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Abstract. Failure of peripheral endovascular interventions occurs at the
intersection of vascular biology, biomechanics, and clinical decision making. It is our hypothesis that most of the endovascular treatments share
the same driving mechanisms during post-surgical follow-up, and accordingly, a deep understanding of them is mandatory in order to improve
the current surgical outcome. This work presents a versatile model of
vascular adaptation post vein graft bypass intervention to treat arterial
occlusions. The goal is to improve the computational models developed
so far by effectively modeling the cell-cell and cell-membrane interactions
that are recognized to be pivotal elements for the re-organization of the
graft’s structure. A numerical method is here designed to combine the
best features of an Agent-Based Model and a Partial Differential Equations model in order to get as close as possible to the physiological reality
while keeping the implementation both simple and general.
Keywords: Vascular Adaptation · Particle Model · Immersed Boundary
Method · PDE Model
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Introduction and Motivation

The insurgence of an arterial localized occlusion, known as Peripheral Arterial
Occlusive Disease (PAOD), is one of the potential causes of tissue necrosis and
organ failure and it represents one of the main causes of mortality and morbidity
in the Western Society [1, 3].
In order to restore the physiological circulation, the most performed technique consists into bypassing the occlusion with an autologous vein graft. Benefits and limitations of this procedure are driven by fundamental mecano-biology
processes that take place immediately after the surgical intervention and that
fall under the common field of vascular adaptation.
?
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Today the rate of failures of Vein Graft Bypass (VGBs) as treatment for
PAODs remains unacceptably high [4], being the graft itself often subjected to
the post-surgical re-occlusive phenomenon known as restenosis. It is our belief
that the causes of such failures need to be searched for within the multiscale and
multifactorial nature of the adaptation that the graft faces in the post-surgical
follow-up in response to the environmental conditions variations, a process commonly known as vascular adaptation.
Fig. 1 offers a detailed description of the cited nature of adaptation, where
sub-sequent and interconnected variations at genetic, cellular and tissue level
concur to create a highly interdependent system driven by several feedback loops.

Fig. 1. Multiscale description of vascular adaptation: dynamic interplay between physical forces and gene network that regulates early graft remodeling [7].

The goal of this work is to address the modeling and simulation of the vascular
adaptation from a multiscale perspective, by providing a virtual experimental
framework to be used to test new clinical hypotheses and to better rank the many
factors that promote restenosis. In addition, our hypothesis is that an accurate
implementation of the potential forces governing cellular motility during wall rearrangement is mandatory to obtain a model close enough to the physiological
reality. From a qualitative observation of histological evidences, a sample of
which is shown in Fig. 2, local distribution of cells across the wall is relatively
uniform and we supported that this feature provides some interesting guidances
on what the dominant biological mechanism of cellular motility might be.
This study is based on the extensive work carried out by our group on vascular
adaptation [5, 7] and it represents a big step toward a more accurate replication
of the physiological reality thanks to its ability of taking in account pivotal bio-
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Fig. 2. Staining image of a portion of graft’s wall: the blue dots identify the cells’
nuclei, the stack of images were obtained via confocal microscopy and post-processed
in order to correct the artifacts due to the different depths of cells with respect to the
plan of visualization.

logical events such as cellular motility and cell-cell, cell-membrane interactions,
which in reverse were very difficult to represent with a discrete Agent-Based
Model (ABM) implemented on a fixed grid [5]. The adaptation is here replicated on a 2D cross section, a choice justified by the fact that cited data from
histology used to qualitatively validate the model are available in the format
of a 2D slice. Finally, the model has been cross-validated against a Dynamical
System (DS) [11] and the ABM [5] previously cited, a never-trivial feature for a
computational model, as it allows to choose the best model to be used according
to the purpose of the analysis performed.

2

Methods

In order to replicate the anatomy of the graft, the computational model is organized in 4 sub-domains shown in Fig. 3 that are lumen, tunica intima and media,
and external surrounding tissue, where intima and media are separated by the
Internal Elastic Lamina (IEL).
The numerical model can be decomposed in three sub-sections respectively
corresponding to a software module working on different scales - see Table 1:
– Mechanical Model (MM): it locally computes the value of mechanical
quantities of interest, such as flow velocity, shear stress, strain energy, et
cetera.
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Fig. 3. Morphological structure of a vein graft: between the intima and the media is
the Internal Elastic Lamina (IEL) and the External Elastic Lamina (EEL) is between
the media and the adventitia [2].

– Tissue Plasticity (TP): it defines the driving cellular events, mainly cellular mitosis/apoptosis and matrix deposition/degradation, as stochastic laws
driven by constant coefficients.
– Tissue Remodeling (TR): it computes the re-organization of the graft
structure driven by cellular migration.

Table 1. Multiscale nature of the hybrid model

space scale versus time scale second hour day
10−4 m
TR TP
10−3 m
MM TR
10−2 m
MM

The MM is described by a Partial Differential Equations (PDEs) of continuous mechanics [8], TP with an ABM regulating the cells behavior [6, 5], and TR
by particles moving in a highly viscous incompressible media, which cells motion
is computed on the base of a continuum space. The most challenging part is the
definition of the forces that drive the cellular motility toward the re-organization
of the graft in a way both biologically accurate but also mathematically simple in
order to be able to easily calibrate the formula on experimental data for validation purposes. As anticipated in the Introduction, the cornerstone of our model
is its multiscale nature and so the numerical discretization and the algorithm
implemented for each module will encompass multiple scales both in time and
in space detailed in Table 1.
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Mechanical Model (MM)

The blood flow in the lumen is described as a steady incompressible flow that
remains constant independently from the inward/outward nature of the remodeling and, accordingly, the standard set of equations of a flow through a pipe was
used to simulate such flow across the vein assuming a non-slip condition at the
wall [8, 9]. The MM computes the flow and the shear stress at the wall, labeled
as τwall , and both variables are updated at every step if the lumen geometry
variation is greater than a certain tolerance, in formula:
new
old
distance(∂Ωlumen
, ∂Ωlumen
) > tol,

where distance is intended as the Euclidean distance between two consecutive
time points on the same lumen location and tol ≈ 10−4 m, i.e. a cell diameter. The
deformation of the wall can be described both with a thick cylinder approximation, easily computable with a Matlab code [10], or by a Neo-Hookean hyperelastic model, computable by using a finite element technique with FEBio software
[9]. The description of the tissue mechanical properties is the one adopted in previous works by our group [5, 7, 11], and accordingly, being the wall displacement
negligible, the strain energy (σ) becomes the main element influencing cellular
metabolism within the media. Finally cellular division is driven by the diffusion
of a generic Growth Factor (GF) across the wall, which sees in the shear stress
its driving force. Denoting it with G(τ ), the GF diffusion is defined as:
∂G
∂G
= c ∆G in Ω, G|∂Ωlumen = F (τwall ),
|∂Ω = 0,
∂t
∂n
where c is the diffusion coefficient.
2.2

(1)

Tissue Plasticity (TP)

Cellular and ExtraCellular Matrix (ECM) activity is described with an ABMbased implementation [12], mostly relying on a cellular automata principle governed by stochastic laws, such as each cellular event is associated to a density of
probability. We refer to [5, 6] for a detailed description of the algorithm, and for
completeness, Table 2 provides an axiomatic description of the rules that drive
the ABM.
The stochastic model describes how the cellular events depend on the local
concentration of the associated GF (1), triggered by shear stress within intima
and strain energy within media, creating in this way the bridge between continuum mechanics and TP. Early restenosis is mostly attributable to Intimal
Hyperplasia (IH), i.e. an un-controlled growth of the intima toward the lumen,
for which a reduction of shear stress stimulates specific GFs to switch their status from quiescent to active. The latter promotes cellular migration toward the
intima with subsequent proliferation and deposition of ECM.
To simulate the switching from a normal condition to a perturbed one, representing the response of the system to an environmental conditions variation,
the key is to define a so-called basic solution, where the system is stable and
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Table 2. Axiomatic Description of the Set of Rules of the ABM

Rule

Variable

Function

pdivision = papoptosis = α1 ,

SMC

SMC equilbrium in Basic Solution

pdegradation = pproduction = α2 ,

ECM

ECM balance in Basic Solution

; T = α3 , δT = α4
A(t) = exp − t−T
δT

all

factor all probability laws by macrophage activity

T and δT

macrophage time of maximum macrophage activity and relaxation time

)
pIdivision = α1 A(t)(1 + α5 G(∆τ
)
τ̄

SMC

probability of SMC division in intima.

pIapoptosis = α1 A(t)

SMC

probability of SMC apoptosis in intima.

pIproduction = α2 A(t)(1 + α6 ∆σ
)
σ̄

ECM

probability of ECM production in media.

pIdegradation = α2 A(t)

ECM

probability of ECM degradation in media.

)
pmigration = α7 A(t)(1 + α8 G(∆τ
)
τ̄

SMC

probability of SMC migration from intima to media.

regulated by standard conditions that ensure a fair balance both for cellular
mitosis/apoptosis and for ECM synthesis/degradation. Intuitively, the basic solution represents a healthy vein at time of implant and the perturbed model
will evolve driven by mechanical forces in order to recover the perturbation applied and to reach back the equilibrium. To simulate the restenosis process, a
perturbation of shear stress will be applied in order to promote IH.
2.3

Tissue Remodeling (TR)

The biggest novelty of the model consists into the abandonment of a fixed gridbased structure, used so far [5], in favor of a continuous mechanic description.
Accordingly, Smooth Muscular Cells (SMCs) are now described as discs of radius
RSM C crawling in a highly viscous flow, and not anymore like dynamic state
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variables allocated on a static hexagonal grid. As per biological evidences, SMCs
can synthetize or degrade ECM, in addition to undergoing mitosis/apoptosis.
This generates a source and a sink term respectively in the mass balance that
will be used to determine the energy of the structure. The adaptation consists
into the response of the structure to an energy unbalance, which sees the reorganization of the system driven by cellular motility in order to recover toward
a condition of equilibrium. Remembering that each layer of the graft is bounded
by an elastic membrane, the considerations highlighted naturally suggest the use
of an Immersed Boundary Method (IBM) [13] in order to simulate the remodeling
of the structure, which is so articulated in three phases: i) an IBM algorithm to
take in account SMCs activity and membranes adjustment; ii) an SMCs motion
algorithm; iii) an inward/outward remodeling algorithm.

IBM Algorithm A time-split numerical implementation drives the tissue remodeling, meaning that while the TP model is run with a time step of 1 hour,
the IBM algorithm is run with a variable time step δt that corresponds to the
relaxation time of the media with respect to cell division and motility: the larger
δt the more cylindrical the graft will end to be. The spatial resolution with step
h is linked to the Cartesian nature of the grid and it is chosen to be of the order
of a SMC radius. Since the media is described as a highly viscous fluid, we compute the variables V and P, respectively velocity and pressure of the fluid. The
IBM algorithm is applied to a square domain ω = (0, 1)2 ∈ R2 in which the vein
graft section is embedded. The wall and lumen boundaries of the vein graft and
interfaces separating intima from media, see Fig. 3, are described by immersed
elastic boundaries: let us denote Γ ∈ Ω a generic immersed elastic boundary
with curvilinear dimension one. X is the Lagrangian position vector of Γ , expressed in the 2-dimensional Cartesian referential. The Lagrangian vector f is
the local elastic force density along Γ , also expressed in the Cartesian referential.
f is projected onto Ω to get the Eulerian vector field F , that corresponds to the
fluid force applied by the immersed elastic boundaries.
If s ∈ (0, 1)m is the curvilinear coordinate of any points along Γ , and t ∈ [0, tmax ]
is the time variable, the different mapping can be summarized as it follows:
V : (x, t) ∈ Ω × [0, tmax ] −→ R2
P : (x, t) ∈ Ω × [0, tmax ] −→ R
X : (s, t) ∈ (0, 1)m × [0, tmax ] −→ Ω
f : (s, t) ∈ (0, 1)m × [0, tmax ] −→ R2
F (x, t) ∈ Ω × [0, tmax ] −→ R2
One of the cornerstones of the IBM method is the formulation of the fluidelasitc interface interaction, which model is unified into a set of coupled Partial
Differential Equations (PDEs). To build that, the incompressible Navier-Stokes
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system writes:



∂V
ρ
+ (V.∇)V = −∇P + µ∆V + F
∂t
∇.V = 0

(2)
(3)

The IBM algorithm requires the extrapolation of the Lagrangian vector f into
the Eulerian vector field F from the right end side of (2). For this purpose a
distribution of Dirac delta functions δ, is used, such as:
(
Z
f (s, t), if x = X(s, t)
(4)
F (x, t) =
f (s, t)δ (x − X(s, t)) ds =
0,
otherwise
Γ
Its dynamic is regulated with a linear elastic model implemented by using
the Hooke law of elasticity, for which the tension of the IB is linear function
of the strain energy. The local elastic force density assumes its final form that
writes
∂ 2 X(s, t)
.
(5)
f (s, t) = σ
∂s2
The IBM algorithm offers dozens of potential possibilities of implementation:
the rationale should always be to pursue the right compromise between stability
of the scheme and accuracy. Because the fluid is highly viscous, a standard projection scheme for the Navier Stokes equations discretized with finite differences
on a staggered grid was used. The momentum equation was discretized with
central second order finite differences for the diffusion term and with a method
of characteristic for the convective term.
SMC motility The second phase of tissue remodeling consists into the computation of SMCs motility. The algorithm to compute the trajectory can be divided
in two consecutive steps.
First, SMCs move passively in the matrix by following the media on the base
of the local velocity field with the same numerical scheme applied to the discrete
point of the immersed boundary, and second, SMCs move also actively driven
by multiple potential driving forces, listed below:
– SMCs interact each others. A description of such interactions based on an
analogous of the Lennard-Jones potential looks like a smart choice to define
an initial framework. Under this hypothesis, during mitosis the two cells may
spearate and remain at a distance of about their diameter. This makes the
two Lennard-Jones potential coefficients to be cellular size-dependent.
– Further motion of SMCs depends on the gradient of molecules density that
are the solution of a reaction-convection diffusion system. Accordingly a
generic GF has been introduced with (1) in order to describe the chemotaxis
that is originated by the cited gradient.
– Cell motility has a random component that participates to their diffusion
through the tissue.
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– SMCs may infiltrate area free of cells to preserve the tissue integrity. This
motion corresponds to a mechanical homeostasis and it maintains a local
balance between SMC and ECM distribution to keep the matrix healthy
[14, 15].
The trajectory of a SMC can be so described by tracking its position along
time with the following relation:
Ẋ = VS + VE + VG + VR ,

(6)

where X is the location of the single SMC.
In (6), VS sums up the repulsive forces between particles. The amplitude of
this force decays with the distance and, in first approximation, one can assume
a linear decay toward zero in nS units expressed in cell diameter. Consequently,
cell-cell interaction is only possible between elements belonging to the same
subdomain, i.e. intima or media, and also interaction is not possible between
cells separated by a distance larger than 2 ns RSM C , where ns has been chosen
to be of the order of few units.
VE sums up the attractive forces between the particles that decay linearly
as for the cell interaction but in ne units and become zero above a distance of
2 ne RSM C . ns and ne have a great influence on the result of the simulation and
a deep analysis of them will be useful to address some open problems of the vein
graft’s biology.
VG is proportional to the gradient of G that is the generic GF that activates
SMC proliferation.
Finally, VR is a random vector that mimics the noisy character of cell motility.
Its intoduction is justified by the assumption that a cell can not move more than
a radial unit within the time step δt of the IBM algorithm.
The strong feature of the method here proposed is that it allows us to implement all these elements that are known to play a key role at biological level and
to also test several combinations of them. However, compared to our previous
ABM [5], the number of unknown parameters used to describe the new cellular
motility module grows proportionally with the level of closeness of the model to
the physiological reality, and accordingly, a non-linear stability analysis will be
needed to find the trade-off between complexity and accuracy as already done
in [6].
Inward Outward Membrane Motion Adjustment An ad hoc adjustment
is needed in order to prevent the structure to always promote outward remodeling, seen the incompressibility of the lumen medium. The hypothesis is so that
the tissue accommodates to the transmural pressure that is a combination of
blood pressure and external pressure from the surrounding tissue toward a state
that gives less mechanical stress on cells. This adjustment is still driven by an
energy minimization logic, for which at each cycle, the mechanical energy of the
wall is computed with the MM and the sign of a sink/source term is decided in
accordance with the sign of the derivative that minimizes said energy. Finally,
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in order to improve the model, we need to consider i) that macrophages in the
wall can be treated with the same framework but of course by adjusting the
related parameters; ii) that the IEL has a certain porosity allowing SMCs to
pass through and iii) that the volume of a daughter cell can increase in time.

3

Plan of Simulations

As previously mentioned, a basic solution needs to be retrieved in order to serve
as baseline point for the vascular adaptation simulation. The setup to retrieve
it and the rationale for the representation of the results are the same already
used in [6], and the same is valid for IH, which was then simulated by studying
both its early phase (1 day follow up) and its late phase (1 month). After all,
a comparison between the two phases is important in order to distinguish the
different impact of the several aims of SMCs motility.
Finally, a cross validation between the presented model and a DS developed
by our group [11] has been performed on a 4 months follow-up as also done for
the original ABM [5] with the motivations highlighted in the Introduction.
In order to perform the cross validation, the DS has been setup with a 50%
decrease in shear stress from the baseline value to foster the hyperplasia with
initial graft (R), lumen (r), and IEL (re) respectively equal to R = 0.2915, re
= 0.2810, and r = 0.2387, all expressed in mm. It is finally important to recall
how, in order to calibrate the DS on the new PDE model, the distance between
the two models output, temporal intimal area dynamic in this case, has been
minimized by using a Genetic Algorithm (GA).

4

Results

Fig. 4(a) shows the generation of the basic solution. Each red dot corresponds
to a SMC, while the green circle individuates the IEL. It is important to recall
how our modeling effort has been driven by the pursuit of a graft’s cross section
that shows a uniform distribution of cells across the wall also free from isolated
cells occurrence. Already the replication of the initial condition represents a
good approximation of the grafts histology. The analysis of the early stage of
hyperplasia offers a nice overview of how the accuracy of the model grows along
with the number of forces driving SMCs motion implemented. Here SMCs in
intima and media are respectively individuated by a red and a black circle,
while the IEL lamina is still shown in light green.
Fig. 4(b) reports a first example of early stage of IH, where the random motion is the only component driving the adaptation of the strucures. As it is clear
from the figure, a uniform distribution of SMCs is not reached in the intima as
instead retrievable from a comparison with histology and this is mainly caused
by the motion restriction that affects SMCs because of the reduced initial thickness of the intima. By adding the repulsive cell-cell interaction, the distribution
of SMCs gets more uniform, as appreciable in Fig. 4(c), even though the formation of clusters that will eventually be trapped in pockets of the lumen wall and
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Fig. 4. Cross Section of the vein graft reported in (a) basic solution, i.e. healthy vein
condition; early stage of hyperplasia progressively adding up (b) random motion, (c)
cell-cell repulsion, and (d) matrix invasion forces; late phase of hyperplasia encroaching
the lumen affected by (e) vertical and (f) horizontal stretching of the lumen itself.

there confined by the membranes tension is still clearly visible. Also important
to point out is the tendency that some areas of ECM with no SMCs have to
form, taking in this way the model far from the reality observed at histology
level.
A more uniform distribution is reached by adding the matrix invasion term
as shown in Fig. 4(d), corroborating in this way the belief that an accurate
description of SMCs motion is the key in order to obtain a model close enough
to the physiological reality. As side consideration, accordingly to the purpose of
this work, SMCs proliferation within the media has not been activated, and so it
was to be expected a regular uniform distribution of cell within the media layer.
Fig. 4(e) and Fig. 4(f) report the result of two independent simulations run
with a follow-up of 4 months in order to study the late phase of IH. It is interesting to see how the SMCs distribution retains its asymmetric character, either in
a vertical or in a horizontal direction, even though it is not clear if this is justified
at histological level or not. If necessary, to promote radial symmetry, a potential
solution will be to suppose that SMCs motility has a preferred motion in the
direction orthogonal to the radius in order to align the cell arrangement with
the dominant radial strain energy. Coupled to it, an increase in the relaxation
time t might be another way to further incentivize SMCs distribution toward
radial direction.
Finally, in order to cross-validate the DS and the PDE model, the first step
was to reproduce the qualitative patterns of IH with this latter, the results of
which can be appreciated in Fig. 5, where the temporal dynamic of lumen area
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(a), intimal area (b), and medial area (c) are represented. It is useful to remark
how, in every panel, each independent simulation is marked with a different color
and the average trend, in bold black line, serves as representative one. Finally,
the result of the calibration, taking as output the temporal dynamic of lumen
area, is reported in Fig. 5(d), showing a high level of accuracy with a percentile
error lower than 2%.

Fig. 5. Intimal Hyperplasia long term follow-up: temporal dynamic of (a) lumen area,
(b) intimal area, and (c) medial area are represented on a 4 months follow-up. Each
plot is normalized on the initial value and the output evaluated by taking the average
trend (black bold line) out of 10 independent simulation (color lines). Finally, as cross
validation in (d), the Dynamical System is calibrated on the mean output of the PDE
model (solid line) against the mean output of the DS (dashed line).

5

Conclusion

In the current work, a model of vascular adaptation has been implemented as
a generalization of a previous ABM developed by our group. With the new
approach we abated the limitation imposed by the use of a fixed grid by using
a technique that relies almost entirely on PDEs and differential equation to
compute the plasticity of the wall and the motility of the cells. As appreciated
in the Results section, the key point to obtain an accurate model consists into
the right definition of the forces that drive SMCs motion and of course in their
effective implementation. After all, one of the power of the model is exactly
its ability to test different hypothesis at computational level in a short time
and in an effective way. Two evidences can be learn from our model. First, to
consider the invasion of the matrix operated by SMCs is pivotal to maintain
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mechanical homeostasis [15] and consequently to reproduce experimental data
accurately. Second, the definition of the distance threshold that operates the
different cell-cell interaction forces are as much important. The obvious next
step is the extension of the model toward the third dimension along with an
extensive study of data from histology in order to better reconstruct the initial
structure of the vein. Finally, the recent work published by Browning et al. [16],
based on prostate cancer cell lines, gives an excellent example of what should
come next in this vascular adaptation study. Further validation of the model
with quantitative metrics on density map of cell migration an spatially accurate
proliferation and apoptosis rate is underway and will require extensive postprocessing of our experimental data set.
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