameter learning evaluates the probability of parameter set © for the given
observed equity prices. For each parameter particle {@(j), j=1--- N }, the
likelihood is

P(y1:4|©) = Hp ylyra-1,0)p(y110), (2)

where p(yi|y1.-1,0) = [ p(yilzi, ©)p(z1|y1.4—1, ©)dz;. From state filtering, we
already have a sample of {xl(l),i =1, , M} ~p(zi|ly11-1,0), so

M

. 1 i

Pyilyri-1.0) = 37 > plulai”,©), (3)
=1

then, we can calculate the posterior distribution of @

p(Oly1:+) = p(y1:¢|@)p(O). (4)

The transition density p(x¢|z;—1) and the likelihood of measurement p(y|z)
are necessary for both state filtering and parameter learning. The transition law
is determined by

1
logVigr =logVi + (1 — 503)7 + Utﬁ&,t, (5)
0ty =07 + k(0 — o})T + opor/Ten s, (6)

where €1, and g4, follow N(0,1) with correlation p, and 7 is the time interval
of one period. The likelihood of measurement y; is determined by Equation .

The process of obtaining the posterior distribution from the real data is as
follows. Assume that we have {(V,"), 02 "));i =1,--- , M} ~ p(@1_1|yi_1), then we
can obtain p(mt|yt) from the following steps: (i) draw the next volatility o; ®
from p(o \at 1) in Equation (6) and error term l/t(l) ~ N(0,1); and (ii) solve the

equation Sie” o =5V, 62D|Pyy_1, Pay_1) for V'V, which is a rearrangement
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of Equation . To solve V4, Duan and Fulop found an approximate inversion,
which can estimate the solution without solving nonlinear equations [22].

Using the above sample, we can obtain the posterior density of measurement
from the following steps: (i) calculate P, and P, based on sample U? @) and
Vt(i); (ii) evaluate S;(V,'”, 07 |Py,, Py,); (iii) calculate the probability density
p(y¢|z:), which follows a normal distribution, i.e., log S; ~ N(logS;,6?), taken
from Equation (1)); and (iv) calculate the posterior density of measurement based
on Equations 7.

4 Application to banks

To demonstrate the performance of the ECB, we apply it to Lehman Brothers
and Bank of America for the period between 1 April 2006 and 29 August 2008.
The capital adequacy ratio c is set as 6.25% for investment banks following the
capital rules applied by the Securities and Exchange Commission, and and 4%
for commercial banks, which is the tier 1 capital adequacy ratio in the Basel
Accords. We assume that banks’ capital completely consists of equity. Both
PoD and PoU show similar movements as displayed in figures 1 and 2, and these
measures deliver warnings prior to the bankruptcy of Lehman Brothers and the
bailout to Bank of America. In reality, the US government provided 25 and 20
billion USD on October 2008 and January 2009, through Troubled Asset Relief
Program (preferred stock purchase) to Bank of America. The gap between PoU
and PoD indicates the capital buffer (effect of capital adequacy requirement).

Moreover, the shareholders of a bank are considered to be offered put options
on the bank’s assets through the bank safety net since the depositors’ repayment
is guaranteed in case of bank run through deposit insurance scheme, which is
provided by the Federal Deposit Insurance Corporation in the US. Thus, it is
suggested that shareholders had exploited the bank safety net prior to crises
through various risk-taking activities [23J24], leading to increases in put value,
which can be another early warning indicator. The put value can be calculated
from the contingent claim model

SI(Vi,o2) =V (P, — 1) — Lie " T=9(Py — 1).

In the case of Lehman Brothers, the ECB gave an early warning signal in
mid—2007, approximately a year earlier than the put value. For Bank of America,
the ECB started to decline from the end of 2007, delivering a warning signal in
mid—2008, however the put value failed to deliver any warnings. Put differently,
the put value of bank safety net is insufficient as an early warning indicator
unlike the ECB.
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Fig. 1. Credit risk and early warning indicator (Lehman Brothers)
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Fig. 2. Credit risk and early warning indicator (Bank of America)

5 Concluding remarks

We extend the Merton model by incorporating stochastic volatility and the con-
cept of undercapitalization to evaluate credit risk of banks in a more realis-
tic manner. We elect Heston model, in which asset return distribution exhibits
non-lognormal properties such as heavy tails. We employ Bayesian inference to
estimate parameters. Then, capital adequacy requirement is adopted to better
illustrate banks’ credit risk, and we further propose an early warning indicator,
namely the ECB. The application of the ECB to Lehman Brothers and Bank of
America demonstrates the comparative strength of our early warning indicator
compared to the put option value of the bank safety net.
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Appendix. Proof of the proposition

According to Ito’s formula, the dynamics of x(t) are given by

da(t) = (u — 5ol ) dt 4 /v(t)dWy (t)

Let p(u;t,z,v) = E[e™*™|z(t) = x,v(t) = v]. Then, by Gil-Pelaez inversion
formula [25], we have
P(V(T)< L)=P(z(T) <logL)
1 1 oS} —iulog L .
[ o[t e0))
0

U

2 7

By Feynman-Ka¢ theorem, ¢ solves the following boundary value problem

dp Oy 1 dy 13<,0 10% 4 5‘2907
8t+8x< “)*a O =0+ 55020 T 5 gtV tovrg g, =0

Following the guess by Heston [7], we assume that ¢ takes an exponential linear
form
o(u;t,z,v) = exp(A(T — t,u) + B(T — t,u)v + tuz).

Because of ¢(u; T, z,v) = e* for any z and v, we have boundary conditions for
A and B as
A(0,u) = B(0,u) =0.

Denoting 7 = T — t and plugging the “guessed” form into a partial differential
equation, we get

0A 0 1 1 5 5
<67’+8T >+zu<u—2v>+Bﬁ(9 v)—§u v+ - Bov—i—wavva—O

As this holds for any v, we get the following two ODEs

0A
— = ipuu + Bk0,
or
0B 1 1
— =——iu—Bk— = 32 wpB.
a7 2zu K 2u +2 o+ tuoy,p.
The ODE for B takes the form of Riccati equation:
0B 1 1
5 = 50332 + (tuoy,p — K)B — §(zu +u?) = aB? +bB +c,
-
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where
L 4

1
a= 50y, b=iuo,p— kK and c:—i(u2—|—iu).

According to the solution of Riccati equation, the solution to the ODE for B is
given by B = ff—h, where h(7) solves the following ODE

R’ —bh' + ach = 0.
Denote d = v/b% — 4ac, then h takes the form
h(1) = D1eM7 + Doe??™,
d Dy

where A\ = # and Ao = 554, Letting H = g; and plugging h into B, we get

)\1D1€>‘17 + )\2D2€)‘27— )\1H€)‘1T + )\26/\27

a(D1eM7T + Dye*2™)  a(HeMT + edeT)

B(t,u) =

Recall the boundary condition, B(0, u) = 0. It follows immediately —H = 22 2.

Thus, we further have '

Y AT A AT A 1— dr
B(r,u) = — 2677 F Age =72 c

a (_%e/\lr + 6)\27) a 1— led'r

To solve A, note that the indefinite integral is

A 1—edm A A 1
/B(T, uw)dr = —;2 / ﬁdr = —%T + a—; (1 - l) log(1 — 1e7) + const.

Hence,

A(r,u) = iput —

HHAQT + /@0/\2 ( }

> 1- ) log(1 — 1) + const.

Recall the boundary condition A(0,u) = 0. Thus we can solve for the constant
term and further simplify the expression to

O\ 0 1-1
AT, u) = <iuu— Ha2>7'+210g <>7

1 —ledr

and the proof is complete.

References

1. Merton, R.: On the pricing of corporate debt. The risk of structure of interest rates.
Journal of Finance 29(2), 449-470 (1974)

2. Afik, Z., Arad, O., Galil, K.: Using Merton model for default prediction: An em-
pirical assessment of selected alternatives. Journal of Empirical Finance. 35, 43—67
(2016)

ICCS Camera Ready Version 2020
To cite this paper please use the final published version:
DOI] 10.1007/978-3-030-50371-0_30 |



https://dx.doi.org/10.1007/978-3-030-50371-0_30

Stochastic volatility and early warning indicator 9

3. Bharath, S., Shumway, T.: Forecasting default with the Merton distance to default
model. Review of Financial Studies. 21(3), 1339-1369 (2008)

4. Hull, J., Nelken, I., White, A.: Merton’s model, credit risk and volatility skews.
Journal of Credit Risk. 1(1), 3-27 (2004)

5. Harada, K., Ito, T., Takahashi, S.: Is the distance to default a good measure in
predicting bank failures? A case study of Japanese major banks. Japan and the
World Economy. 27, 70-82 (2013)

6. Dragulescu, A., Yakovenko, V.: Probability distribution of returns in the Heston
model with stochastic volatility. Quantitative Finance 2(6), 443-453 (2002)

7. Heston, S.: A closed-form solution for options with stochastic volatility with appli-
cations to bond and currency options. Review of Financial Studies 6(2), 327-343
(1993)

8. Hull, J., White, A.: The pricing of options on assets with stochastic volatilities.
Journal of Finance 42(2), 281-300 (1987)

9. Scott, L.: Option pricing when the variance changes randomly: Theory, estimation,
and an application. Journal of Financial and Quantitative Analysis 22(4), 419-438
(1987)

10. Stein, E., Stein, J.: Stock price distributions with stochastic volatility: An analytic
approach. Review of Financial Studies 4(4), 727-752 (1991)

11. Bu, D., Liao, Y.: Corporate credit risk prediction under stochastic volatility and
jumps. Journal of Economic Dynamics and Control 47, 263-281 (2014)

12. Fulop, A., Li, J.: Efficient learning via simulation: A marginalized resample-move
approach. Journal of Econometrics 176(2), 146-161 (2013)

13. Angelini, E., di Tollo, G., Roli, A.: A neural network approach for credit risk
evaluation. Quarterly Review of Economics and Finance 48(4), 733-755 (2008)

14. Khashman, A.: Neural networks for credit risk evaluation: Investigation of different
neural models and learning schemes. Expert Systems with Applications 37(9), 6233—
6239 (2010)

15. Gonzalez-Avella, J., de Quadros, V., Iglesias, J.: Network topology and interbank
credit risk. Chaos, Solitons & Fractals 88, 235-243 (2016)

16. Cox, J., Ingersoll Jr, J., Ross, S.: A theory of the term structure of interest rates.
Econometrica 53(2), 385-407 (1985)

17. Dereich, S., Neuenkirch, A., Szpruch, L.: An Euler-type method for the strong
approximation of the Cox—Ingersoll-Ross process. Proceedings of the Royal Society
A: Mathematical, Physical and Engineering Sciences 468(2140), 1105-1115 (2012)

18. Feller, W.: Two singular diffusion problems. Annals of Mathematics 54(1), 173-182
(1951)

19. Chan-Lau, J., Sy. A.: Distance-to-default in banking: A bridge too far?. Journal of
Banking Regulation 9(1), 14-24 (2007)

20. Ahn, K., Dai, B., Kim, C., Tsomocos, D.: Measuring financial fragility in China.
Sald Business School Research Paper No. 2015-23 (2015)

21. Ji, G., Kim, D. S.; Ahn, K.: Financial structure and systemic risk of banks: Evi-
dence from Chinese reform. Sustainability 11(13), 1-22 (2019)

22. Duan, J., Fulop, A.: Estimating the structural credit risk model when equity prices
are contaminated by trading noises. Journal of Econometrics 150(2), 288-296 (2009)

23. Anginer, D., Demirgii¢-Kunt, A., Zhu, M.: How does deposit insurance affect bank
risk? Evidence from the recent crisis. Workd Bank (2012)

24. Sinn, H.: Casino capitalism: How the financial crisis came about and what needs
to be done now. Oxford University Press (2010)

25. Gil-Pelaez, J., Note on the inversion theorem. Biometrika 38(3-4), 481-482 (1951)

ICCS Camera Ready Version 2020
To cite this paper please use the final published version:
DOI] 10.1007/978-3-030-50371-0_30 |



https://dx.doi.org/10.1007/978-3-030-50371-0_30

