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Abstract. Recently, x-Folded TM topology was introduced as a desir-
able design in k-ary n-cube networks due to the low diameter and short
average distance. In this article, we propose a mathematical model to
predict the average network delay for (k × k) x-Folded TM in the pres-
ence of uniform traffic pattern. Our model accurately formulates the
applied traffic pattern over network virtual channels based on the av-
erage distance and number of nodes. The mathematical results indi-
cate that the average network delay for x-Folded TM topology is re-
duced when compared with other topologies in the presence of uni-
form traffic pattern. Finally, the results obtained from simulation ex-
periments confirm that the mathematical model exhibits a significant
degree of accuracy for x-Folded TM topology under the traffic pattern
even in varied virtual channels.
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1 Introduction

One of the critical components in a multicomputer is the interconnection
network, which significantly influences multicomputer performance. The
three significant factors for these network performance are introduced as
topology, routing algorithm and switching method. These factors are effec-
tively used to determine network performance. The designs of nodes and
the connection to channels are described in the network topology. To select
a path between the source and destination, a routing algorithm is employed
to select network messages in order to specify the path across the network.
Using the switching method, the allocation of channels and buffer resources
for a message across the network is established [1].

A number of studies have disclosed the fact that the advantages of de-
signing variable topologies fall under different traffic patterns. The signif-
icant advantage of the mathematical model over simulation is that it can
be used to obtain performance results for large systems and behaviour un-
der network configurations and working conditions, which may not be feasi-
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ble for study using simulation due to the disproportionate computation de-
mands. There are several mathematical models for k-ary n-cubes topologies
(n is the dimension and k is the number of nodes in each dimension) under
different traffic patterns based on the literature review [3]. In light of this
review, this article proposes the mathematical model of the x-Folded TM
topology. x-Folded TM [7] is introduced as a low diameter network which
can outperform a similar network size in terms of throughput and delay.
Using mathematical models in this article, we can see the effect of different
topologies and virtual channels on the network performance including the x-
Folded TM topology properties and applied traffic patterns.Since a uniform
traffic pattern has been used in previous studies and recently non-uniform
traffic has been presented [4,5,8,9], unifrom traffic pattern has been em-
ployed for evaluation in this study.

2 x-Folded TM Topology

x-Folded TM is a new wormhole-routed topology created by folding the TM
topology [10,11] based on the imaginary x-axis when k ≥ 3 and n = 2. The
definition of x-Folded TM topology is as follows:

Definition 1. In x-Folded TM, node (x, y) is a valid node if 0 ≤ x ≤ (k−1)
and 0 ≤ y ≤ (k − 1). Along x-axis, the nodes connecting to node (x, y) are:
(x+ 1, y) if x < (k−1) and (x−1, y) if x > 0. Along the y-axis, nodes (x, y+ 1)
if y < (k − 1) and (x, y − 1) if y > 0 are connected to node (x, y). Then, node
(x, y) is removed from the x-Folded TM if (x + y) mod k = 0 or 1 or ... or
(k−3), where x > y and (k−3) ≤ x ≤ (k−1) and 1 ≤ y ≤ (k−2). In addition,
there is no link between two nodes (x, y) and (x+ 1, y) if x = i and y = i+ 1,
when k is even and i = k

2 − 1.
x-Folded TM topology has a node structure similar to TM topology, except

a number of the nodes are shared from top to bottom. Figures 1 (a) and (b)
show x-Folded TM topology for an (k×k) interconnection network where k is
even and odd respectively. The purple nodes in this figure are representative
of the shared nodes between red and blue nodes. Several researchers have
proposed mathematical models under different permutations, which have
been reported in previous studies. The model developed here uses the main
advantages of the proposed model in [8] to derive the mathematical model
for the x-Folded TM topology in the presence of uniform and non-uniform
traffic patterns.

3 Mathematical Model

This section describes the derivation of the mathematical model based on
the introduced assumptions in Table 1.

The model has restricted the attention to x-Folded TM topology, where
n = 2 is the network dimension and k ≥ 3 is radix or the number of nodes
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(a) k is even (b) k is odd

Fig. 1: (k × k) x-Folded TM Topology

Table 1: Mathematical Assumptions.
Parameter Description

Mean Rate (λ) The traffic is generated across the network nodes indepen-
dently and follow a Poisson process with a mean rate.

Network size
(N) N = 8× 8 (k-ary n-cube where k=8 and n=2)

Message length
(L)

The length of a message is L flits (A packet is broken into
small pieces called flits which are flow control digits) and
each flit is transmitted from source to destination in one
cycle across the network.

Virtual Chan-
nels (V C) VCs = 2 or 8 are used per physical channel.

in each dimension. Generally the relation between dimension, radix and a
number of nodes (N) is

N = kn or (n = logkN). (1)

In the k-ary n-cube, the average delay is a combination of the average net-
work delay (S̄) and the average waiting time (W̄ ) of the source node while
the average degree of VCs at each physical channel also influences the av-
erage delay and is scaled by a parameter (V̄ ). Thus, the average delay is

Average Delay = (S̄ + W̄ )V̄ . (2)

In [2], the average distance along one dimension is defined as AD in that
it is multiplied by a number of dimensions, n, for the whole network and is
defined d̄ as

d̄ = n×AD. (3)
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In order to demonstrate Eq. (3), AD can be obtained according to Theorem
1. Although we need to present Lemma 1 and Preposition 1 before proving
Theorem 1.

Lemma 1. For an x-Folded TM, let I(i) be the number of the nodes that are
i nodes away from the source node (0), which can be calculated by using
Eq.(4),

I(i) = i+ 1 ∀1 ≤ i ≤ (k − 1). (4)

Proof. For 1 ≤ i ≤ (k − 1), I(i) has been defined as the number of the nodes
that are i nodes away from node (0). The diagram for (8 × 8) x-Folded TM
topology in Figure 2 used to show the distance between the assumed source
node and the other nodes by dashed lines. For simplicity, all nodes are la-
belled from 0 to (k2-1) in this figure. The node with coordinates (0, 0) has
been labelled node (0) and introduced as the assumed source node. For ex-
ample, I(1) = 2, i.e., the number of nodes that are one node away from node
(0) is two nodes. In other words, this means that the node (0) has two neigh-
bours. �

Fig. 2: Illustration of the Distance of Nodes from node (0) as source node in
(8× 8) x-Folded TM topology.

Theorem 1. The average distance of x-Folded TM topology is

ADk =

{
1 if k = 3,
ADk−1+k(k−1)

k2−1 if k ≥ 4.
(5)

Proof. Using Proposition 1, the average distance of the k-ary n-cube topolo-
gies is denoted by AD. Substituting Eq. (4) into average distance of an k-ary
n-cube topology along one dimension in [] the average distance of x-Folded
TM topology (ADk) appears in Eq. (5) for different k. �
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Under uniform traffic pattern, messages arrive at network channels at
different injection rates. The received injection rate of messages for each
channel, λ, is gained by dividing the total channel rates by the total number
of channels. The uniform’s injection rate, λu, can be found using

λu =
1

2
· (λ×ADk). (6)

Proposition 1. The number of the nodes for an x-Folded TM can be written
as,

N ′ = a1 ×N + a2. (7)

It is computed according to a linear model, which has been presented in Eq.
(7) where the initial values are a1 = 0.8005, a2 = 0.9786, and n=2.

Theorem 2. [8] The number of channels that are j nodes away from a given
node in a k-ary n-cube topology is

Cj =

n−1∑
l=0

n−1∑
t=0

(−1)t(n− l)
(
n

l

)(
n− l
t

)(
j − t(k − 1)− 1

n− l − 1

)
. (8)

Proof. By referring to the combinatorial theory, this theorem has been proven
in [8]. �

Under uniform traffic pattern, the average network delay for each chan-
nel in different dimensions is equal to message lengths at the beginning, S̄0.
The studies in [9,8] provide the used notation to determine the quantities
of the average waiting time, Wci and the probability of blocking, Pbi , at di-
mension i. Considering the average delay, the average network delay can be
found using

S̄i = S̄i−1 +ADk(1 +WciPbi) (1 ≤ i ≤ n), (9)

In addition to computing S̄ to develop the mathematical model, the wait-
ing time (W ) for a message under uniform traffic pattern is computed as

Wj =

λ
V S

2
j (1 +

(Sj−Sj−1)
2

S2
j

)

2(1− λ
V Sj)

. (10)

W̄ is a function of the average waiting time under different possible values
(1 ≤ j ≤ n(k − 1)). V̄ is the average degree of VCs under the traffic pattern.
It should also be noted that pvj is the probability used to determine whether
the VCs are busy at the physical channel using a Markovian model [9]. The
bandwidth is shared between multiple VCs in each physical channel. The
average of all the possible values at a given physical channel is computed
using

V̄ =

n(k−1)∑
j=1

V C∑
v=1

v2pvj

V C∑
v=1

vpvj

. (11)
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Consequently, the average network delay between source node and destina-
tion node can be written simply as Eq. (2). We presented all of the equations
for the mathematical model under uniform traffic pattern to evaluate the
x-Folded TM topology performance.

4 Performance Evaluation

The validation results in this section prove that the predictions of the math-
ematical model with similar assumptions are accurate in terms of the aver-
age delay (cycles) with an increase in the packet injection rate (flits/node/cycle).
The presented simulation results validate the accuracy of the results ob-
tained from the mathematical model for different topologies. The mathe-
matical model for the x-Folded TM topology has been validated through the
discrete-event simulation using the Booksim 2.0 simulator [6].
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Fig. 3: Average delay in the presence of uniform traffic pattern.

The average delay curves for three topologies are illustrated in Figure 4.
The used traffic pattern is uniform to generate destination nodes randomly.
Figure 4 reveals the similar saturation time in different numbers of VCs
and the effectiveness of x-Folded TM topology on decreasing the average
delay compared with the results obtained by Torus and TM under uniform
traffic pattern. Figure 4 (a) illustrates the predicted results by the mathe-
matical model for different topologies. These have been studied for VCs=2
and the same packet size. We employ Torus and TM topologies as bench-
marks and represent their mathematical models to show the superiority of
x-Folded TM topology on the average delay as a new topology in intercon-
nection networks. Figure 4 (b) illustrates the average delay in terms of the
packet injection rate in VCs=8 for different topologies. Both figures reveal
the less than average delay for x-Folded TM topology in different numbers
of VCs until the saturation time.
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5 Conclusion
This article presents a mathematical model for the computation of the aver-
age network delay in wormhole-routed Torus, TM and x-Folded TM topolo-
gies in the presence of uniform and non-uniform traffic patterns. We explore
the mathematical model for x-Folded TM topology to present its novelty by
reducing the average delay. This model is validated and deemed accurate
by simulation with less than 5% difference in the average delay. We believe
that x-Folded TM topology will be applicable for the future studies in high-
performance interconnection networks.
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